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سخني با هنرجویان عزیز

شرايط در حال تغيير دنياي كار در مشاغل گوناگون، توسعه فناوري‌ها و تحقق توسعه پايدار، 
تغييرات  ادامه  را در  برنامه‌هاي درسي و محتواي كتاب‌هاي درسي  تا  بر آن داشت  را  ما 
پايه‌هاي قبلي براساس نياز كشور و مطابق با روكيرد سند تحول بنيادين آموزش و پرورش و 
برنامه درسي ملي جمهوري اسلامي ايران در نظام جديد آموزشي باز طراحي و تأليف كنيم. 
بر  ارزشيابي مبتني  و  تغییر رویکرد آموزشی، آموزش  تغيير در كتاب‌ها درسی  مهم‌ترين 
شايستگي است. شايستگي، توانايي انجام كاردر محیط واقعي بر اساس استاندارد عملکرد 
تعريف شده است. توانايي شامل دانش، مهارت و نگرش مي‌شود. در رشته تحصيلي - حرفه اي 

شما، چهار دسته شايستگي در نظر گرفته شده است:
1. شايستگي‌هاي فني براي جذب در بازار كار مانند توانایی ترسیم نقشه های ساختمانی یا 

اجرای ساختمان های بتنی
پذیری،  مسئولیت  مانند  آينده  در  موفقيت  و  پيشرفت  براي  فني  غير  شايستگي‌هاي   .2

انرژی بهینه  مصرف  و  نوآوری 
3. شايستگي‌هاي فناوري اطلاعات و ارتباطات مانند كار با نرم افزارها و انواع شبیه سازها 

4. شايستگي‌هاي مربوط به يادگيري مادام‌العمر مانند كسب اطلاعات از منابع ديگر
اسناد  بر  مبتني  كاردانش  و  حرفه‌اي  و  فني  درسي  كتاب‌هاي  تأليف  دفتر  اساس  اين  بر 
بالادستي و با مشاركت متخصصان برنامه‌ريزي درسي فني و حرفه‌اي و خبرگان دنياي كار 
مجموعه اسناد برنامه درسي رشته‌هاي شاخه فني و حرفه‌اي را تدوين نموده‌اند كه مرجع 

اصلي و راهنماي تأليف برای هر یک از  كتاب‌هاي درسي در هر رشته است. 
 درس دانش فنی تخصصی، از خوشه دروس شایستگی های فنی می باشد که ويژه رشته 
»ساختمان« برای پايه 12 تأليف شده است. كسب شايستگي‌هاي فنی و غیر غنی اين كتاب 
براي موفقيت آينده شغلي و توسعه آن بر اساس جدول توسعه حرفه ای بسيار ضروري 
است. هنرجويان عزيز سعي نماييد؛ تمام شايستگي‌هاي آموزش داده شده دراين كتاب را 

كسب و در فرايند ارزشيابي به اثبات رسانيد.
یاددهی-  فرایند  طی  از  پس  عزيز  هنرجويان  است.  پودمان  پنج  شامل  نیز  كتاب  این 
پودمان   در  کنند.  كسب  را  آن  به  مربوط  شايستگي‌هاي  مي‌توانند  پودمان  هر  يادگيري 



"کسب اطلاعات فنی" هدف توسعه شایستگی های حرفه ای شما بعد اتمام دوره تحصیلی 
در مقطع کنونی است تا بتوانید با درک مطالب از منابع غیر فارسی در راستای یادگیری در 
تمام طول عمر خود گام بردارید. و در دنیای متغیر و متحول کار و فناوری اطلاعات خود 
را به روزرسانی کنید. هنرآموز محترم شما مانند سایر دروس این خوشه براي هر پودمان 
كي نمره در سامانه ثبت نمرات منظور مي‌نمايد. نمره قبولي در هر پودمان حداقل  12 
مي باشد. در صورت احراز نشدن شايستگي پس از ارزشيابي اول، فرصت جبران و ارزشيابي 
مجدد تا آخر سال تحصيلي وجود دارد. دركارنامه شما اين درس شامل 5 پودمان درج شده 
که هر پودمان  از دو بخش نمره مستمر و نمره شايستگي تشکیل می شود و چنانچه در 
كيي از پودمان ها نمره قبولي را كسب نكرديد، لازم است در همان پودمان  مورد ارزشيابي  
قرار گيريد. همچنين اين درس داراي ضريب 4 بوده و در معدل كل شما تأثیر می گذارد.
همچنين دركتاب همراه هنرجو واژگان پرکاربرد تخصصی در رشته تحصیلی - حرفه ای 
شما آورده شده است. كتاب همراه هنرجوی خود را هنگام یادگیری، آزمون و ارزشيابي 
بسته  از   دیگر  اجزایي  دروس  مانندسایر  نیز  درس  این  در  باشيد.  داشته  همراه  حتماً 
آموزشي در نظر گرفته شده است و شما می توانید با مراجعه به وبگاه رشته خود با نشاني            

شويد. مطلع  آنها  عناوين  از   www.tvoccd.orep.ir
اخلاق  منابع،  مديريت  مانند  غيرفني  شايستگي‌هاي  با  ارتباط  در  يادگيري  فعاليت‌هاي 
حرفه‌اي، حفاظت از محيط زيست و شايستگي‌هاي يادگيري مادام العمر و فناوري اطلاعات 
و ارتباطات همراه با شايستگي‌هاي فني، طراحي و در كتاب درسي و بسته آموزشي ارائه 
شده است. شما هنرجويان عزيز كوشش نماييد اين شايستگي‌ها را در كنار شايستگي‌هاي 

فني آموزش ببينيد، تجربه كنيد و آنها را در انجام فعاليت‌هاي يادگيري به كار گيريد.
گام‌هاي  گرامي،  هنرآموزان  و هدايت  عزيز  و كوشش شما هنرجويان  با تلاش  اميدواريم 
مؤثري در جهت سربلندي و استقلال كشور و پيشرفت اجتماعي و اقتصادي و تربيت مؤثر   و 

شايسته جوانان برومند ميهن اسلامي برداشته شود.

دفتر تأليف كتاب‌هاي درسي فني و حرفه‌اي و كاردانش



سخني با هنرآموزان گرامي

در راستاي تحقق اهداف سند تحول بنيادين آموزش و پرورش و برنامه درسي ملي جمهوري اسلامي ايران  و  تغییرات 
سریع عصر فناوری  و نيازهاي متغير جامعه بشری و دنياي كار و مشاغل، برنامه‌درسي رشته »ساختمان« بازطراحي و 
بر اساس آن محتواي آموزشي نيز تاليف گرديد. این  كتاب و درس  از خوشه دروس شایستگی های فنی می باشد که در 
سبد درسی هنرجویان برای سال دوازدهم تدوين و تأليف شده است. و مانند سایر دروس شایستگی و کارگاهی داراي 
5 پودمان می باشد. کتاب دانش فني تخصصی مباحث نظری و تفکيک شده دروس کارگاهی و سایر شایستگی های  
بالاتر صلاحیت حرفه ای - تحصیلی  برای شایستگی های لازم در سطوح  بلکه پیش نیازی  رشته را تشکیل نمی دهد 
می باشد. هدف کلی کتاب دانش فنی تخصصی آماده سازی هنرجویان برای ورود به  مقاطع تحصیلی بالاتر  و تامین  
نيازهاي آنان را در راستاي محتواي دانش نظري است.  یکی از پودمان های این کتاب با عنوان "کسب اطلاعات فنی" 
با هدف یادگیری مادام العمر و  توسعه شایستگی های هنرجویان بعد از دنیای آموزش و ورود به بازار کار، سازماندهی 
محتوایی شده است. این امر با آموزش چگونگی استخراج اطلاعات  فنی مورد نیاز از متون فنی غیر فارسی و جداول، 
راهنمای  ماشین آلات و تجهیزات صنعتی، دستگاه های اداری، خانگی و تجاری و  درک مطلب آنها  در راستای توسعه 
شایستگی های حرفه ای محقق خواهد شد. تدريس کتاب در کلاس درس به صورت تعاملي و با محوريت هنرآموز و 

هنرجوي فعال صورت مي گيرد.
 به مانند سایر دروس هنرآموزان گرامي براي هر پودمان كي نمره در سامانه ثبت نمرات براي هر هنرجو ثبت كنند. 
تشکیل  مستمر  و  پاياني  ارزشيابي  بخش  دو  از  پودمان  هر  نمره  و  مي‌باشد   12 حداقل  پودمان  هر  در  قبولي  نمره 
می شود. اين كتاب مانند سایر کتاب ها جزئي از بسته آموزشي تدارك ديده شده براي هنرجويان است. شما مي‌توانيد 
با اجزاي بسته‌، روش‌هاي تدريس کتاب، شيوه ارزشيابي مبتني بر شايستگي، مشکلات رايج  براي آشنايي بيشتر 
در يادگيري محتواي کتاب، بودجه‌بندي زماني، نکات آموزشي شايستگي‌هاي غيرفني، آموزش ايمني و بهداشت و 
دريافت راهنما و پاسخ برخی از فعاليت‌هاي يادگيري و تمرين‌ها به کتاب راهنماي هنرآموز اين درس مراجعه کنيد. 

در هنگام ارزشیابی استاندارد عملکرد از ملزومات کسب  شایستگی مي باشند. 
كتاب دانش فنی تخصصی  شامل پودمان‌هایي به شرح زیر است:

پودمان اول: تحلیل مکانیک برداری
پودمان دوم: بررسی تعادل اجسام

پودمان سوم: تحلیل سازه های ساختمانی
پودمان چهارم: خواص هندسی سطوح

پودمان پنجم: کسب اطلاعات فنی
لازم به توضیح است که در پودمان های دو و سه کتاب به معرفی و استفاده از نرم افزار SAP در حد آشنایی اشاره شده 

است و ملاک ارزشیابی نمی باشد.

هنرآموزان گرامی در هنگام یادگیری و ارزشیابی، هنرجویان بایستی کتاب همراه هنرجو را با خود داشته 
باشند.

دفتر تأليف كتاب‌هاي درسي فني و حرفه‌اي و كاردانش
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پودمان 1

تحلیل مکانیک برُداری

body, we may consider the force to be concentrated at a point with neg-
ligible loss of accuracy. Force can be distributed over an area, as in the
case of mechanical contact, over a volume when a body force such as
weight is acting, or over a line, as in the case of the weight of a sus-
pended cable.

The weight of a body is the force of gravitational attraction distrib-
uted over its volume and may be taken as a concentrated force acting
through the center of gravity. The position of the center of gravity is fre-
quently obvious if the body is symmetric. If the position is not obvious,
then a separate calculation, explained in Chapter 5, will be necessary to
locate the center of gravity.

We can measure a force either by comparison with other known
forces, using a mechanical balance, or by the calibrated movement of an
elastic element. All such comparisons or calibrations have as their basis
a primary standard. The standard unit of force in SI units is the newton
(N) and in the U.S. customary system is the pound (lb), as defined in
Art. 1/5.

Action and Reaction
According to Newton’s third law, the action of a force is always ac-

companied by an equal and opposite reaction. It is essential to distin-
guish between the action and the reaction in a pair of forces. To do so,
we first isolate the body in question and then identify the force exerted
on that body (not the force exerted by the body). It is very easy to mis-
takenly use the wrong force of the pair unless we distinguish carefully
between action and reaction.

Concurrent Forces
Two or more forces are said to be concurrent at a point if their lines

of action intersect at that point. The forces F1 and F2 shown in Fig. 2/3a
have a common point of application and are concurrent at the point A.
Thus, they can be added using the parallelogram law in their common
plane to obtain their sum or resultant R, as shown in Fig. 2/3a. The re-
sultant lies in the same plane as F1 and F2.

Suppose the two concurrent forces lie in the same plane but are ap-
plied at two different points as in Fig. 2/3b. By the principle of transmis-
sibility, we may move them along their lines of action and complete
their vector sum R at the point of concurrency A, as shown in Fig. 2/3b.
We can replace F1 and F2 with the resultant R without altering the ex-
ternal effects on the body upon which they act.

We can also use the triangle law to obtain R, but we need to move
the line of action of one of the forces, as shown in Fig. 2/3c. If we add the
same two forces as shown in Fig. 2/3d, we correctly preserve the magni-
tude and direction of R, but we lose the correct line of action, because R
obtained in this way does not pass through A. Therefore this type of
combination should be avoided.

We can express the sum of the two forces mathematically by the
vector equation

R � F1 � F2 Figure 2/3

Article 2/2 Force 25
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1-1- تعریف علم مکانیک

1-2- مفاهیم اصلی در علم مکانیک

علم مکانیک علمی است که شرایط سکون و حرکت اجسام تحت تأثیر نیرو را بررسی می کند.

حوزه های علم مکانیک

1- مکانیک اجسام صلب

2- مکانیک اجسام تغییرشکل پذیر )مقاومت مصالح(
3- مکانیک سیالات )مایعات و گازها(

- استاتیک: اجسام صلب ساکن
را مورد بررسی قرار می دهد.

- دینامیک: اجسام صلب متحرک
را مورد بررسی قرار می دهد.

در این کتاب از حوزه های فوق، با مکانیک اجسام صلب ساکن )استاتیک( آشنا می شویم.

{ {
مفاهیـم اصلـی و مـورد اسـتفاده در علـم مکانیـک و معرفـی یکاهـای اندازه گیـری آن هـا در سـامانة بین المللی 

یکاهـا )SI( بـه شـرح زیر می باشـد.
 :)Space( 1- فضا

ناحیـه هندسـی اسـت کـه رویدادهـای فیزیکـی در آن رخ می دهـد. موقعیت هر نقطه در فضـا را مکان می نامیم که نسـبت به یک 
نقطـة مرجـع تعیین می شـود و واحـد اندازه گیری آن در سـامانة SI ، متر )m( می باشـد.

 :)Time( 2- زمان
فاصلة بین وقوع دو رویداد فیزیکی زمان نام دارد و واحد اندازه گیری آن ثانیه )s( می باشد.

 :)Mass( 3- جرم
هـر چیـزی کـه فضـا را اشـغال نمایـد مـاده نام دارد و جسـم ماده ای اسـت که به وسـیلة یک سـطح بسـته محدود شـده 
اسـت. مقـدار مـادة تشـکیل دهنـدة هر جسـم را جرم آن جسـم می نامیم و واحـد اندازه گیـری آن کیلوگرم )kg( اسـت.

 :)Force( 4- نیرو
تأثیر یک جسم بر جسم دیگر را نیرو می نامیم و واحد اندازه گیری آن نیوتن )N( است.

این تأثیر می تواند تغییر در حرکت، تغییر شکل و یا چرخش اجسام باشد.

بیشتر 
بدانیم 

محمد کرجی از نوابغ مهندسی ایران در بیش از هزار سال پیش بوده است.
کرجـی در کتـاب »اسـتخراج آب هـای زیرزمینـی« به وضـوح از کرویـّت زمیـن و قـوة جاذبه و قوانیـن تعادل 
و حرکـت، کـه برخـی از آن هـا چندیـن قـرن بعـد توسـط دانشـمندان اروپایی مطرح شـد سـخن می گوید.



4

1 - 3 - فرضیات

1 - 4 - قوانین نیوتن

در علم مکانیک به منظور ساده تر شدن حل مسائل، فرضیاتی به شرح زیر در نظر گرفته می شود.
 :)Rigid Body( 1- جسم صلب

جسمی است که در اثر اعِمال نیرو تغییر شکل ندهد.
 :)Particle( 2- نقطه مادی

جسـمی اسـت کـه از ابعـاد آن صرف نظـر می شـود؛ بـه عنـوان مثال می تـوان کره زمیـن را در فضـا به صورت یـک نقطه 
مادی در نظـر گرفت.

مکانیک اجسام صلب بر اساس قوانین نیوتن به شرح زیر استوار است:
1- قانون اول نیوتن: 

هرگاه مجموع نیروهای وارد بر یک جسم صفر باشد:
اگر جسم ساکن باشد تا ابد ساکن باقی می ماند. 	

اگر در حال حرکت باشد به حرکت یکنواخت و مستقیم الخط خود ادامه می دهد. 	{

یک مورد خاص و بسیار مهم این قانون وزن اجسام است که به صورت زیر تعریف می شود:
 :)Weight( تعریف وزن

وزن نیرویـی اسـت کـه از طـرف زمیـن بـه اجسـام وارد می شـود و بـا رابطـه )2( بیـان می گـردد کـه شـباهت زیـادی با 
رابطـ ۀ)1( دارد.

)2( 					   
w : وزن جسم بر حسب نیوتن
kg جرم جسم بر حسب : m

( می باشد. mg / ~
s29 81 10= g : شتاب جاذبه زمین معادل )

تذکر: 
واحد دیگر وزن، کیلوگرم نیرو )kgf( می باشد که معادل 10 نیوتن است یعنی:

2- قانون دوم نیوتن: 
هـرگاه مجمـوع نیروهـای وارد بر یک جسـم صفر نباشـد، آن جسـم شـتابی متناسـب با مجمـوع نیروها و در راسـتای آن 

می گیـرد. قانـون دوم نیوتـن بـا رابطـة زیر تعریف می شـود:
)1( 					   

در این رابطه:
N مجموع نیروهای وارد بر جسم بر حسب F

kg جرم جسم بر حسب m
m می باشد.

s2
a شتاب ایجاد شده در جسم بر حسب 

w m.g=

kgf ~ N1 10

F m.a=
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 شکل 1 

3- قانون سوم نیوتن: 
هـر عملی را عکس العملی اسـت مسـاوی بـا آن و در جهت 

خلاف آن. )شـکل 1(

پیشوندهای واحدهای اندازه گیری:
منظـور از پیشـوند، یـک مقـدار عـددی اسـت کـه بـا حـروف الفبـای یونانـی تعریـف شـده )مطابـق جـدول 1( و قبل از 

واحدهـای اندازه گیـری قـرار می گیـرد.

67   2.   The  internal forces  are the forces which hold together the par-
ticles forming the rigid body. If the rigid body is structurally 
composed of several parts, the forces holding the component 
parts together are also defined as internal forces. Internal forces 
will be considered in Chaps. 6 and 7.   

    As an example of external forces, let us consider the forces 
acting on a disabled truck that three people are pulling forward by 
means of a rope attached to the front bumper ( Fig. 3.1 ). The external 
forces acting on the truck are shown in a  free-body diagram  ( Fig. 3.2 ). 
Let us first consider the  weight  of the truck. Although it embodies 
the effect of the earth’s pull on each of the particles forming the 
truck, the weight can be represented by the single force  W . The 
 point of application  of this force, i.e., the point at which the force 
acts, is defined as the  center of gravity  of the truck. It will be seen 
in Chap. 5 how centers of gravity can be determined. The weight  W  
tends to make the truck move vertically downward. In fact, it would 
actually cause the truck to move downward, i.e., to fall, if it were not 
for the presence of the ground. The ground opposes the downward 
motion of the truck by means of the reactions  R  1  and  R  2 . These 
forces are exerted  by  the ground  on  the truck and must therefore 
be included among the external forces acting on the truck. 
    The people pulling on the rope exert the force  F . The point of 
application of  F  is on the front bumper. The force  F  tends to make 
the truck move forward in a straight line and does actually make it 
move, since no external force opposes this motion. (Rolling resistance 
has been neglected here for simplicity.) This forward motion of the 
truck, during which each straight line keeps its original orientation 
(the floor of the truck remains horizontal, and the walls remain verti-
cal), is known as a  translation . Other forces might cause the truck to 
move differently. For example, the force exerted by a jack placed 
under the front axle would cause the truck to pivot about its rear axle. 
Such a motion is a  rotation . It can be concluded, therefore, that each 
of the  external forces  acting on a  rigid body  can, if unopposed, impart 
to the rigid body a motion of translation or rotation, or both.    

 3.3    PRINCIPLE OF TRANSMISSIBILITY. 
EQUIVALENT FORCES  

 The  principle of transmissibility  states that the conditions of equi-
librium or motion of a rigid body will remain unchanged if a force 
 F  acting at a given point of the rigid body is replaced by a force  F 9 of 
the same magnitude and same direction, but acting at a different point, 
 provided that the two forces have the same line of action  ( Fig. 3.3 ). 
The two forces  F  and  F 9 have the same effect on the rigid body and 
are said to be  equivalent . This principle, which states that the action 
of a force may be  transmitted  along its line of action, is based on 
experimental evidence. It  cannot  be derived from the properties 
established so far in this text and must therefore be accepted as an 
experimental law. However, as you will see in Sec. 16.5, the principle 
of transmissibility can be derived from the study of the dynamics of 
rigid bodies, but this study requires the introduction of Newton’s 

  Fig. 3.1    

W

F

R1 R2

  Fig. 3.2    

�

F

F'

  Fig. 3.3    

3.3 Principle of Transmissibility. 
Equivalent Forces

bee80156_ch03_064-129.indd Page 67  9/30/09  2:53:09 PM user-s191 /Users/user-s191/Desktop/MHBR071a

67   2.   The  internal forces  are the forces which hold together the par-
ticles forming the rigid body. If the rigid body is structurally 
composed of several parts, the forces holding the component 
parts together are also defined as internal forces. Internal forces 
will be considered in Chaps. 6 and 7.   

    As an example of external forces, let us consider the forces 
acting on a disabled truck that three people are pulling forward by 
means of a rope attached to the front bumper ( Fig. 3.1 ). The external 
forces acting on the truck are shown in a  free-body diagram  ( Fig. 3.2 ). 
Let us first consider the  weight  of the truck. Although it embodies 
the effect of the earth’s pull on each of the particles forming the 
truck, the weight can be represented by the single force  W . The 
 point of application  of this force, i.e., the point at which the force 
acts, is defined as the  center of gravity  of the truck. It will be seen 
in Chap. 5 how centers of gravity can be determined. The weight  W  
tends to make the truck move vertically downward. In fact, it would 
actually cause the truck to move downward, i.e., to fall, if it were not 
for the presence of the ground. The ground opposes the downward 
motion of the truck by means of the reactions  R  1  and  R  2 . These 
forces are exerted  by  the ground  on  the truck and must therefore 
be included among the external forces acting on the truck. 
    The people pulling on the rope exert the force  F . The point of 
application of  F  is on the front bumper. The force  F  tends to make 
the truck move forward in a straight line and does actually make it 
move, since no external force opposes this motion. (Rolling resistance 
has been neglected here for simplicity.) This forward motion of the 
truck, during which each straight line keeps its original orientation 
(the floor of the truck remains horizontal, and the walls remain verti-
cal), is known as a  translation . Other forces might cause the truck to 
move differently. For example, the force exerted by a jack placed 
under the front axle would cause the truck to pivot about its rear axle. 
Such a motion is a  rotation . It can be concluded, therefore, that each 
of the  external forces  acting on a  rigid body  can, if unopposed, impart 
to the rigid body a motion of translation or rotation, or both.    

 3.3    PRINCIPLE OF TRANSMISSIBILITY. 
EQUIVALENT FORCES  

 The  principle of transmissibility  states that the conditions of equi-
librium or motion of a rigid body will remain unchanged if a force 
 F  acting at a given point of the rigid body is replaced by a force  F 9 of 
the same magnitude and same direction, but acting at a different point, 
 provided that the two forces have the same line of action  ( Fig. 3.3 ). 
The two forces  F  and  F 9 have the same effect on the rigid body and 
are said to be  equivalent . This principle, which states that the action 
of a force may be  transmitted  along its line of action, is based on 
experimental evidence. It  cannot  be derived from the properties 
established so far in this text and must therefore be accepted as an 
experimental law. However, as you will see in Sec. 16.5, the principle 
of transmissibility can be derived from the study of the dynamics of 
rigid bodies, but this study requires the introduction of Newton’s 

  Fig. 3.1    

W

F

R1 R2

  Fig. 3.2    

�

F

F'

  Fig. 3.3    

3.3 Principle of Transmissibility. 
Equivalent Forces

bee80156_ch03_064-129.indd Page 67  9/30/09  2:53:09 PM user-s191 /Users/user-s191/Desktop/MHBR071a

67   2.   The  internal forces  are the forces which hold together the par-
ticles forming the rigid body. If the rigid body is structurally 
composed of several parts, the forces holding the component 
parts together are also defined as internal forces. Internal forces 
will be considered in Chaps. 6 and 7.   

    As an example of external forces, let us consider the forces 
acting on a disabled truck that three people are pulling forward by 
means of a rope attached to the front bumper ( Fig. 3.1 ). The external 
forces acting on the truck are shown in a  free-body diagram  ( Fig. 3.2 ). 
Let us first consider the  weight  of the truck. Although it embodies 
the effect of the earth’s pull on each of the particles forming the 
truck, the weight can be represented by the single force  W . The 
 point of application  of this force, i.e., the point at which the force 
acts, is defined as the  center of gravity  of the truck. It will be seen 
in Chap. 5 how centers of gravity can be determined. The weight  W  
tends to make the truck move vertically downward. In fact, it would 
actually cause the truck to move downward, i.e., to fall, if it were not 
for the presence of the ground. The ground opposes the downward 
motion of the truck by means of the reactions  R  1  and  R  2 . These 
forces are exerted  by  the ground  on  the truck and must therefore 
be included among the external forces acting on the truck. 
    The people pulling on the rope exert the force  F . The point of 
application of  F  is on the front bumper. The force  F  tends to make 
the truck move forward in a straight line and does actually make it 
move, since no external force opposes this motion. (Rolling resistance 
has been neglected here for simplicity.) This forward motion of the 
truck, during which each straight line keeps its original orientation 
(the floor of the truck remains horizontal, and the walls remain verti-
cal), is known as a  translation . Other forces might cause the truck to 
move differently. For example, the force exerted by a jack placed 
under the front axle would cause the truck to pivot about its rear axle. 
Such a motion is a  rotation . It can be concluded, therefore, that each 
of the  external forces  acting on a  rigid body  can, if unopposed, impart 
to the rigid body a motion of translation or rotation, or both.    

 3.3    PRINCIPLE OF TRANSMISSIBILITY. 
EQUIVALENT FORCES  

 The  principle of transmissibility  states that the conditions of equi-
librium or motion of a rigid body will remain unchanged if a force 
 F  acting at a given point of the rigid body is replaced by a force  F 9 of 
the same magnitude and same direction, but acting at a different point, 
 provided that the two forces have the same line of action  ( Fig. 3.3 ). 
The two forces  F  and  F 9 have the same effect on the rigid body and 
are said to be  equivalent . This principle, which states that the action 
of a force may be  transmitted  along its line of action, is based on 
experimental evidence. It  cannot  be derived from the properties 
established so far in this text and must therefore be accepted as an 
experimental law. However, as you will see in Sec. 16.5, the principle 
of transmissibility can be derived from the study of the dynamics of 
rigid bodies, but this study requires the introduction of Newton’s 

  Fig. 3.1    

W

F

R1 R2

  Fig. 3.2    

�

F

F'

  Fig. 3.3    

3.3 Principle of Transmissibility. 
Equivalent Forces

bee80156_ch03_064-129.indd Page 67  9/30/09  2:53:09 PM user-s191 /Users/user-s191/Desktop/MHBR071a 67   2.   The  internal forces  are the forces which hold together the par-
ticles forming the rigid body. If the rigid body is structurally 
composed of several parts, the forces holding the component 
parts together are also defined as internal forces. Internal forces 
will be considered in Chaps. 6 and 7.   

    As an example of external forces, let us consider the forces 
acting on a disabled truck that three people are pulling forward by 
means of a rope attached to the front bumper ( Fig. 3.1 ). The external 
forces acting on the truck are shown in a  free-body diagram  ( Fig. 3.2 ). 
Let us first consider the  weight  of the truck. Although it embodies 
the effect of the earth’s pull on each of the particles forming the 
truck, the weight can be represented by the single force  W . The 
 point of application  of this force, i.e., the point at which the force 
acts, is defined as the  center of gravity  of the truck. It will be seen 
in Chap. 5 how centers of gravity can be determined. The weight  W  
tends to make the truck move vertically downward. In fact, it would 
actually cause the truck to move downward, i.e., to fall, if it were not 
for the presence of the ground. The ground opposes the downward 
motion of the truck by means of the reactions  R  1  and  R  2 . These 
forces are exerted  by  the ground  on  the truck and must therefore 
be included among the external forces acting on the truck. 
    The people pulling on the rope exert the force  F . The point of 
application of  F  is on the front bumper. The force  F  tends to make 
the truck move forward in a straight line and does actually make it 
move, since no external force opposes this motion. (Rolling resistance 
has been neglected here for simplicity.) This forward motion of the 
truck, during which each straight line keeps its original orientation 
(the floor of the truck remains horizontal, and the walls remain verti-
cal), is known as a  translation . Other forces might cause the truck to 
move differently. For example, the force exerted by a jack placed 
under the front axle would cause the truck to pivot about its rear axle. 
Such a motion is a  rotation . It can be concluded, therefore, that each 
of the  external forces  acting on a  rigid body  can, if unopposed, impart 
to the rigid body a motion of translation or rotation, or both.    

 3.3    PRINCIPLE OF TRANSMISSIBILITY. 
EQUIVALENT FORCES  

 The  principle of transmissibility  states that the conditions of equi-
librium or motion of a rigid body will remain unchanged if a force 
 F  acting at a given point of the rigid body is replaced by a force  F 9 of 
the same magnitude and same direction, but acting at a different point, 
 provided that the two forces have the same line of action  ( Fig. 3.3 ). 
The two forces  F  and  F 9 have the same effect on the rigid body and 
are said to be  equivalent . This principle, which states that the action 
of a force may be  transmitted  along its line of action, is based on 
experimental evidence. It  cannot  be derived from the properties 
established so far in this text and must therefore be accepted as an 
experimental law. However, as you will see in Sec. 16.5, the principle 
of transmissibility can be derived from the study of the dynamics of 
rigid bodies, but this study requires the introduction of Newton’s 

  Fig. 3.1    

W

F

R1 R2

  Fig. 3.2    

�

F

F'

  Fig. 3.3    

3.3 Principle of Transmissibility. 
Equivalent Forces

bee80156_ch03_064-129.indd Page 67  9/30/09  2:53:09 PM user-s191 /Users/user-s191/Desktop/MHBR071a

67   2.   The  internal forces  are the forces which hold together the par-
ticles forming the rigid body. If the rigid body is structurally 
composed of several parts, the forces holding the component 
parts together are also defined as internal forces. Internal forces 
will be considered in Chaps. 6 and 7.   

    As an example of external forces, let us consider the forces 
acting on a disabled truck that three people are pulling forward by 
means of a rope attached to the front bumper ( Fig. 3.1 ). The external 
forces acting on the truck are shown in a  free-body diagram  ( Fig. 3.2 ). 
Let us first consider the  weight  of the truck. Although it embodies 
the effect of the earth’s pull on each of the particles forming the 
truck, the weight can be represented by the single force  W . The 
 point of application  of this force, i.e., the point at which the force 
acts, is defined as the  center of gravity  of the truck. It will be seen 
in Chap. 5 how centers of gravity can be determined. The weight  W  
tends to make the truck move vertically downward. In fact, it would 
actually cause the truck to move downward, i.e., to fall, if it were not 
for the presence of the ground. The ground opposes the downward 
motion of the truck by means of the reactions  R  1  and  R  2 . These 
forces are exerted  by  the ground  on  the truck and must therefore 
be included among the external forces acting on the truck. 
    The people pulling on the rope exert the force  F . The point of 
application of  F  is on the front bumper. The force  F  tends to make 
the truck move forward in a straight line and does actually make it 
move, since no external force opposes this motion. (Rolling resistance 
has been neglected here for simplicity.) This forward motion of the 
truck, during which each straight line keeps its original orientation 
(the floor of the truck remains horizontal, and the walls remain verti-
cal), is known as a  translation . Other forces might cause the truck to 
move differently. For example, the force exerted by a jack placed 
under the front axle would cause the truck to pivot about its rear axle. 
Such a motion is a  rotation . It can be concluded, therefore, that each 
of the  external forces  acting on a  rigid body  can, if unopposed, impart 
to the rigid body a motion of translation or rotation, or both.    

 3.3    PRINCIPLE OF TRANSMISSIBILITY. 
EQUIVALENT FORCES  

 The  principle of transmissibility  states that the conditions of equi-
librium or motion of a rigid body will remain unchanged if a force 
 F  acting at a given point of the rigid body is replaced by a force  F 9 of 
the same magnitude and same direction, but acting at a different point, 
 provided that the two forces have the same line of action  ( Fig. 3.3 ). 
The two forces  F  and  F 9 have the same effect on the rigid body and 
are said to be  equivalent . This principle, which states that the action 
of a force may be  transmitted  along its line of action, is based on 
experimental evidence. It  cannot  be derived from the properties 
established so far in this text and must therefore be accepted as an 
experimental law. However, as you will see in Sec. 16.5, the principle 
of transmissibility can be derived from the study of the dynamics of 
rigid bodies, but this study requires the introduction of Newton’s 

  Fig. 3.1    

W

F

R1 R2

  Fig. 3.2    

�

F

F'

  Fig. 3.3    

3.3 Principle of Transmissibility. 
Equivalent Forces

bee80156_ch03_064-129.indd Page 67  9/30/09  2:53:09 PM user-s191 /Users/user-s191/Desktop/MHBR071a

جدول )1( پیشوندهای آحاد اندازه گیری
نام پیشوند علامت اختصاری مقدار عددی شکل توانی

پیکو p 0/000000000001 10-12

نانو n 0/000000001 10-9

میکرو μ 0/000001 10-6

میلی m 0/001 10-3

کیلو K 1,000 103

مگا M 1,000,000 106

گیگا G 1,000,000,000 109

ترا T 1,000,000,000,000 1012

نکته

نکته

نکته

مزیـت اسـتفاده از پیشـوندها این اسـت که از نوشـتن اعـداد خیلـی بزرگ و خیلـی کوچک اجتناب می شـود. به 
عنـوان مثـال می تـوان N 247500 را بـه صـورت kN 247/5 و یا m 0/00546 را به شـکل mm 5/46 نوشـت.

در ایـن کتـاب از سـامانه بین المللـی واحدهـای اندازه گیـری )SI( اسـتفاده می کنیـم کـه در اکثـر کشـورها 
نیـز پذیرفته شـده اسـت.

• بیـن پیشـوند و واحـد اندازه گیـری مـورد نظـر از هیـچ علامتـی اسـتفاده نمی شـود امـا بیـن دو واحـد اندازه گیـری 
مختلـف هـر علامتـی نظیـر × و / می توانـد وجـود داشـته باشـد بـه طـور مثال:

N.m یعنی نیوتن متر و nm یعنی نانومتر که معادل )m 9-10( می باشد. 
مثال: MN 5-10 × 7/5 چند نیوتن است؟

/ N5 67 5 10 10 75−× × =



6

به طور کلی کمیت های فیزیکی به دو دست ۀاصلی و فرعی تقسیم بندی می شوند.

دیمانسیون
بـه رابطـ ۀکمیت هـای اصلـی و فرعی دیمانسـیون یا معادلـ ۀابعـادی گفته می شـود. در این معادلـه کمیت های 

فرعـی بر حسـب دیمانسـیون کمیت هـای اصلی تعریـف می گردند.
دیمانسیون طول را به L و دیمانسیون جرم را با M و  دیمانسیون زمان را با T نشان می دهند.

به طـور مثـال دیمانسـیون نیـرو کـه یـک کمیت فرعی اسـت را بـا توجه بـه قانـون دوم نیوتن یعنـی F=ma به 
F نمایـش می دهند. MLT 2−= صـورت 

کمیت هـای اصلـی: بـه کمیت هایـی گفته می شـود کـه مسـتقل اند و در ایـن پودمـان عبارت اند از 
.)T( و زمان )M( جـرم ،)L( طـول

کمیت هـای فرعـی: بـه کمیت هایـی گفته می شـود که وابسـته بـه کمیت هـای اصلی هسـتند و از 
آنهـا ناشـی می شـوند. مانند نیرو، گشـتاور نیرو، سـرعت، کار، انـرژی و ...

کمیت هـای عـددی یا اسـکالر: کمیت هایی هسـتند که فقـط دارای انـدازه یا مقـدار می باشـند؛ مانند 
طـول، جرم، زمـان، کار و انرژی.

کمیت هـای بـرداری: کمیت هایـی هسـتند کـه عالوه بـر مقـدار دارای جهـت و راسـتا نیـز می باشـند. 
ماننـد: بردارهـای نیـرو، گشـتاور، سـرعت، شـتاب و جابه جایـی.

هـر بـردار به صورت یـک پیکان بـا طولی متناسـب با 
مقدار آن ترسـیم می شـود

F( با 


بـه عنـوان مثـال در شـکل )2(، بـردار نیـروی )
مقـدار N 80 و بـا زاویه °30 نسـبت بـه محور x و در 
جهت و راسـتای نشـان داده شـده ترسـیم شده است.

F
N80=

x30°

راستای بردار

جهت بردار

1 - 5 - کمیت های فیزیکی

)Vector( 1 - 6 - بردارها

 شکل 2 

{
{

در یک تقسیم بندی دیگر کمیت های فیزیکی به دو دست ۀاسکالر و برداری تقسیم  می شوند.

زاویه امتداد هر بردار، با یک امتداد مبنا که معمولاً امتدادهای x یا y است، مشخص می شود.نکته
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1- بردار لغزان 
برداری است که اگر در راستای خود جابه جا شود، اثر آن بر جسم تغییر ننماید. همانند نیروی F در شکل )3(

P


F


4- بردارهای زوج 
دو بـردار مسـاوی، مـوازی و مختلف الجهـت را بردارهـای 
P زوج انـد.



F و 


Pزوج می نامیـم. در شـکل )5( بردارهـای


F


 شکل 3 

1 - 7 - انواع بردارها
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68 Rigid Bodies: Equivalent Systems of Forces second and third laws and of a number of other concepts as well. 
Therefore, our study of the statics of rigid bodies will be based on 
the three principles introduced so far, i.e., the parallelogram law of 
addition, Newton’s first law, and the principle of transmissibility. 
    It was indicated in Chap. 2 that the forces acting on a particle 
could be represented by vectors. These vectors had a well-defined 
point of application, namely, the particle itself, and were therefore 
fixed, or bound, vectors. In the case of forces acting on a rigid body, 
however, the point of application of the force does not matter, as 
long as the line of action remains unchanged. Thus, forces acting on 
a rigid body must be represented by a different kind of vector, known 
as a  sliding vector , since forces may be allowed to slide along their 
lines of action. We should note that all the properties which will be 
derived in the following sections for the forces acting on a rigid body 
will be valid more generally for any system of sliding vectors. In 
order to keep our presentation more intuitive, however, we will carry 
it out in terms of physical forces rather than in terms of mathematical 
sliding vectors. 
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  Fig. 3.4    

    Returning to the example of the truck, we first observe that the 
line of action of the force  F  is a horizontal line passing through both 
the front and the rear bumpers of the truck ( Fig. 3.4 ). Using the 
principle of transmissibility, we can therefore replace  F  by an  equiva-
lent force   F 9 acting on the rear bumper. In other words, the condi-
tions of motion are unaffected, and all the other external forces 
acting on the truck ( W ,  R  1 ,  R  2 ) remain unchanged if the people push 
on the rear bumper instead of pulling on the front bumper. 
    The principle of transmissibility and the concept of equivalent 
forces have limitations, however. Consider, for example, a short bar 
 AB  acted upon by equal and opposite axial forces  P  1  and  P  2 , as shown 
in  Fig. 3.5  a . According to the principle of transmissibility, the force 
 P  2  can be replaced by a force  P 9 2  having the same magnitude, the 
same direction, and the same line of action but acting at  A  instead 
of  B  (Fig. 3.5 b ). The forces  P  1  and  P 9 2  acting on the same particle 
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3- بردارهای هم سنگ
بردارهـای  را  هم جهـت  و  مـوازی  مسـاوی،  بـردار  دو 
 P


و   F


بردارهـای هم سـنگ می نامیـم. در شـکل )4( 
ند. ا هم سـنگ 

6- بردار یکه )واحد( 
بـرداری کـه مقـدار )انـدازه( آن برابـر واحـد اسـت را بردار 

یکـه یـا واحـد می نامیم.
i و روی محـور y ها 



بـردار واحـد روی محـور x هـا را بـا 
j نمایـش می دهنـد. شـکل )7(



را بـا 

5- بردارهای مخالف 
دو بـردار مسـاوی، هم راسـتا و مختلف الجهـت را بردارهای 

مخالف گویند. )شـکل 6(

F


F−


and mass. Vector quantities, on the other hand, possess direction as well
as magnitude, and must obey the parallelogram law of addition as de-
scribed later in this article. Examples of vector quantities are displace-
ment, velocity, acceleration, force, moment, and momentum. Speed is a
scalar. It is the magnitude of velocity, which is a vector. Thus velocity is
specified by a direction as well as a speed.

Vectors representing physical quantities can be classified as free,
sliding, or fixed.

A free vector is one whose action is not confined to or associated
with a unique line in space. For example, if a body moves without rota-
tion, then the movement or displacement of any point in the body may
be taken as a vector. This vector describes equally well the direction and
magnitude of the displacement of every point in the body. Thus, we may
represent the displacement of such a body by a free vector.

A sliding vector has a unique line of action in space but not a
unique point of application. For example, when an external force acts on
a rigid body, the force can be applied at any point along its line of action
without changing its effect on the body as a whole,* and thus it is a slid-
ing vector.

A fixed vector is one for which a unique point of application is
specified. The action of a force on a deformable or nonrigid body must be
specified by a fixed vector at the point of application of the force. In this
instance the forces and deformations within the body depend on the
point of application of the force, as well as on its magnitude and line of
action.

Conventions for Equations and Diagrams
A vector quantity V is represented by a line segment, Fig. 1/1, hav-

ing the direction of the vector and having an arrowhead to indicate the
sense. The length of the directed line segment represents to some conve-
nient scale the magnitude �V� of the vector, which is printed with light-
face italic type V. For example, we may choose a scale such that an
arrow one inch long represents a force of twenty pounds.

In scalar equations, and frequently on diagrams where only the
magnitude of a vector is labeled, the symbol will appear in lightface
italic type. Boldface type is used for vector quantities whenever the di-
rectional aspect of the vector is a part of its mathematical representa-
tion. When writing vector equations, always be certain to preserve the
mathematical distinction between vectors and scalars. In handwritten
work, use a distinguishing mark for each vector quantity, such as an un-
derline, V, or an arrow over the symbol, , to take the place of boldface
type in print.

Working with Vectors
The direction of the vector V may be measured by an angle � from

some known reference direction as shown in Fig. 1/1. The negative of V
is a vector �V having the same magnitude as V but directed in the
sense opposite to V, as shown in Fig. 1/1.

V
l

Article 1/3 Scalars and Vectors 5

θ
–V

V

Figure 1/1

*This is the principle of transmissibility, which is discussed in Art. 2/2.




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
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2- بردار ثابت 
بـرداری اسـت کـه مـکان معینـی را در فضا اشـغال می کنـد و نمی تـوان آن را جابه جـا نمود. یعنـی با جابه جا کـردن آن، 
اثـر آن بـر جسـم تغییـر می نمایـد. مثلًا ضربه ای که به سـر انسـان وارد می شـود بـا ضربه ای که بـا همان مقـدار و همان 

جهـت بـه پـای او وارد می آید متفاوت اسـت.
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تعریف نیوتن با استفاده از قانون دوم نیوتن
یـک نیوتـن مقدار نیرویی اسـت کـه اگر به جـرم یک کیلوگرم وارد شـود، 
در آن شـتابی معـادل یـک متـر بـر مجـذور ثانیـه و در جهت اعِمـال نیرو 

ایجـاد نماید.

F m.a
mN kg
s21 1 1

=

= ×

7- بردار نیرو 
بـرداری اسـت کـه عالوه بـر مقدار، جهـت و راسـتا دارای نقطه اثـر نیز می باشـد. در شـکل )8( نقطـه A ، نقطه اثر بردار 

F می باشـد. 


نیروی 
و واحد اندازه گیری نیرو، نیوتن )N( است و مطابق قانون دوم نیوتن به صورت زیر تعریف می شود:

عملیـات جمـع و تفریـق کمیت هـای بـرداری بـا جمـع و تفریـق کمیت هـای عـددی )اسـکالر( متفاوت اسـت. 
یعنـی نمی تـوان مقادیـر عـددی دو یـا چنـد بـردار، به غیـر از بردارهـای هم راسـتا، و مـوازی را بـا یکدیگر جمع 
( در بالای آن اسـتفاده  V  از علامت )



و یـا تفریـق نمـود. در ایـن کتاب برای نشـان دادن یـک بردار ماننـد
( بالای آن برداشـته می شـود. می شـود و بـرای نشـان دادن مقـدار )انـدازه( آن بـردار علامـت )

V


V


: V اندازه یا مقدار بردار

:                   V بردار
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1 - 8 - جمع و تفریق بردارها

SAMPLE PROBLEM 1/1

Determine the weight in newtons of a car whose mass is 1400 kg. Convert
the mass of the car to slugs and then determine its weight in pounds.

Solution. From relationship 1/3, we have

Ans.

From the table of conversion factors inside the front cover of the textbook, we
see that 1 slug is equal to 14.594 kg. Thus, the mass of the car in slugs is

Ans.

Finally, its weight in pounds is

Ans.

As another route to the last result, we can convert from kg to lbm. Again using
the table inside the front cover, we have

The weight in pounds associated with the mass of 3090 lbm is 3090 lb, as calcu-
lated above. We recall that 1 lbm is the amount of mass which under standard
conditions has a weight of 1 lb of force. We rarely refer to the U.S. mass unit lbm
in this textbook series, but rather use the slug for mass. The sole use of slug,
rather than the unnecessary use of two units for mass, will prove to be powerful
and simple—especially in dynamics.

m � 1400 kg� 1 lbm
0.45359 kg� � 3090 lbm

W � mg � (95.9)(32.2) � 3090 lb

m � 1400 kg� 1 slug

14.594 kg� � 95.9 slugs

W � mg � 1400(9.81) � 13 730 N

Article 1/9 Chapter Review 19

m = 1400 kg

Helpful Hints

� Our calculator indicates a result of
13 734 N. Using the rules of signifi-
cant-figure display used in this text-
book, we round the written result to
four significant figures, or 13 730 N.
Had the number begun with any
digit other than 1, we would have
rounded to three significant figures.

� A good practice with unit conversion
is to multiply by a factor such as 

which has a value of 1,

because the numerator and the de-
nominator are equivalent. Make sure
that cancellation of the units leaves
the units desired; here the units of
kg cancel, leaving the desired units
of slug.

� 1 slug

14.594 kg�,

�

�

�

� Note that we are using a previously calculated result (95.9 slugs). We must be sure that when a calculated number is
needed in subsequent calculations, it is retained in the calculator to its full accuracy, (95.929834 . . .) until it is needed.
This may require storing it in a register upon its initial calculation and recalling it later. We must not merely punch 95.9
into our calculator and proceed to multiply by 32.2—this practice will result in loss of numerical accuracy. Some
individuals like to place a small indication of the storage register used in the right margin of the work paper, directly
beside the number stored.

SAMPLE PROBLEM 1/2

Use Newton’s law of universal gravitation to calculate the weight of a 70-kg
person standing on the surface of the earth. Then repeat the calculation by using
W � mg and compare your two results. Use Table D/2 as needed.

Solution. The two results are

Ans.

Ans.

The discrepancy is due to the fact that Newton’s universal gravitational law does
not take into account the rotation of the earth. On the other hand, the value g �

9.81 m/s2 used in the second equation does account for the earth’s rotation. Note
that had we used the more accurate value g � 9.80665 m/s2 (which likewise ac-
counts for the earth’s rotation) in the second equation, the discrepancy would
have been larger (686 N would have been the result).

W � mg � 70(9.81) � 687 N

W �
Gmem

R2
�

(6.673 � 10�11)(5.976 � 1024)(70)

[6371 � 103]2
� 688 N

R me

m = 70 kg

�

Helpful Hint

� The effective distance between the
mass centers of the two bodies in-
volved is the radius of the earth.

67   2.   The  internal forces  are the forces which hold together the par-
ticles forming the rigid body. If the rigid body is structurally 
composed of several parts, the forces holding the component 
parts together are also defined as internal forces. Internal forces 
will be considered in Chaps. 6 and 7.   

    As an example of external forces, let us consider the forces 
acting on a disabled truck that three people are pulling forward by 
means of a rope attached to the front bumper ( Fig. 3.1 ). The external 
forces acting on the truck are shown in a  free-body diagram  ( Fig. 3.2 ). 
Let us first consider the  weight  of the truck. Although it embodies 
the effect of the earth’s pull on each of the particles forming the 
truck, the weight can be represented by the single force  W . The 
 point of application  of this force, i.e., the point at which the force 
acts, is defined as the  center of gravity  of the truck. It will be seen 
in Chap. 5 how centers of gravity can be determined. The weight  W  
tends to make the truck move vertically downward. In fact, it would 
actually cause the truck to move downward, i.e., to fall, if it were not 
for the presence of the ground. The ground opposes the downward 
motion of the truck by means of the reactions  R  1  and  R  2 . These 
forces are exerted  by  the ground  on  the truck and must therefore 
be included among the external forces acting on the truck. 
    The people pulling on the rope exert the force  F . The point of 
application of  F  is on the front bumper. The force  F  tends to make 
the truck move forward in a straight line and does actually make it 
move, since no external force opposes this motion. (Rolling resistance 
has been neglected here for simplicity.) This forward motion of the 
truck, during which each straight line keeps its original orientation 
(the floor of the truck remains horizontal, and the walls remain verti-
cal), is known as a  translation . Other forces might cause the truck to 
move differently. For example, the force exerted by a jack placed 
under the front axle would cause the truck to pivot about its rear axle. 
Such a motion is a  rotation . It can be concluded, therefore, that each 
of the  external forces  acting on a  rigid body  can, if unopposed, impart 
to the rigid body a motion of translation or rotation, or both.    

 3.3    PRINCIPLE OF TRANSMISSIBILITY. 
EQUIVALENT FORCES  

 The  principle of transmissibility  states that the conditions of equi-
librium or motion of a rigid body will remain unchanged if a force 
 F  acting at a given point of the rigid body is replaced by a force  F 9 of 
the same magnitude and same direction, but acting at a different point, 
 provided that the two forces have the same line of action  ( Fig. 3.3 ). 
The two forces  F  and  F 9 have the same effect on the rigid body and 
are said to be  equivalent . This principle, which states that the action 
of a force may be  transmitted  along its line of action, is based on 
experimental evidence. It  cannot  be derived from the properties 
established so far in this text and must therefore be accepted as an 
experimental law. However, as you will see in Sec. 16.5, the principle 
of transmissibility can be derived from the study of the dynamics of 
rigid bodies, but this study requires the introduction of Newton’s 

  Fig. 3.1    

W

F

R1 R2

  Fig. 3.2    

�

F

F'

  Fig. 3.3    

3.3 Principle of Transmissibility. 
Equivalent Forces
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1-8-1- روش های جمع و تفریق بردارها
جمع و تفریق بردارها به دو روش 1- ترسیمی 2- محاسباتی انجام می شود.

1-8-1-1- روش ترسیمی
در ایـن روش بـا اسـتفاده از وسـایل ترسـیم و مقیاس مناسـب جمع و تفریـق بردارها انجام می شـود. روش های 

ترسـیمی جمع و تفریق بردارها شـامل سـه روش زیر می باشـد:
الف( روش مثلث

ب( روش متوازی الاضلاع
ج( روش چندضلعی

لازم بـه ذکـر اسـت کـه روش های مثلـث و متوازی الاضلاع بـرای مجموع یـا تفاضل دو بـردار و روش چندضلعی 
بـرای مجمـوع یـا تفاضل بیش از دو بردار مناسـب می باشـند.
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17that line; through the use of an appropriate scale, the length of this 
segment may be chosen to represent the magnitude of the force. 
Finally, the sense of the force should be indicated by an arrowhead. 
It is important in defining a force to indicate its sense. Two forces 
having the same magnitude and the same line of action but different 
sense, such as the forces shown in  Fig. 2.1  a  and  b , will have directly 
opposite effects on a particle. 
    Experimental evidence shows that two forces  P  and  Q  acting 
on a particle  A  ( Fig. 2.2  a ) can be replaced by a single force  R  which 
has the same effect on the particle ( Fig. 2.2  c ). This force is called 
the  resultant  of the forces  P  and  Q  and can be obtained, as shown 
in  Fig. 2.2  b , by constructing a parallelogram, using  P  and  Q  as two 
adjacent sides of the parallelogram.  The diagonal that passes through 
A represents the resultant.  This method for finding the resultant is 
known as the  parallelogram law  for the addition of two forces. This 
law is based on experimental evidence; it cannot be proved or derived 
mathematically.    

 2.3   VECTORS  
 It appears from the above that forces do not obey the rules of addi-
tion defined in ordinary arithmetic or algebra. For example, two 
forces  acting at a right angle to each other, one of 4 lb and the other 
of 3 lb, add up to a force of 5 lb,  not  to a force of 7 lb. Forces are 
not the only quantities which follow the parallelogram law of addi-
tion. As you will see later,  displacements, velocities, accelerations , and 
 momenta  are other examples of physical quantities possessing mag-
nitude and direction that are added according to the parallelogram 
law. All these quantities can be represented mathematically by  vec-
tors , while those physical quantities which have magnitude but not 
direction, such as  volume, mass , or  energy , are represented by plain 
numbers or  scalars.  
    Vectors are defined as  mathematical expressions possessing 
magnitude and direction, which add according to the parallelo-
gram law.  Vectors are represented by arrows in the illustrations 
and will be distinguished from scalar quantities in this text through 
the use of boldface type ( P ). In longhand writing, a vector may be 
denoted by drawing a short arrow above the letter used to repre-
sent it (    P

S
) or by underlining the letter (P ). The last method may 

be preferred since underlining can also be used on a computer. 
The magnitude of a vector defines the length of the arrow used 
to represent the vector. In this text, italic type will be used to 
denote the magnitude of a vector. Thus, the magnitude of the vec-
tor  P  will be denoted by  P.  
    A vector used to represent a force acting on a given particle 
has a well-defined point of application, namely, the particle itself. 
Such a vector is said to be a  fixed , or  bound , vector and cannot be 
moved without modifying the conditions of the problem. Other 
physical quantities, however, such as couples (see Chap. 3), are 
represented by vectors that may be freely moved in space; these 

A

P

Q

(a)

A

P
R

Q

(b)

A

R

(c)

Fig. 2.2

2.3   Vectors
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الف( روش مثلث
Q مطابـق شـکل )9( مفـروض اسـت. 



P و 


دو بـردار 

P به  Q+
 

بـرای به دسـت آوردن مجموع آن هـا یعنی 
صـورت زیـر عمـل می کنیم:

1( از نقطـه دلخـواه مانند A هم سـنگ یکی از بردارها 
ترسـیم می شود

2( از انتهـای بـردار اول هم سـنگ بـردار دوم ترسـیم 
می شـود

3( بـرداری کـه از ابتـدای بـردار اول بـه انتهـای بردار 
دوم وصـل می شـود مجمـوع دو بـردار خواهـد بود که 
اندازه گیـری  به وسـیلة خط کـش مقیـاس  مقـدار آن 

می شـود: شـکل )10(

R P Q= +
  

  		 )3( 		

19    From the parallelogram law, we can derive an alternative 
method for determining the sum of two vectors. This method, known 
as the  triangle rule , is derived as follows. Consider  Fig. 2.6 , where 
the sum of the vectors  P  and  Q  has been determined by the paral-
lelogram law. Since the side of the parallelogram opposite  Q  is equal 
to  Q  in magnitude and direction, we could draw only half of the 
parallelogram ( Fig. 2.7  a ). The sum of the two vectors can thus be 
found by  arranging   P   and   Q   in tip-to-tail fashion and then connect-
ing the tail of   P   with the tip of   Q . In  Fig. 2.7  b , the other half of the 
parallelogram is considered, and the same result is obtained. This 
confirms the fact that vector addition is commutative. 
    The  subtraction  of a vector is defined as the addition of the 
corresponding negative vector. Thus, the vector  P 2 Q  representing 
the difference between the vectors  P  and  Q  is obtained by adding 
to  P  the negative vector  2Q  ( Fig. 2.8 ). We write

   P 2 Q 5 P 1 (2Q)    (2.2)

         Here again we should observe that, while the same sign is used to 
denote both vector and scalar subtraction, confusion will be avoided 
if care is taken to distinguish between vector and scalar quantities. 
    We will now consider the  sum of three or more vectors.  The 
sum of three vectors  P, Q , and  S  will,  by definition , be obtained by 
first adding the vectors  P  and  Q  and then adding the vector  S  to the 
vector  P 1 Q . We thus write

   P 1 Q 1 S 5 (P 1 Q) 1 S   (2.3)

Similarly, the sum of four vectors will be obtained by adding the 
fourth vector to the sum of the first three. It follows that the sum 
of any number of vectors can be obtained by applying repeatedly the 
parallelogram law to successive pairs of vectors until all the given 
vectors are replaced by a single vector. 

=
=

y

x

z

y

x

z

(c) (d)

180� 180�

180�

180�

it now through 180° about a horizontal axis perpendicular to the binding (Fig. 2.3b); this 
second rotation may be represented by an arrow 180 units long and oriented as shown. 
But the book could have been placed in this final position through a single 180° rotation 
about a vertical axis (Fig. 2.3c). We conclude that the sum of the two 180° rotations repre-
sented by arrows directed respectively along the z and x axes is a 180° rotation represented 
by an arrow directed along the y axis (Fig. 2.3d). Clearly, the finite rotations of a rigid 
body do not obey the parallelogram law of addition; therefore, they cannot be represented 
by vectors.

A

A

P

P

Q

Q

P + Q

P + Q

(a)

(b)

Fig. 2.7

P 
– 

Q

P
P

Q

–Q

(a) (b)

Fig. 2.8

2.4 Addition of Vectors
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ب( روش متوازی الاضلاع
Q مطابـق شـکل )11( مفروض اسـت 



P و 


دو بـردار 
R مدنظر می باشـد.  P Q= +

  

و مجمـوع آن هـا یعنی 
عمـل  زیـر  شـرح  بـه  متوازی الاضلاع  قانـون  طبـق 

می نمائیـم: شـکل )12(
 P


1( از نقطـه دلخـواه ماننـد O هم سـنگ بردارهای 
Q را ترسـیم می نمائیـم



و
Q خطـی 



P بـه مـوازات بـردار


انتهـای بـردار از   )2
)d1 )خـط  می شـود  ترسـیم 

P خطـی 


Q بـه مـوازات بـردار


انتهـای بـردار از   )3
ترسـیم می شـود )خـط d2( تـا خـط d1 را در نقطـه 

´O قطـع نمایـد.
4( بـرداری کـه از O بـه 'O ترسـیم می شـود همـان 
R خواهـد بـود کـه 



Q یعنـی


P و


مجمـوع دو بـردار
مقـدار آن بـا رابطـۀ )4( محاسـبه می شـود:

17that line; through the use of an appropriate scale, the length of this 
segment may be chosen to represent the magnitude of the force. 
Finally, the sense of the force should be indicated by an arrowhead. 
It is important in defining a force to indicate its sense. Two forces 
having the same magnitude and the same line of action but different 
sense, such as the forces shown in  Fig. 2.1  a  and  b , will have directly 
opposite effects on a particle. 
    Experimental evidence shows that two forces  P  and  Q  acting 
on a particle  A  ( Fig. 2.2  a ) can be replaced by a single force  R  which 
has the same effect on the particle ( Fig. 2.2  c ). This force is called 
the  resultant  of the forces  P  and  Q  and can be obtained, as shown 
in  Fig. 2.2  b , by constructing a parallelogram, using  P  and  Q  as two 
adjacent sides of the parallelogram.  The diagonal that passes through 
A represents the resultant.  This method for finding the resultant is 
known as the  parallelogram law  for the addition of two forces. This 
law is based on experimental evidence; it cannot be proved or derived 
mathematically.    

 2.3   VECTORS  
 It appears from the above that forces do not obey the rules of addi-
tion defined in ordinary arithmetic or algebra. For example, two 
forces  acting at a right angle to each other, one of 4 lb and the other 
of 3 lb, add up to a force of 5 lb,  not  to a force of 7 lb. Forces are 
not the only quantities which follow the parallelogram law of addi-
tion. As you will see later,  displacements, velocities, accelerations , and 
 momenta  are other examples of physical quantities possessing mag-
nitude and direction that are added according to the parallelogram 
law. All these quantities can be represented mathematically by  vec-
tors , while those physical quantities which have magnitude but not 
direction, such as  volume, mass , or  energy , are represented by plain 
numbers or  scalars.  
    Vectors are defined as  mathematical expressions possessing 
magnitude and direction, which add according to the parallelo-
gram law.  Vectors are represented by arrows in the illustrations 
and will be distinguished from scalar quantities in this text through 
the use of boldface type ( P ). In longhand writing, a vector may be 
denoted by drawing a short arrow above the letter used to repre-
sent it (    P

S
) or by underlining the letter (P ). The last method may 

be preferred since underlining can also be used on a computer. 
The magnitude of a vector defines the length of the arrow used 
to represent the vector. In this text, italic type will be used to 
denote the magnitude of a vector. Thus, the magnitude of the vec-
tor  P  will be denoted by  P.  
    A vector used to represent a force acting on a given particle 
has a well-defined point of application, namely, the particle itself. 
Such a vector is said to be a  fixed , or  bound , vector and cannot be 
moved without modifying the conditions of the problem. Other 
physical quantities, however, such as couples (see Chap. 3), are 
represented by vectors that may be freely moved in space; these 
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tor  P  will be denoted by  P.  
    A vector used to represent a force acting on a given particle 
has a well-defined point of application, namely, the particle itself. 
Such a vector is said to be a  fixed , or  bound , vector and cannot be 
moved without modifying the conditions of the problem. Other 
physical quantities, however, such as couples (see Chap. 3), are 
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 شکل 13 

 شکل 14 

ج( روش چندضلعی
در ایـن روش بـه منظـور ترسـیم مجمـوع چنـد بردار 
 O ماننـد شـکل )13( از یـک نقطـه دلخـواه ماننـد
هم سـنگ بـردار اول را رسـم می کنیـم و از انتهـای 
ترسـیم  دوم  بـردار  هم سـنگ  شـده  رسـم  بـردار 
می شـود. ایـن رونـد تـا ترسـیم تمامـی بردارهـا ادامه 
می یابـد؛ بـرداری کـه از ابتـدای بـردار اول بـه انتهای 
بـردار آخـر رسـم می شـود، مجمـوع بردارهـا خواهـد 

بـود. شـکل )14(

B
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A و
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تفاضل بردارهای
به روش مثلث

 B
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A و


تفاضل بردارهای
به روش متوازی الاضلاع
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نکته

نکته

• هـر گاه انتهـای آخریـن بـردار بـر ابتـدای بـردار اول منطبـق گردد )یک چندضلعی بسـته تشـکیل شـود(، 
مجمـوع بردارهـا صفر خواهـد بود.

• در حالتـی کـه بردارهـا مـوازی یا هم راسـتا باشـند، برای جمـع و تفریق آن ها کافی اسـت بـا در نظر گرفتن 
جهـت بردارها، آن هـا را روی یک محور ترسـیم نمود.

عملیـات تفریـق دو یـا چنـد بـردار بـه روش های فـوق با اسـتفاده از تعریـف بـردار مخالف مطابق شـکل زیر 
امکان پذیـر اسـت. یعنی:

 A B A ( B)− = + −
                                  )5( 		

در ایـن حالـت چناچـه بخواهیـم به روش محاسـباتی عمل نمائیم کافیسـت کـه بردارهای موجـود را دو به دو 
بـا هـم جمـع یـا تفریـق نمـوده و حاصـل هـر دو بـردار را با بـردار بعـد، جمع یـا تفریق کـرده و ایـن روند را 

تا آخریـن بـردار ادامه داد.
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A  را محاسبه نمایید.  B−
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تفاضل دو بردار به روش مثلث

تفاضل دو بردار به روش متوازی الاضلاع
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1-9- تجزیة یک بردار به مؤلفه های آن به روش ترسیمی
همان گونـه کـه در قسـمت قبـل دیدیـم دو بردار بـا امتـداد و مقادیر مشـخص را می توان بـا اسـتفاده از روش های مثلث 
یـا متوازی الاضالع بـا یکدیگـر جمـع نمـود و مجمـوع آن هـا را به دسـت آورد؛ که این بـردارِ مجمـوع را برآینـد دو بردار 
F نیز داده شـده باشـد 



اولیـه نیـز می نامنـد. حـال چنانچـه دو امتـداد دلخواه در صفحه داشـته باشـیم و بـرداری به نام 
می تـوان آن را بـر روی دو امتـداد مـورد نظـر بـه شـرح ذیـل تجزیـه نمـود کـه عکـس عمـل جمـع دو بـردار می باشـد. 

)شـکل های 15 و 16(
F دو خـط بـه مـوازات محورهـای a و b ترسـیم نمـوده )خطـوط'a و'b( تا آن هـا را در نقاط O1 و 



1( از انتهـای بـردار 
O2 قطـع نماید.

aF نشان داده می شود.


F روی امتداد a خواهد بود که با 


OO1 مؤلفة 



2( بردار 
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o

o1

o2

o

F روی امتـداد b خواهـد بود که 


OO2 مؤلفـة 



3( بـردار 

bF نشـان داده می شـود.


بـا نماد 
روش فـوق، روش کلـی بـرای تجزیـة یـک بـردار اسـت. 
حالـت خاصـی از آن تجزیـة یـک بـردار روی دو محـور 
متعامـد )عمـود بـر هم( اسـت کـه کاربـرد زیـادی در حل 

ایسـتایی دارد. مسـائل 

در شکل زیر بردار F را روی امتدادهای a و b تجزیه کنید.

b'

a'

b

a

حل: 

مثال 2
 شکل 16 

 شکل 15 
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1 - 10 - تجزیة یک بردار به مؤلفه های متعامد آن در دستگاه مختصات دکارتی به روش 
ترسیمی و محاسباتی

مثال 3

نسـبت   θ زاویـه  بـا   R


بـردار   )17( مطابـق شـکل 
بـه محـور x مفـروض اسـت. می خواهیـم آن را روی 
نمائیـم. چنانچـه  y تجزیـه  x و  محورهـای متعامـد 
مطابـق مراحـل سـه گانه در بخـش )1-9( عمل کنیم، 

بـه شـکل )18( خواهیـم رسـید.

R

θ
o x

y

نیـروی F مطابـق شـکل بـر میخـی وارد می شـود. 
مطلوب اسـت تجزیـه ایـن نیـرو روی محورهای x و 

y و محاسـبه مقادیـر مؤلفه هـا.

x x

y y

F Fcos cos F / N

F Fsin sin F N

1000 30 866 02

1000 30 500

= θ = × ⇒ =

= θ = × ⇒ =





F N1000=

30
Fy

Fx

انـدازه یـا مقـدار مؤلفه هـای Rx و Ry بـا اسـتفاده از 
روابـط مثلثاتـی در مثلـث رنـگ شـدة شـکل )18( به 

شـکل زیـر محاسـبه می شـوند:

x
x

y
y

Rcos R R.cos
R

R
sin R R.sin

R

θ = ⇒ = θ

θ = ⇒ = θx

R

θ

Ry

Rx o1
o

o2

y

)6(

F N1000=

30

حل: 
نیروی F را به مؤلفه های متعامد تجزیه می کنیم.

 شکل 17 

 شکل 18 



دانش فنّی تخصّصی / پودمان 1 / تحلیل مکانیک برُداری

15

در دسـتگاه مختصـات دکارتـی محورهـای ox و oy بـر 
یکدیگـر عمـود بـوده و بردارهـای واحـد )یکـه( روی آن ها 
j نمایـش داده می شـوند و بـرداری 



i و 


بـه ترتیـب بـا 
R مطابـق شـکل )19( در ایـن دسـتگاه بـا 



ماننـد بـردار 
رابطـة )5( تعریـف می شـود:

فرم برداری بردار F در شکل )مثال 3( را بنویسید.
حل:

 می باشد.
x yF F i F j= +

   F به صورت 
 فرم برداری بردار 

با توجه به نتایج مثال 3 داریم:

بنابراین:

همان طـور کـه یـک بـردار را می تـوان بـه دو مؤلفـه روی امتدادهـای مختلـف تجزیـه کـرد می تـوان بـه کمک 
مؤلفه هـای یـک بـردار، انـدازة بـردار و زاویـة آن را به کمک رابطـة فیثاغورث و نسـبت های مثلثاتـی تعیین کرد.
 x و زاویـ ۀامتـداد آ ن را بـا امتداد R داشـته باشـیم، می تـوان انـدازه x yR R i R j= +

  

هـر گاه بـرداری ماننـد 
بـه صورت زیـر تعییـن نمود:

)8(     		               R مقدار )اندازه( بردار

)9(     		    زاویه بردار R نسبت به محور x ها

x y

y

x

R R R

R
tan

R

2 2

1−

= +

θ =
x y

y

x

R R R

R
tan

R

2 2

1−

= +

θ =

x yR R i R j= +
  

F / i j866 02 500= +
  

x

y

F / N
F N

866 02
500

=
=

)7(
x

R

θ

Ry

Rx
o

y

i


j


مثال 4

1-12- تعیین اندازه و زاویۀ امتداد یک بردار با استفاده از مؤلفه های متعامد آن

1-11- نمایش برداری یک بردار در دستگاه مختصات دکارتی

R روی محور x و


که در رابطة فوق Rx مؤلفة 

R روی محور y می باشد.


 Ry مؤلفة 

 شکل 19 
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مثال 5

فعالیت 
کلاسی1

F را ترسیم نموده، مقدار و زاویة امتداد آن را با محور x ها به دست آورید. ( i j)3 4= +
  

بردار

x y

y

x

F F F F F

F
tan tan /

F

2 2 2 2

1 1

3 4 5

4 53 13
3

− −

= + ⇒ = + ⇒ =

θ = ⇒ θ = ⇒ θ = 

x

F=5

θ=53/13°

Fx=3

Fy=4

o

y

x
Fx=3

Fy=4

o

y

بردارهای زیر را به روش ترسیمی روی محورهای داده شده تجزیه نمایید.

ab

F


)الف(

30 °50 °

)ب(

)ج(

x

y

S


30 °

a

b

P


20 °
30 °
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فعالیت 
کلاسی2

بردارهای زیر را به مؤلفه های متعامد آن تجزیه نمائید و فرم برداری آن ها را بنویسید.

A kN20=


B kN10=


)ب(
10

10
C


x45°

y

F=5
kN

)الف(

60°

x

y

T=2
000

N

)د()ج(

30°

3
4

x

y

F1=50 kN

F3=100 kN

F2=30 kN
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فعالیت 
کلاسی3

بردارهای زیر را ترسیم نموده و اندازه و زاوی ۀامتداد هر یک را نسبت به محورهای x و y تعیین کنید.

F i j

P i

T / j

Q i j

4 3
5

3 5
3 3

= − +

= −

=

= − −

  

 

 

  

F i j

P i

T / j

Q i j

4 3
5

3 5
3 3

= − +

= −

=

= − −

  

 

 

  

F i j

P i

T / j

Q i j

4 3
5

3 5
3 3

= − +

= −

=

= − −

  

 

 

  

F i j

P i

T / j

Q i j

4 3
5

3 5
3 3

= − +

= −

=

= − −

  

 

 

  

الف(

ب(

ج(

د(

فعالیت 
کلاسی4

در شکل های زیر مطلوب است:
الف( فرم برداری هر بردار.

ب( اندازه هر یک را به صورت ترسیمی )با خط کش( به دست آورید.
ج( اندازه هر یک را به صورت محاسباتی به دست آورید.

د( اندازه های محاسباتی و ترسیمی هر بردار را با هم مقایسه کنید.

)الف(

)ب(

F 1
F

2

1

1

F1 F2

F3100

100
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نیرو کمیتی است برداری که می تواند باعث تغییر در حرکت، تغییرِ شکل و یا چرخش در اجسام گردد. 

نیروهایـی هسـتند که از محیط اطـراف و در خارج از 
وجـود جسـم بـه آن وارد می شـوند. مکانیک اجسـام 
صُلـب )اسـتاتیک( فقـط به نیروهـای خارجـی توجه 
دارد؛ ماننـد: وزن گـوی در شـکل )20( کـه بـه کـف 

وارد می شـود.

If, on the other hand, we want to find the distribution of internal
forces in the material of the body near the contact location, where the
internal stresses and strains may be appreciable, then we must not
treat the load as concentrated but must consider the actual distribution.
This problem will not be discussed here because it requires a knowledge
of the properties of the material and belongs in more advanced treat-
ments of the mechanics of materials and the theories of elasticity and
plasticity.

When forces are applied over a region whose dimensions are not
negligible compared with other pertinent dimensions, then we must ac-
count for the actual manner in which the force is distributed. We do
this by summing the effects of the distributed force over the entire re-
gion using mathematical integration. This requires that we know the
intensity of the force at any location. There are three categories of such
problems.

(1) Line Distribution. When a force is distributed along a line, as in
the continuous vertical load supported by a suspended cable, Fig. 5/2a,
the intensity w of the loading is expressed as force per unit length of
line, newtons per meter (N/m) or pounds per foot (lb/ft).

(2) Area Distribution. When a force is distributed over an area, as
with the hydraulic pressure of water against the inner face of a section
of dam, Fig. 5/2b, the intensity is expressed as force per unit area. This
intensity is called pressure for the action of fluid forces and stress for the
internal distribution of forces in solids. The basic unit for pressure or
stress in SI is the newton per square meter (N/m2), which is also called
the pascal (Pa). This unit, however, is too small for most applications
(6895 Pa � 1 lb/in.2). The kilopascal (kPa), which equals 103 Pa, is more
commonly used for fluid pressure, and the megapascal, which equals 106

Pa, is used for stress. In the U.S. customary system of units, both fluid
pressure and mechanical stress are commonly expressed in pounds per
square inch (lb/in.2).

(3) Volume Distribution. A force which is distributed over the vol-
ume of a body is called a body force. The most common body force is the
force of gravitational attraction, which acts on all elements of mass in a
body. The determination of the forces on the supports of the heavy can-
tilevered structure in Fig. 5/2c, for example, would require accounting
for the distribution of gravitational force throughout the structure. The
intensity of gravitational force is the specific weight �g, where � is the
density (mass per unit volume) and g is the acceleration due to gravity.
The units for �g are (kg/m3)(m/s2) � N/m3 in SI units and lb/ft3 or lb/in.3

in the U.S. customary system.
The body force due to the gravitational attraction of the earth

(weight) is by far the most commonly encountered distributed force.
Section A of this chapter treats the determination of the point in a body
through which the resultant gravitational force acts, and discusses the
associated geometric properties of lines, areas, and volumes. Section B
treats distributed forces which act on and in beams and flexible cables
and distributed forces which fluids exert on exposed surfaces.
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This problem will not be discussed here because it requires a knowledge
of the properties of the material and belongs in more advanced treat-
ments of the mechanics of materials and the theories of elasticity and
plasticity.

When forces are applied over a region whose dimensions are not
negligible compared with other pertinent dimensions, then we must ac-
count for the actual manner in which the force is distributed. We do
this by summing the effects of the distributed force over the entire re-
gion using mathematical integration. This requires that we know the
intensity of the force at any location. There are three categories of such
problems.

(1) Line Distribution. When a force is distributed along a line, as in
the continuous vertical load supported by a suspended cable, Fig. 5/2a,
the intensity w of the loading is expressed as force per unit length of
line, newtons per meter (N/m) or pounds per foot (lb/ft).

(2) Area Distribution. When a force is distributed over an area, as
with the hydraulic pressure of water against the inner face of a section
of dam, Fig. 5/2b, the intensity is expressed as force per unit area. This
intensity is called pressure for the action of fluid forces and stress for the
internal distribution of forces in solids. The basic unit for pressure or
stress in SI is the newton per square meter (N/m2), which is also called
the pascal (Pa). This unit, however, is too small for most applications
(6895 Pa � 1 lb/in.2). The kilopascal (kPa), which equals 103 Pa, is more
commonly used for fluid pressure, and the megapascal, which equals 106
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pressure and mechanical stress are commonly expressed in pounds per
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ume of a body is called a body force. The most common body force is the
force of gravitational attraction, which acts on all elements of mass in a
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If, on the other hand, we want to find the distribution of internal
forces in the material of the body near the contact location, where the
internal stresses and strains may be appreciable, then we must not
treat the load as concentrated but must consider the actual distribution.
This problem will not be discussed here because it requires a knowledge
of the properties of the material and belongs in more advanced treat-
ments of the mechanics of materials and the theories of elasticity and
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When forces are applied over a region whose dimensions are not
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count for the actual manner in which the force is distributed. We do
this by summing the effects of the distributed force over the entire re-
gion using mathematical integration. This requires that we know the
intensity of the force at any location. There are three categories of such
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(1) Line Distribution. When a force is distributed along a line, as in
the continuous vertical load supported by a suspended cable, Fig. 5/2a,
the intensity w of the loading is expressed as force per unit length of
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intensity is called pressure for the action of fluid forces and stress for the
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(6895 Pa � 1 lb/in.2). The kilopascal (kPa), which equals 103 Pa, is more
commonly used for fluid pressure, and the megapascal, which equals 106

Pa, is used for stress. In the U.S. customary system of units, both fluid
pressure and mechanical stress are commonly expressed in pounds per
square inch (lb/in.2).

(3) Volume Distribution. A force which is distributed over the vol-
ume of a body is called a body force. The most common body force is the
force of gravitational attraction, which acts on all elements of mass in a
body. The determination of the forces on the supports of the heavy can-
tilevered structure in Fig. 5/2c, for example, would require accounting
for the distribution of gravitational force throughout the structure. The
intensity of gravitational force is the specific weight �g, where � is the
density (mass per unit volume) and g is the acceleration due to gravity.
The units for �g are (kg/m3)(m/s2) � N/m3 in SI units and lb/ft3 or lb/in.3
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If, on the other hand, we want to find the distribution of internal
forces in the material of the body near the contact location, where the
internal stresses and strains may be appreciable, then we must not
treat the load as concentrated but must consider the actual distribution.
This problem will not be discussed here because it requires a knowledge
of the properties of the material and belongs in more advanced treat-
ments of the mechanics of materials and the theories of elasticity and
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When forces are applied over a region whose dimensions are not
negligible compared with other pertinent dimensions, then we must ac-
count for the actual manner in which the force is distributed. We do
this by summing the effects of the distributed force over the entire re-
gion using mathematical integration. This requires that we know the
intensity of the force at any location. There are three categories of such
problems.

(1) Line Distribution. When a force is distributed along a line, as in
the continuous vertical load supported by a suspended cable, Fig. 5/2a,
the intensity w of the loading is expressed as force per unit length of
line, newtons per meter (N/m) or pounds per foot (lb/ft).

(2) Area Distribution. When a force is distributed over an area, as
with the hydraulic pressure of water against the inner face of a section
of dam, Fig. 5/2b, the intensity is expressed as force per unit area. This
intensity is called pressure for the action of fluid forces and stress for the
internal distribution of forces in solids. The basic unit for pressure or
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(6895 Pa � 1 lb/in.2). The kilopascal (kPa), which equals 103 Pa, is more
commonly used for fluid pressure, and the megapascal, which equals 106

Pa, is used for stress. In the U.S. customary system of units, both fluid
pressure and mechanical stress are commonly expressed in pounds per
square inch (lb/in.2).

(3) Volume Distribution. A force which is distributed over the vol-
ume of a body is called a body force. The most common body force is the
force of gravitational attraction, which acts on all elements of mass in a
body. The determination of the forces on the supports of the heavy can-
tilevered structure in Fig. 5/2c, for example, would require accounting
for the distribution of gravitational force throughout the structure. The
intensity of gravitational force is the specific weight �g, where � is the
density (mass per unit volume) and g is the acceleration due to gravity.
The units for �g are (kg/m3)(m/s2) � N/m3 in SI units and lb/ft3 or lb/in.3

in the U.S. customary system.
The body force due to the gravitational attraction of the earth

(weight) is by far the most commonly encountered distributed force.
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If, on the other hand, we want to find the distribution of internal
forces in the material of the body near the contact location, where the
internal stresses and strains may be appreciable, then we must not
treat the load as concentrated but must consider the actual distribution.
This problem will not be discussed here because it requires a knowledge
of the properties of the material and belongs in more advanced treat-
ments of the mechanics of materials and the theories of elasticity and
plasticity.

When forces are applied over a region whose dimensions are not
negligible compared with other pertinent dimensions, then we must ac-
count for the actual manner in which the force is distributed. We do
this by summing the effects of the distributed force over the entire re-
gion using mathematical integration. This requires that we know the
intensity of the force at any location. There are three categories of such
problems.

(1) Line Distribution. When a force is distributed along a line, as in
the continuous vertical load supported by a suspended cable, Fig. 5/2a,
the intensity w of the loading is expressed as force per unit length of
line, newtons per meter (N/m) or pounds per foot (lb/ft).

(2) Area Distribution. When a force is distributed over an area, as
with the hydraulic pressure of water against the inner face of a section
of dam, Fig. 5/2b, the intensity is expressed as force per unit area. This
intensity is called pressure for the action of fluid forces and stress for the
internal distribution of forces in solids. The basic unit for pressure or
stress in SI is the newton per square meter (N/m2), which is also called
the pascal (Pa). This unit, however, is too small for most applications
(6895 Pa � 1 lb/in.2). The kilopascal (kPa), which equals 103 Pa, is more
commonly used for fluid pressure, and the megapascal, which equals 106

Pa, is used for stress. In the U.S. customary system of units, both fluid
pressure and mechanical stress are commonly expressed in pounds per
square inch (lb/in.2).

(3) Volume Distribution. A force which is distributed over the vol-
ume of a body is called a body force. The most common body force is the
force of gravitational attraction, which acts on all elements of mass in a
body. The determination of the forces on the supports of the heavy can-
tilevered structure in Fig. 5/2c, for example, would require accounting
for the distribution of gravitational force throughout the structure. The
intensity of gravitational force is the specific weight �g, where � is the
density (mass per unit volume) and g is the acceleration due to gravity.
The units for �g are (kg/m3)(m/s2) � N/m3 in SI units and lb/ft3 or lb/in.3

in the U.S. customary system.
The body force due to the gravitational attraction of the earth

(weight) is by far the most commonly encountered distributed force.
Section A of this chapter treats the determination of the point in a body
through which the resultant gravitational force acts, and discusses the
associated geometric properties of lines, areas, and volumes. Section B
treats distributed forces which act on and in beams and flexible cables
and distributed forces which fluids exert on exposed surfaces.
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1-13- نیرو

1-14- انواع نیرو

الـف( نیروهـای متمرکـز: اگـر نیـرو بـه طـول کوچک 
نیـروی  وارد گـردد آن را  از جسـم  اغماضـی  قابـل  و 

)21( شـکل  می نامنـد.  متمرکـز 

ب( نیروهـای گسـترده: اگـر نیـرو در طـول قابل توجهـی از جسـم پخـش گـردد آن را نیـروی گسـترده گوینـد. 
شـکل )22(
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(3) Volume Distribution. A force which is distributed over the vol-
ume of a body is called a body force. The most common body force is the
force of gravitational attraction, which acts on all elements of mass in a
body. The determination of the forces on the supports of the heavy can-
tilevered structure in Fig. 5/2c, for example, would require accounting
for the distribution of gravitational force throughout the structure. The
intensity of gravitational force is the specific weight �g, where � is the
density (mass per unit volume) and g is the acceleration due to gravity.
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in the U.S. customary system.
The body force due to the gravitational attraction of the earth

(weight) is by far the most commonly encountered distributed force.
Section A of this chapter treats the determination of the point in a body
through which the resultant gravitational force acts, and discusses the
associated geometric properties of lines, areas, and volumes. Section B
treats distributed forces which act on and in beams and flexible cables
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1- 14 - 1 - نیروهای خارجی

1-14-2- نیروهای داخلی 
نیروهایـی هسـتند کـه در داخـل جسـم و بیـن ذرات تشـکیل دهندة آن ایجـاد می شـوند؛ ماننـد نیرویـی کـه 
شـخص هنـگام اجـرای بارفیکـس در دسـتان خـود احسـاس می کنـد؛ در مکانیـک اجسـام تغییرشـکل پذیر 

)مقاومـت مصالـح( بـه نیروهـای داخلـی توجـه می شـود.

 شکل 20 

 شکل 21 

 شکل 22 



20

مثال 6

1-15- برآیند سامانه های نیرویی وارد بر نقطه مادی به روش محاسباتی

 شکل 23 

1-15-1- برآیند نیروهای هم راستا و موازی

منظـور از برآینـد دو یـا چنـد نیرو عبارت اسـت از جمـع بـرداری آن نیروها، به طوری کـه  بردار برآینـد به تنهایی 
اثـر همة نیروهای وارد به جسـم را دارا باشـد.

بـه عنـوان مثـال در شـکل )23( شـناور B در مسـیری بـه حرکـت در می آید کـه در واقـع امتداد بـردار برآیند 
دو نیـروی وارده از طـرف قایق هـای A و C خواهـد بـود. ایـن بـدان معناسـت کـه می تـوان به جـای دو نیروی 

مذکـور نیـروی برآینـد آن هـا را در امتداد مسـیر حرکت شـناور قـرار داده و آن را به حرکـت درآورد.
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 SAMPLE PROBLEM 2.2 

     A barge is pulled by two tugboats. If the resultant of the forces exerted by 
the tugboats is a 5000-lb force directed along the axis of the barge, determine 
( a ) the tension in each of the ropes knowing that a 5 45°, ( b ) the value of a 
for which the tension in rope 2 is minimum. 

30�
1

2
a

A

C

B

  SOLUTION  

 a.   Tension for a 5 45°.  Graphical Solution.    The parallelogram law is 
used; the diagonal (resultant) is known to be equal to 5000 lb and to be 
directed to the right. The sides are drawn parallel to the ropes. If the draw-
ing is done to scale, we measure

  T1 5 3700 lb  T2 5 2600 lb ◀   

  Trigonometric Solution.   The triangle rule can be used. We note that the 
triangle shown represents half of the parallelogram shown above. Using the 
law of sines, we write

  
T1

 sin 45°
5

T2

 sin 30°
5

5000 lb
 sin 105°  

 With a calculator, we first compute and store the value of the last quo-
tient. Multiplying this value successively by sin 45° and sin 30°, we obtain

  T1 5 3660 lb  T2 5 2590 lb ◀  

     b.   Value of a for Minimum  T  2 .   To determine the value of a for which the 
tension in rope 2 is minimum, the triangle rule is again used. In the sketch 
shown, line  1-1 9 is the known direction of  T  1 . Several possible directions of  T  2  
are shown by the lines 2-29. We note that the minimum value of  T  2  occurs 
when  T  1  and  T  2  are perpendicular. The minimum value of  T  2  is

  T2 5 (5000 lb) sin 30° 5 2500 lb  

Corresponding values of  T  1  and a are

  T1 5 (5000 lb) cos 30° 5 4330 lb  
   a 5 90° 2 30° a 5 60° ◀        

30� 45�

30�45�

5000 lb

T1

T2

B

45� 30�

5000 lb

105�
T1

T2

B

1

2
2

2

5000 lb
1'

2'

2'

2'

30�

5000 lb

T1
T2 90�

a
B
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F را روی محورهـای مختصـات ترسـیم نمـوده و برآیند آن ها را محاسـبه  i2 4= −


F و  i1 6=


دو نیـروی 
و ترسـیم نمایید.

R F F

R i i R i
1 2

6 4 2
= +

= − ⇒ =

  

    

y

x
R=2

y

x
F1=6F2=4

برای محاسبه برآیند نیروهای هم راستا کافی است مقادیر آن ها را با یکدیگر جمع جبری نماییم.
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1-15-2- برآیند دو نیروی متعامد

 شکل 24 

بـرای محاسـبه مقـدار برآینـد دو نیـروی متعامد مطابق شـکل )24-الف( با اسـتفاده از رابطه فیثاغورث و شـکل 
داریم: )24-ب( 

R F F R F F2 2 2 2 2
1 2 1 2= + ⇒ = +

ضلع مقابل
ضلع مجاور

Ftan tan
F

1 2

1

−  
θ = ⇒ θ =  

 

y

xθ

F1

F2

R

y

x
F1

F2

و برای محاسبه زاویه برآیند با F1 می توان از رابطه تانژانت استفاده نمود:

F2=200N

F1=100N

)الف( )ب(

در شکل زیر مطلوب است:
)R( ترسیم برآیند )الف
ب( تعیین مقدار برآیند

F1 ج( تعیین زاویه برآیند با افق یا امتداد

مثال 7

)الف

)ب

)ج

y

xθ

F2=200N

F1=100N

R

R F F R / N

Ftan tan /
F

2 2 2 2
1 2

1 12

1

100 200 50000 223 61

200 63 43
100

− −

= + = + = ⇒ =

   θ = = ⇒ θ =     


)10(

)11(
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در این سیسـتم شـرط لازم بسـته شـدن سـه ضلعی نیروهاسـت، اما تفاوتی که این حالت با حالت متعامد دارد 
غیرمشـخص بـودن سـه ضلعی )مثلـث( نیروهاسـت. به همین دلیـل اسـتفاده از قانون متوازی الاضلاع برای حل 

ترسـیمی و اسـتفاده از قانـون سـینوس ها و کسـینوس ها برای حـل مثلثاتی کارآمـد خواهد بود.

1-15-3- برآیند دو نیروی غیرمتعامد

a b c bc cos A
b a c ac cos B
c a b ab cosC

2 2 2

2 2 2

2 2 2

2
2
2

= + −
= + −
= + −

a b c bc cos2 2 2 2= + + γ

a b c
sin A sin B sin C

= =

a

c

b
A

C

B

A

C

b

C

B A

γ

قانون کسینوس ها در مثلث
علائم:

a ؛ ضلع روبروی زاویۀ A یا برآیند اضلاع دیگر،
،A ؛ اضلاع مجاور زاویۀ b و c
A ؛ زاویۀ داخلی مثلث نیروها،

 b ؛ زاویـۀ خارجـی مثلـث نیروهـا یا زاویـۀ بین ضلع γ
.c و امتـداد ضلع

قانون سینوس ها در مثلث
علائم:

A و B و C ؛ زوایای داخلی مثلث نیروها،
،A ؛ ضلع مقابل زاویۀ a
،B ؛ ضلع مقابل زاویۀ b
.C ؛ ضلع مقابل زاویۀ c

دو نیـروی غیـر متعامـد بـر تنـۀ درختـی مطابـق مثال 8
اسـت: مطلـوب  می شـوند.  وارد  شـکل 

الف( محاسبۀ مقدار برآیند.
ب( محاسبۀ زاویۀ برآیند با افق.

Scanned by CamScanner

F1=2000 N

F2=1200 N

60 °

y

x

 شکل 25 

 شکل 26 
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دو نیـرو مطابـق شـکل توسـط دو کابـل بـر یـک مثال 9
مطلوب اسـت: می شـود.  وارد  معدنـی  سـنگ 

الف( نمایش برداری برآیند
ب( نمایش ترسیمی بردار برآیند
ج( محاسبة اندازة بردار برآیند
د( محاسبة زاویة برآیند با افق

ه( ترسیم مسیر جابه جایی سنگ

حـل: ابتـدا بـا اسـتفاده از قانـون متوازی الاضالع مقـدار و جهـت برآینـد را بـه صـورت ترسـیمی تعییـن 
می کنیـم و سـپس بـا اسـتفاده از قانـون کسـینوس ها و یـا سـینوس ها مقـدار دقیـق برآینـد و زاویـ ۀآن را با 

افـق محاسـبه می کنیـم.

F1=2000 N

RF 2=
12

00
 N

60 °
R

F1=2000 N

F 2=
12

00
 N

60 °B A

R=280
0 N

F1=2000 N

F 2=
12

00
 N

B 120 °

الف- با استفاده از قانون کسینوس ها داریم:
A
R cos

R N

2 2 2

180 60 120
2000 1200 2 2000 1200 120 7840000
7840000 2800

= − =
= + − × × × =

= =



sin B sin
sin sin B
sin B / B sin ( / ) /1

2800 1200 1200 120
120 2800

0 371 0 371 21 787−

= ⇒ = ×

= ⇒ = = 

B sin ( / ) /1 0 371 21 787−= = 

ب- با استفاده از قانون سینوس ها داریم:

زاوی ۀبرآیند با F1 یا افق 

F1=4000N

F2=2500N

45°

15°
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5678/91 N

F
1=4000 N

F 2
=2
50
0 N

120 °
γ

R

F
1=4000 N

F 2
=2
50
0 N

120 °75 °

β
α

R=5678/91 N

F
1=4000 N

F 2
=2
50
0 N

22/41 °
15 °

α

x
R

F
1=4000 N

F 2
=2
50
0 N

60 °

60 °
C

حل:
الف( با استفاده از قانون کسینوس ها داریم:

C
R cos
R / N

2 2 2

180 60 120
4000 2500 2 4000 2500 120 32250000
5678 91

= − =
= + − × × × =

=



/
sin sin

sin sin /
/

5678 91 2500
120

2500 120 0 381
5678 91

=
γ

⇒ γ = × =

/22 411γ = 

/ /22 411 15 7 41α = − = 

ب( با استفاده از قانون سینوس ها داریم:

زاوی ۀنیروی F1 با برآیند

زاوی ۀبرآیند با افق به طریق زیر به دست می آید.

زاوی ۀبرآیند با افق

ج(

مسیر جابه جایی سنگ

F
1=4000N

F 2
=25

00
N

7/41°
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هـر گاه بـر یـک نقطـة مـادی ماننـد P مطابـق شـکل )27- الـف( نیروهـای F1 و F2 و F3 وارد شـود، به کمـک 
تجزیـه به شـرح زیـر می تـوان انـدازة برآینـد ایـن نیروهـا )R( و راسـتای برآیند با محـور x یعنـی )θ( را تعیین 

نمود. شـکل )27- ب(

F1

y

x

F2

P

F3

θ3

θ2
θ1

y

x

R

P
θ

)الف( )ب(

≅

1-15-4- محاسبة برآیند سامانة چندنیرویی وارد به نقطة مادی

 شکل 27 

x مجموع مؤلفه های هم راستا با محور
y مجموع مؤلفه های هم راستا با محور

F1

y

x

F2

P

F3

F3xF2xF1x

F3y

F1y

F2y

گام اول: تجزیه هر یک از نیروها روی محورهای x و y؛ )شکل 28(

؛ j
 i و 

 گام دوم: نمایش برداری تمامی نیروها بر حسب بردارهای یکة 
y و x گام سوم: محاسبة جمع جبری نیروهای هم راستا روی محورهای

)12( 		
 :ΣFx

:ΣFy

x x y yR F , R F= ∑ = ∑

x x x x( F F F F )1 2 3∑ = + +

y y y y( F F F F )1 2 3∑ = + +

 شکل 28 
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گام چهارم: نمایش برداری بردار برآیند )R( مطابق رابطة )11( 

   )13( 			 

گام پنجم: نمایش ترسیمی بردار برآیند مطابق شکل )29(
گام ششـم: محاسـبة انـدازه )مقـدار( برآینـد بـا اسـتفاده از رابطـة 

فیثاغـورث
x yR R R2 2= + 		 )14( 			 

 )θ( ها x گام هفتم: محاسبة زاویه برآیند با امتداد محور
با استفاده از رابطة تانژانت و با توجه به شکل ترسیم شده 

)15( 		 در گام پنجم

 

y

x

R
tan

R
1−θ =

y

x

R

P

Ry

θ
Rx

x yR R i R j= +
  

 شکل 29 

مثال 10

حل:
الف(

گام اول:
- تجزیة نیروها با توجه به اندازه و زاویة هر نیرو

دو نیرو مطابق شکل توسط دو کابل بر یک سنگ معدنی وارد می شود. مطلوب است:
الف( نمایش برداری برآیند

ب( نمایش ترسیمی بردار برآیند
ج( محاسبة اندازة بردار برآیند
د( محاسبة زاویة برآیند با افق

ه( ترسیم مسیر جابه جایی سنگ

F1=4000N

F2=2500N

45°

15°

F2y

F1y

F2x

F1x
45°

15°

x x

y y

x x

y y

F F cos cos F / N
F F sin sin F / N

F F cos cos F / N
F F sin sin F / N

1 1 1 1

1 1 1 1

2 2 2 2

2 2 2 2

4000 15 3863 70
4000 15 1035 28

2500 45 1767 77
2500 45 1767 77

 = θ = × ⇒ =


= θ = × ⇒ =

 = θ = × ⇒ =


= θ = × ⇒ =









F1 مؤلفه های

F2 مؤلفه های
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F / i / j

F / i / j
1

2

3863 70 1035 28
1767 77 1767 77

= −

= +

 


 


F2y

F1y

F2x F1x

گام دوم:
- فرم برداری هر بردار با توجه به شکل مقابل و جهت هر یک از مؤلفه ها

ه( مسیر جابه جایی سنگ در راستای بردار برآیند مطابق شکل زیر خواهد بود.

x x x

y y y

R F / / R / N
R F / / R / N

1767 77 3863 70 5631 47
1767 77 1035 28 732 49

= Σ = + ⇒ =
= Σ = − ⇒ =

x yR R i R j

R / i / j5631 47 732 49

= +

= +

 


 


x yR R R R / /

R / N

2 2 2 25631 47 732 49

5678 91

= + ⇒ = +

⇒ =

y

x

R /tan tan /
R /

1 1 732 49 7 41
5631 70

− −θ = ⇒ θ = ⇒ θ = 

گام سوم:
) yFΣ  و 

xFΣ ( y و x تعیین مجموع نیروهای هم راستا با محورهای -

گام چهارم:
- نمایش برداری بردار برآیند

ج(
گام ششم:

- محاسبة اندازة برآیند به کمک رابطة )7-3(

د(
گام هفتم:

- محاسبة زاویة برآیند با محور x ها به کمک رابطة )8-3(

y yR F / N732 49= Σ =
θ

x xR F / N5631 70= Σ =

R

ب(
گام پنجم:

- نمایـش ترسـیمی بـردار برآینـد با 
توجـه به فـرم بـرداری بـردار برآیند 

متوازی الاضالع روش  و 

مسیر جابه جایی سنگ

F
1=4000N

F 2
=25

00
N

7/41°
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در شکل روبه رو مطلوب است:مثال 11
الف - محاسبة مقدار برآیند نیروها
ب - محاسبة زاویة برآیند با افق

ج - ترسیم بردار برآیند
د - نمایش برداری بردار برآیند

y

x

F1=200N

F3=400N

F2=100N 60°

30°

حل:
الف( تجزیة هر یک از نیروها با توجه به روابط Fy=F sinθ , Fx=F cosθو زاویة هر  نیرو با محور xها:

ب(

x x x x x

x x x

y y y y y

y y y

x y

F cos i sin j i / j

F i

F cos i sin j i / j
R F F F F
R F R N
R F F F F
R F / / R / N

R R R

1

2

3

1 2 3

1 2 3

2 2 2

200 60 200 60 100 173 2
100

400 60 400 60 200 346 4

100 100 200 200

173 2 0 346 4 173 2

200

= + = +

= −

= − = −
= Σ = + +
= Σ = − + ⇒ =
= Σ = + +

= Σ = + − ⇒ = −

= + = +

 

 

   





   


( / ) R / N2173 2 264 57− ⇒ =

y

x

R /tan tan /
R

1 1 173 2 40 89
200

− − −θ = = ⇒ θ = 

R i / j200 173 2= −
  

ج(

د(

y

x
40/89°

R / N264 57=

xR N200=

yR / N173 2=
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فعالیت 
کلاسی5

در شکل های زیر مطلوب است:
الف( محاسبة مقدار برآیند دو نیرو

F1 ب( محاسبة زاویة برآیند با
ج( محاسبة زاویة برآیند با امتداد افق

)ب(

2/26 The cable AB prevents bar OA from rotating clock-
wise about the pivot O. If the cable tension is 750 N,
determine the n- and t-components of this force act-
ing on point A of the bar.

Problem 2/26

2/27 At what angle must the 400-lb force be applied in
order that the resultant R of the two forces have a
magnitude of 1000 lb? For this condition what will
be the angle between R and the horizontal?

Problem 2/27

O

700 lb

400 lb

θ

�

�

1.2 m

1.
5 

m

60°

A

OB

t
n

36 Chapter 2 Force Systems

2/23 Determine the resultant R of the two forces shown
by (a) applying the parallelogram rule for vector
addition and (b) summing scalar components.

Problem 2/23

2/24 It is desired to remove the spike from the timber by
applying force along its horizontal axis. An obstruc-
tion A prevents direct access, so that two forces, one
400 lb and the other P, are applied by cables as
shown. Compute the magnitude of P necessary to
ensure a resultant T directed along the spike. Also
find T.

Problem 2/24

2/25 At what angle must the 800-lb force be applied in
order that the resultant R of the two forces have a
magnitude of 2000 lb? For this condition, determine
the angle between R and the vertical.

Problem 2/25

θ

1400 lb

800 lb

�

�

8″

4″

6″
A

P

400 lb

60°

y

x

600 N

400 N

F1=40kN

F2=90kN

θ =50°
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θ

14
00

 lb

80
0 

lb

�

�

8″

4″ 6″
A

P 40
0 

lb

60
°

y

x

60
0

N

40
0 

N

α =40°

2/26 The cable AB prevents bar OA from rotating clock-
wise about the pivot O. If the cable tension is 750 N,
determine the n- and t-components of this force act-
ing on point A of the bar.

Problem 2/26

2/27 At what angle must the 400-lb force be applied in
order that the resultant R of the two forces have a
magnitude of 1000 lb? For this condition what will
be the angle between R and the horizontal?

Problem 2/27

O

700 lb

400 lb

θ

�

�

1.2 m

1.
5 

m
60°

A

OB

t
n

36 Chapter 2 Force Systems

2/23 Determine the resultant R of the two forces shown
by (a) applying the parallelogram rule for vector
addition and (b) summing scalar components.

Problem 2/23

2/24 It is desired to remove the spike from the timber by
applying force along its horizontal axis. An obstruc-
tion A prevents direct access, so that two forces, one
400 lb and the other P, are applied by cables as
shown. Compute the magnitude of P necessary to
ensure a resultant T directed along the spike. Also
find T.

Problem 2/24

2/25 At what angle must the 800-lb force be applied in
order that the resultant R of the two forces have a
magnitude of 2000 lb? For this condition, determine
the angle between R and the vertical.

Problem 2/25

θ

1400 lb

800 lb

�

�

8″

4″

6″
A

P

400 lb

60°

y

x

600 N

400 NF1=400N

F2=600N
60°

2/26 The cable AB prevents bar OA from rotating clock-
wise about the pivot O. If the cable tension is 750 N,
determine the n- and t-components of this force act-
ing on point A of the bar.

Problem 2/26

2/27 At what angle must the 400-lb force be applied in
order that the resultant R of the two forces have a
magnitude of 1000 lb? For this condition what will
be the angle between R and the horizontal?

Problem 2/27

O

700 lb

400 lb

θ

�

�

1.2 m

1.
5 

m

60°

A

OB

t
n

36 Chapter 2 Force Systems

2/23 Determine the resultant R of the two forces shown
by (a) applying the parallelogram rule for vector
addition and (b) summing scalar components.

Problem 2/23

2/24 It is desired to remove the spike from the timber by
applying force along its horizontal axis. An obstruc-
tion A prevents direct access, so that two forces, one
400 lb and the other P, are applied by cables as
shown. Compute the magnitude of P necessary to
ensure a resultant T directed along the spike. Also
find T.

Problem 2/24

2/25 At what angle must the 800-lb force be applied in
order that the resultant R of the two forces have a
magnitude of 2000 lb? For this condition, determine
the angle between R and the vertical.

Problem 2/25

θ

1400 lb

800 lb

�

�

8″

4″

6″
A

P

400 lb

60°

y

x

600 N

400 N

F1=400N

F2=700N θ =50°

)الف(

)ج(

فعالیت 
کلاسی6

2/17 Refer to the mechanism of the previous problem.

Develop general expressions for the n- and t-compo-

nents of the tension T applied to point A. Then eval-

uate your expressions for 

and 

2/18 The ratio of the lift 
force L to the drag force D for

the simple airfoil is 

If th
e lift 

force on a

short section of the airfoil is 50 lb, compute the

magnitude of the resultant force R and the angle 

which it m
akes with the horizontal.

Problem 2/18

2/19 Determine the resultant R
of the two forces applied

to the bracket. Write R in terms of unit vectors

along the x- and y-axes shown.

Problem 2/19

2/20 Determine the scalar components 
and 

of the

force R along the nonrectangular axes a and b. Also

determine the orthogonal projection 
of R onto

axis a.

Pa

Rb

Ra

35°

30°

y

y

x

200 N

150 N

20°

'

x'

Air flow

C

D

L

�

L/D � 10.

� � 35�.

T � 100 N

Article 2/3 Problems 35

Problem 2/20

2/21 Determine the components of the 800-lb force F

along the oblique axes a and b. Also, determine the

projections of F onto the a- and b-axes.

Problem 2/21

2/22 Determine the components 
and 

of the 4-kN

force along the oblique axes a and b. Determine the

projections and of F onto the a- and b-axes.

Problem 2/22

y b

a

x

O

F = 4 kN

15°

30° 40°

Pb

Pa

Fb

Fa

a

b

F  =  800 lb

45°
60°

O

a

b

110°

30°
R = 800 N

2/17 Refer to the mechanism of the previous problem.

Develop general expressions for the n- and t-compo-

nents of the tension T applied to point A. Then eval-

uate your expressions for 

and 

2/18 The ratio of the lift 
force L to the drag force D for

the simple airfoil is 

If th
e lift 

force on a

short section of the airfoil is 50 lb, compute the

magnitude of the resultant force R and the angle 

which it m
akes with the horizontal.

Problem 2/18

2/19 Determine the resultant R
of the two forces applied

to the bracket. Write R in terms of unit vectors

along the x- and y-axes shown.

Problem 2/19

2/20 Determine the scalar components 
and 

of the

force R along the nonrectangular axes a and b. Also

determine the orthogonal projection 
of R onto

axis a.

Pa

Rb

Ra

35°

30°

y

y

x

200 N

150 N

20°

'

x'

Air flow

C

D

L

�

L/D � 10.

� � 35�.

T � 100 N

Article 2/3 Problems 35

Problem 2/20

2/21 Determine the components of the 800-lb force F

along the oblique axes a and b. Also, determine the

projections of F onto the a- and b-axes.

Problem 2/21

2/22 Determine the components 
and 

of the 4-kN

force along the oblique axes a and b. Determine the

projections and of F onto the a- and b-axes.

Problem 2/22

y b

a

x

O

F = 4 kN

15°

30° 40°

Pb

Pa

Fb

Fa

a

b

F  =  800 lb

45°
60°

O

a

b

110°

30°
R = 800 N

θ

30°

200 N

150 N

در شـکل زیـر مقـدار زاویـه θ را چنـان تعیین نماییـد که برآیند دو نیـرو بر محور y ها منطبق گردد. سـپس 
در ایـن حالت مقدار برآیند را محاسـبه کنید.

)راهنمایی: از روش تجزیه به مؤلفه های متعامد استفاده شود(.



30

فعالیت 
کلاسی8

فعالیت 
کلاسی7

4- در شـکل زیـر نیـروی F و زاویـه θ را طـوری تعییـن نماییـد کـه برآینـد نیروهـا روی محور افـق و مقدار 
آن برابـر N 1500 در جهـت مثبت باشـد.

در شکل روبه رو مطلوب است:
الف( محاسبة مقدار برآیند نیروها
ب( محاسبة زاویة برآیند با افق

ج( ترسیم بردار برآیند
د( نمایش برداری بردار برآیند

PROBLEMS
Introductory Problems

2/79 Two rods and one cable are attached to the support
at O. If two of the forces are as shown, determine
the magnitude F and direction of the third force so
that the resultant of the three forces is vertically
downward with a magnitude of 1200 lb.

Problem 2/79

2/80 Determine the resultant R of the three tension
forces acting on the eye bolt. Find the magnitude of
R and the angle which R makes with the positive
x-axis.

Problem 2/80
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Article 2/6 Problems 61

2/81 Determine the equivalent force–couple system at
the center O for each of the three cases of forces
being applied along the edges of a square plate of
side d.

Problem 2/81

2/82 Determine the equivalent force–couple system at
the origin O for each of the three cases of forces
being applied along the edges of a regular hexagon
of width d. If the resultant can be so expressed, re-
place this force–couple system with a single force.

Problem 2/82

2/83 Where does the resultant of the two forces act?

Problem 2/83
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کاربرد ضرب برَُدارها واحد یادگیری    2

2-1- ضرب بردارها

ضرب بردارها

ضرب داخلـی یا ضرب نقطـه ای: در شـکل مقابل 
دو بـردار a و b بـا زاویـ ۀبین α خواهیم داشـت:

ضرب خارجی یا ضرب برداری:

ضرب نقطه ای )داخلی(

ضرب برداری )خارجی( {
a.b a b cos= × × α

a b×




a b a b sin× = × × α




b

α
a

حاصلضـرب بـرداری دو بـردار، برداری اسـت که عمود 
بـر صفحـ ۀگذرنده از دو بردار بـوده و جهت آن مطابق 

قانون دسـت راسـت تعریف می شـود. )شکل 2(

a می باشد. a مقدار بردار  منظور از
حاصلضرب داخلی دو بردار، یک عدد می باشد.

 شکل 2 

 شکل 1 

نکته
a .b b.a=
 

   		  در ضرب داخلی یا نقطه ای خاصیت جابه جایی وجود دارد. یعنی:
a b b a× ≠ ×
 

   	 اما در ضرب خارجی یا برداری دو بردار، خاصیت جابه جایی وجود ندارد. یعنی:



32

2/67 Each propeller of the twin-screw ship develops a
full-speed thrust of 300 kN. In maneuvering the
ship, one propeller is turning full speed ahead and
the other full speed in reverse. What thrust P must
each tug exert on the ship to counteract the effect of
the ship’s propellers?

Problem 2/67

Representative Problems

2/68 The force–couple system at A is to be replaced by
a single equivalent force acting at a point B on
the vertical edge (or its extension) of the triangular
plate. Determine the distance d between A and B.

Problem 2/68

b

h
d

B

A R

MA

12 m
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120 m

Article 2/5 Problems 55

2/69 A lug wrench is used to tighten a square-head bolt.
If 50-lb forces are applied to the wrench as shown,
determine the magnitude F of the equal forces
exerted on the four contact points on the 1-in. bolt
head so that their external effect on the bolt is
equivalent to that of the two 50-lb forces. Assume
that the forces are perpendicular to the flats of the
bolt head.

Problem 2/69

2/70 A force–couple system acts at O on the circular
sector. Determine the magnitude of the force F if
the given system can be replaced by a stand-alone
force at corner A of the sector.

Problem 2/70

O A0.4 m80 N·m

60°

F F

60�

14″

50 lb

B

A
C

50 lb

14″

1″

View C Detail
(clearances exaggerated)
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2/73 The tie-rod AB exerts the 250-N force on the steer-

ing knuckle AO as shown. Replace this force by an

equivalent force–couple system at O.

Problem 2/73

2/74 The 250-N tension is applied to a cord which is se-

curely wrapped around the periphery of the disk.

Determine the equivalent force–couple system at

point C. Begin by finding the equivalent force–

couple system at A.

Problem 2/74
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y56 Chapter 2 Force Systems

2/71 During a steady right turn, a person exerts the forces

shown on the steering wheel. Note that each force

consists of a tangential component and a radially-

inward component. Determine the moment exerted

about the steering column at O.

Problem 2/71

2/72 A force F of magnitude 50 N is exerted on the

automobile parking-brake lever at the position

Replace the force by an equivalent

force–couple system at the pivot point O.

Problem 2/72
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2/73 The tie-rod AB exerts the 250-N force on the steer-
ing knuckle AO as shown. Replace this force by an
equivalent force–couple system at O.

Problem 2/73

2/74 The 250-N tension is applied to a cord which is se-
curely wrapped around the periphery of the disk.
Determine the equivalent force–couple system at
point C. Begin by finding the equivalent force–
couple system at A.
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2/71 During a steady right turn, a person exerts the forces
shown on the steering wheel. Note that each force
consists of a tangential component and a radially-
inward component. Determine the moment exerted
about the steering column at O.

Problem 2/71

2/72 A force F of magnitude 50 N is exerted on the
automobile parking-brake lever at the position

Replace the force by an equivalent
force–couple system at the pivot point O.

Problem 2/72
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2-2- گشتاور، لنگر )مُمان(

2-2-1- گشتاور نیرو

یکـی از اثـرات نیـرو بـر اجسـام تمایـل بـه ایجـاد چرخـش در آن ها می باشـد که بـه این پدیـده گشـتاور گفته 
می شـود.

مطابق شکل های )3( و )4( نیرو باعث چرخش در اجسام می گردد.

در شـکل a-5 گشـتاور نیـروی F کـه باعـث چرخش 
 r بـردار  دو  بـرداری  حاصلضـرب  می گـردد،  میلـه 
)بـردار مکان یـا موقعیـت( و بردار نیروی F می باشـد.  

)شـکل b-5(. یعنـی:

2/4 Moment
In addition to the tendency to move a body in the direction of its ap-

plication, a force can also tend to rotate a body about an axis. The axis
may be any line which neither intersects nor is parallel to the line of ac-
tion of the force. This rotational tendency is known as the moment M of
the force. Moment is also referred to as torque.

As a familiar example of the concept of moment, consider the pipe
wrench of Fig. 2/8a. One effect of the force applied perpendicular to
the handle of the wrench is the tendency to rotate the pipe about its
vertical axis. The magnitude of this tendency depends on both the
magnitude F of the force and the effective length d of the wrench
handle. Common experience shows that a pull which is not perpendic-
ular to the wrench handle is less effective than the right-angle pull
shown.

Moment about a Point
Figure 2/8b shows a two-dimensional body acted on by a force F in

its plane. The magnitude of the moment or tendency of the force to ro-
tate the body about the axis O-O perpendicular to the plane of the
body is proportional both to the magnitude of the force and to the mo-
ment arm d, which is the perpendicular distance from the axis to the
line of action of the force. Therefore, the magnitude of the moment is
defined as

(2/5)

The moment is a vector M perpendicular to the plane of the body. The
sense of M depends on the direction in which F tends to rotate the
body. The right-hand rule, Fig. 2/8c, is used to identify this sense. We
represent the moment of F about O-O as a vector pointing in the direc-
tion of the thumb, with the fingers curled in the direction of the rota-
tional tendency.

The moment M obeys all the rules of vector combination and may
be considered a sliding vector with a line of action coinciding with the
moment axis. The basic units of moment in SI units are newton-meters

and in the U.S. customary system are pound-feet (lb-ft).
When dealing with forces which all act in a given plane, we custom-

arily speak of the moment about a point. By this we mean the moment
with respect to an axis normal to the plane and passing through the
point. Thus, the moment of force F about point A in Fig. 2/8d has the
magnitude M � Fd and is counterclockwise.

Moment directions may be accounted for by using a stated sign con-
vention, such as a plus sign (�) for counterclockwise moments and a
minus sign (�) for clockwise moments, or vice versa. Sign consistency
within a given problem is essential. For the sign convention of Fig. 2/8d,
the moment of F about point A (or about the z-axis passing through
point A) is positive. The curved arrow of the figure is a convenient way
to represent moments in two-dimensional analysis.
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and in the U.S. customary system are pound-feet (lb-ft).
When dealing with forces which all act in a given plane, we custom-

arily speak of the moment about a point. By this we mean the moment
with respect to an axis normal to the plane and passing through the
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قرارداد: در این پودمان جهت چرخش عقربه های ساعت مثبت فرض می شود.نکته

M r F= ×
 



M F . r .sin
M F.d

= α
=

مطابق تعریف

 F کوتاه تریـن فاصله d ،مقـدار نیـرو F در ایـن رابطـه
تـا نقطـه ای که میلـه حول آن بـه چرخـش درمی آید 
)فاصلـه عمـود بـر امتـداد نیرو تـا نقط ۀO( می باشـد.
در ایـن پودمـان بـه دلیـل بررسـی نیروهـا در صفحه، 
لـذا  گشـتاور حـول نقطـه در نظـر گرفتـه می شـود 
امتـداد آن عمـود بـر صفحـه و جهـت چرخـش آن 
در جهـت عقربه هـای سـاعت  و یـا خالف 

بـود. خواهـد  سـاعت   عقربه هـای 

 شکل 4  شکل 3 

 شکل 5 
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مثال 1

مثال 2

گشتاور نیروی F حول نقطة O را محاسبه و جهت چرخش آن را بنویسید.

در شکل زیر گشتاور نیروهای نشان داده شده را حول نقطة O محاسبه کنید و جهت آن را بنویسید.

حل:

حل:

ساعت گرد

2-3- گشتاور چند نیرو
اگـر بـه یـک جسـم چنـد نیـرو اعِمـال شـود گشـتاور آن ها نسـبت به یـک نقطـه برابر اسـت با مجمـوع جبری 

گشـتاور هـر نیرو نسـبت بـه آن نقطـه یعنی:

SAMPLE PROBLEM 2/5

Calculate the magnitude of the moment about the base point O of the 600-N
force in five different ways.

Solution. (I) The moment arm to the 600-N force is

By M � Fd the moment is clockwise and has the magnitude

Ans.

(II) Replace the force by its rectangular components at A,

By Varignon’s theorem, the moment becomes

Ans.

(III) By the principle of transmissibility, move the 600-N force along its
line of action to point B, which eliminates the moment of the component F2. The
moment arm of F1 becomes

and the moment is

Ans.

(IV) Moving the force to point C eliminates the moment of the component
F1. The moment arm of F2 becomes

and the moment is

Ans.

(V) By the vector expression for a moment, and by using the coordinate
system indicated on the figure together with the procedures for evaluating cross
products, we have

The minus sign indicates that the vector is in the negative z-direction. The mag-
nitude of the vector expression is

Ans.MO � 2610 N � m

� �2610k N � m

MO � r � F � (2i � 4j) � 600(i cos 40� � j sin 40�)

MO � 386(6.77) � 2610 N � m

d2 � 2 � 4 cot 40� � 6.77 m

MO � 460(5.68) � 2610 N � m

d1 � 4 � 2 tan 40� � 5.68 m

MO � 460(4) � 386(2) � 2610 N � m

F1 � 600 cos 40� � 460 N,   F2 � 600 sin 40� � 386 N

MO � 600(4.35) � 2610 N � m

d � 4 cos 40� � 2 sin 40� � 4.35 m
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Helpful Hints

� The required geometry here and in
similar problems should not cause dif-
ficulty if the sketch is carefully drawn.

� This procedure is frequently the
shortest approach.

� The fact that points B and C are not
on the body proper should not cause
concern, as the mathematical calcula-
tion of the moment of a force does not
require that the force be on the body.

� Alternative choices for the position
vector r are r � d1 j � 5.68j m and 
r � d2i � 6.77i m.
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گشتاور نیروی F را در شکل زیر به دو روش حساب کنید:مثال 3
الف( با استفاده از تعریف گشتاور

ب( به کمک قضیه وارینون

حل:
الف( با استفاده از تعریف:

مثلـث  در  مثلثاتـی  روابـط  از  اسـتفاده  بـا  ابتـدا 
محاسـبه  را   )d( یعنـی  لنگـر  بـازوی  قائم الزاویـه 

داریـم: می نمائیـم؛ 

2-4- قضیه وارینون
گشـتاور برآینـد چنـد نیـرو حـول یک نقطة معین برابر اسـت بـا مجموع گشـتاورهای آن ها حول همـان نقطه و 
یـا گشـتاور یـک نیـرو حول هر نقطه برابر اسـت بـا مجموع گشـتاورهای مؤلفه هـای آن نیرو حول همـان نقطه.

کاربرد این قضیه در مثال )3( نشان داده شده است.

o o o
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SAMPLE PROBLEM 2/5

Calculate the magnitude of the moment about the base point O of the 600-N
force in five different ways.

Solution. (I) The moment arm to the 600-N force is

By M � Fd the moment is clockwise and has the magnitude

Ans.

(II) Replace the force by its rectangular components at A,

By Varignon’s theorem, the moment becomes

Ans.

(III) By the principle of transmissibility, move the 600-N force along its
line of action to point B, which eliminates the moment of the component F2. The
moment arm of F1 becomes

and the moment is
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(IV) Moving the force to point C eliminates the moment of the component
F1. The moment arm of F2 becomes

and the moment is

Ans.

(V) By the vector expression for a moment, and by using the coordinate
system indicated on the figure together with the procedures for evaluating cross
products, we have

The minus sign indicates that the vector is in the negative z-direction. The mag-
nitude of the vector expression is
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Helpful Hints

� The required geometry here and in
similar problems should not cause dif-
ficulty if the sketch is carefully drawn.

� This procedure is frequently the
shortest approach.

� The fact that points B and C are not
on the body proper should not cause
concern, as the mathematical calcula-
tion of the moment of a force does not
require that the force be on the body.

� Alternative choices for the position
vector r are r � d1 j � 5.68j m and 
r � d2i � 6.77i m.
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600 30 519 61
600 30 300

= θ ⇒ = × ⇒ =

= θ ⇒ = × ⇒ =




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بـا توجـه بـه شـکل بـازوی لنگـر Fx برابـر 4 متـر 
و چـون امتـداد مؤلفـة Fy از نقطـة O می گـذرد، 

بـازوی لنگـر آن صفـر اسـت.
بنابراین خواهیم داشت:

n

o i i o
i

o x y

o

M Fd M Fd F d

M F F /

M / N.m

1 1 2 2
1

4 0 519 61 4

2078 44

=

= ⇒ = +

= × + × = ×

=

∑

SAMPLE PROBLEM 2/5

Calculate the magnitude of the moment about the base point O of the 600-N
force in five different ways.

Solution. (I) The moment arm to the 600-N force is

By M � Fd the moment is clockwise and has the magnitude

Ans.

(II) Replace the force by its rectangular components at A,

By Varignon’s theorem, the moment becomes

Ans.

(III) By the principle of transmissibility, move the 600-N force along its
line of action to point B, which eliminates the moment of the component F2. The
moment arm of F1 becomes

and the moment is

Ans.

(IV) Moving the force to point C eliminates the moment of the component
F1. The moment arm of F2 becomes

and the moment is

Ans.

(V) By the vector expression for a moment, and by using the coordinate
system indicated on the figure together with the procedures for evaluating cross
products, we have

The minus sign indicates that the vector is in the negative z-direction. The mag-
nitude of the vector expression is

Ans.MO � 2610 N � m

� �2610k N � m

MO � r � F � (2i � 4j) � 600(i cos 40� � j sin 40�)

MO � 386(6.77) � 2610 N � m

d2 � 2 � 4 cot 40� � 6.77 m

MO � 460(5.68) � 2610 N � m

d1 � 4 � 2 tan 40� � 5.68 m

MO � 460(4) � 386(2) � 2610 N � m

F1 � 600 cos 40� � 460 N,   F2 � 600 sin 40� � 386 N

MO � 600(4.35) � 2610 N � m

d � 4 cos 40� � 2 sin 40� � 4.35 m
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2 m

4 m

A

O

40°

600 N

2 m

4 m
600 N

40°

40°

O

d

2 m

4 m

O

F2 = 600 sin 40°

F1 = 600 cos 40°

O

C

B

F

A
x

y

d1

d2

F2

F2

F1

F1

r

Helpful Hints

� The required geometry here and in
similar problems should not cause dif-
ficulty if the sketch is carefully drawn.

� This procedure is frequently the
shortest approach.

� The fact that points B and C are not
on the body proper should not cause
concern, as the mathematical calcula-
tion of the moment of a force does not
require that the force be on the body.

� Alternative choices for the position
vector r are r � d1 j � 5.68j m and 
r � d2i � 6.77i m.

�

�

�

�

 600N

θ = 30°

Fy

Fx

4m

هرگاه امتداد یک نیرو از یک نقطه بگذرد گشتاور آن نیرو نسبت به آن نقطه صفر است.نکته

2-5- زوج نیرو

2-5-1- خصوصیات زوج نیرو

MO

به دو نیروی مساوی - موازی و مختلف الجهت زوج نیرو گفته می شود.

1- برآیند زوج نیرو صفر است؛
2- در اجسام ایجاد گشتاور )چرخش( می نماید؛

3- گشـتاور زوج نیـرو نسـبت بـه هـر نقطـه دلخواه مقداری اسـت ثابـت و برابر اسـت با حاصل ضـرب مقدار یک 
نیـرو در فاصلـة بین آن ها. )شـکل 6( 

M=F.d

چگونـه می تـوان به کمـک گشـتاورگیری نسـبت بـه یـک نقطـة دلخـواه ماننـد O در شـکل )6( خصوصیـت 
سـوم زوج نیـرو را اثبـات کرد.

تحقیق 
کنید

 شکل 6 
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A

O

M N.m
M N.m
M F.d N.m

90 8 90 6 1260
90 11 90 3 1260

90 14 1260

= × + × =

= × + × =

= = × =

A

O

M N.m
M N.m
M F.d N.m

90 8 90 6 1260
90 11 90 3 1260

90 14 1260

= × + × =

= × + × =

= = × =

A

O

M N.m
M N.m
M F.d N.m

90 8 90 6 1260
90 11 90 3 1260

90 14 1260

= × + × =

= × + × =

= = × =

PROBLEMS
Introductory Problems

2/59 Compute the combined moment of the two 90-lb
forces about (a) point O and (b) point A.

Problem 2/59

2/60 Replace the 12-kN force acting at point A by a
force–couple system at (a) point O and (b) point B.

Problem 2/60

O

B

A
30°

12 kN

4 m

5 m

y

x

A O

y

x

4″4″8″

90 lb

90 lb

Article 2/5 Problems 53

2/61 Replace the force–couple system at point O by a
single force. Specify the coordinate of the point
on the y-axis through which the line of action of this
resultant force passes.

Problem 2/61

2/62 The top view of a revolving entrance door is shown.
Two persons simultaneously approach the door and
exert force of equal magnitudes as shown. If the
resulting moment about the door pivot axis at O is

determine the force magnitude F.

Problem 2/62

15°

15°

0.8 m

0.8 m

O

– F

F

25 N � m,

O
80 N·m

200 N

y

x

yA

PROBLEMS
Introductory Problems

2/59 Compute the combined moment of the two 90-lb
forces about (a) point O and (b) point A.

Problem 2/59

2/60 Replace the 12-kN force acting at point A by a
force–couple system at (a) point O and (b) point B.

Problem 2/60

O

B

A
30°

12 kN

4 m

5 m

y

x

A O

y

x

4″4″8″

90 lb

90 lb

Article 2/5 Problems 53

2/61 Replace the force–couple system at point O by a
single force. Specify the coordinate of the point
on the y-axis through which the line of action of this
resultant force passes.

Problem 2/61

2/62 The top view of a revolving entrance door is shown.
Two persons simultaneously approach the door and
exert force of equal magnitudes as shown. If the
resulting moment about the door pivot axis at O is

determine the force magnitude F.

Problem 2/62

15°

15°

0.8 m

0.8 m

O

– F

F

25 N � m,

O
80 N·m

200 N

y

x

yA

90N

90N

8m 3m 3m

در شکل روبه رو مطلوب است محاسبة گشتاور دو نیروی 90 نیوتنی:مثال 4
A الف( حول نقطة
O ب( حول نقطة

ج( با استفاده از خاصیت زوج نیرو
حل:

الف(

ب(

ج(

نکته
جمع بندی نکات پودمان 1 )تحلیل مکانیک برداری(:

• نیرو کمیتی است برداری که باعث حرکت، تغییر شکل و یا چرخش اجسام می گردد.
• انواع نیرو عبارتند از: نیروهای خارجی، نیروهای داخلی.

• منظـور از برآینـد دو یـا چنـد نیـرو عبارت اسـت از نیرویی که بـه تنهایی اثر همـة نیروها را در خود داشـته 
باشد.

• بـرای تعییـن برآینـد چنـد نیـرو از روش تجزیه بـه مؤلفه های متعامد اسـتفاده می شـود و مقـدار برآیند از 

x yR (R ) (R )2 2= + رابطة 

y به دست می آید.

x

R
tan

R
1−θ = و زاویة برآیند با محور x ها از رابطة 

• گشـتاور یـک نیـرو نسـبت به یک محـور عبارت اسـت از حاصل ضـرب نیـرو )F( در کوتاه تریـن فاصلة نیرو 
M به دسـت می آید. F.d تـا آن محـور )d(. و از رابطـة 

• قضیـه وارینـون: گشـتاور برآینـد چند نیـرو حول یک نقطـة معین برابر اسـت با مجموع گشـتاورهای آن ها 
حول همـان نقطه.

• به دو نیروی مساوی، موازی و مختلف الجهت زوج نیرو گفته می شود.
• گشتاور زوج نیرو برابر است با حاصل ضرب یکی از نیروها در فاصلة بین آن ها.
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فعالیت 
کلاسی1

در شـکل روبـه رو گشـتاور نیـروی 250 
نیوتنـی را حـول مرکـز پیـچ محاسـبه 
نمـوده و جهـت گشـتاور را تعییـن نمائیـد.

PROBLEMS
Introductory Problems

2/31 The 4-kN force F is applied at point A. Compute the
moment of F about point O, expressing it both as
a scalar and as a vector quantity. Determine the
coordinates of the points on the x- and y-axes
about which the moment of F is zero.

Problem 2/31

2/32 The rectangular plate is made up of 1-ft squares as
shown. A 30-lb force is applied at point A in the di-
rection shown. Calculate the moment of the force
about point B by at least two different methods.

Problem 2/32

2/33 The throttle-control sector pivots freely at O. If an
internal torsional spring exerts a return moment

on the sector when in the position
shown, for design purposes determine the necessary
throttle-cable tension T so that the net moment
about O is zero. Note that when T is zero, the sector
rests against the idle-control adjustment screw at R.

M � 1.8 N � m

x

A

B

y

1 ft

30 lb

1 ft

MB

y, m

x, m

5

3

F = 4 kN

A (1.2, 1.5)

O

Article 2/4 Problems 43

Problem 2/33

2/34 The force of magnitude F acts along the edge of the
triangular plate. Determine the moment of F about
point O.

Problem 2/34

2/35 Calculate the moment of the 250-N force on the
handle of the monkey wrench about the center of
the bolt.

Problem 2/35

200 mm

30 mm

15°

250 N

b

F

A

B

O

h

M

Q

R

P

T

50 mm

O

200 mm

250 N
15°

30 mm

فعالیت 
کلاسی2

در شکل های زیر گشتاور نیرو را حول نقطه A محاسبه نمائید.

2/65 The 7-lb force is applied by the control rod on the
sector as shown. Determine the equivalent force–
couple system at O.

Problem 2/65

2/66 Replace the 10-kN force acting on the steel column
by an equivalent force–couple system at point O.
This replacement is frequently done in the design of
structures.

Problem 2/66

1 m

10 kN

O

75 mm

A

T = 7 lb

15°

30°

15°O

3"

54 Chapter 2 Force Systems

2/63 Determine the moment associated with the couple
applied to the rectangular plate. Reconcile the
results with those for the individual special cases of

and

Problem 2/63

2/64 As part of a test, the two aircraft engines are revved
up and the propeller pitches are adjusted so as to re-
sult in the fore and aft thrusts shown. What force F
must be exerted by the ground on each of the main
braked wheels at A and B to counteract the turning
effect of the two propeller thrusts? Neglect any ef-
fects of the nose wheel C, which is turned and
unbraked.

Problem 2/64

500 lb

C

A

B
500 lb

8′ 14′

90�

b

h

F

F

θ

θ

h � 0.� � 0, b � 0,

2/65 The 7-lb force is applied by the control rod on the
sector as shown. Determine the equivalent force–
couple system at O.

Problem 2/65

2/66 Replace the 10-kN force acting on the steel column
by an equivalent force–couple system at point O.
This replacement is frequently done in the design of
structures.

Problem 2/66

1 m

10 kN

O

75 mm

A

T = 7 lb

15°

30°

15°O

3"

54 Chapter 2 Force Systems

2/63 Determine the moment associated with the couple
applied to the rectangular plate. Reconcile the
results with those for the individual special cases of

and

Problem 2/63

2/64 As part of a test, the two aircraft engines are revved
up and the propeller pitches are adjusted so as to re-
sult in the fore and aft thrusts shown. What force F
must be exerted by the ground on each of the main
braked wheels at A and B to counteract the turning
effect of the two propeller thrusts? Neglect any ef-
fects of the nose wheel C, which is turned and
unbraked.

Problem 2/64

500 lb

C

A

B
500 lb

8′ 14′

90�

b

h

F

F

θ

θ

h � 0.� � 0, b � 0,

A

10 kN

1 m

75 mm

5/128 Draw the shear and moment diagrams for the
loaded beam and determine the distance d to the
right of A where the moment is zero.

Problem 5/128

5/129 Draw the shear and moment diagrams for the
beam loaded at its center by the couple C. State
the value of the shear force at midbeam.

Problem 5/129

5/130 Draw the shear and moment diagrams for the
loaded beam. What are the values of the shear and
moment at midbeam?

Problem 5/130

5/131 Draw the shear and moment diagrams for the
beam shown and find the bending moment M at
section C.

Problem 5/131

A

3′

C B

3′

12′′800 lb 1000 lb

3′ 3′
600 lb

A B
M0

l––
3

l––
3

l––
3

A

C

B

l/2 l/2

A

B

4 kN

2 kN

2 m 2 m 2 m

286 Chapter 5 Distributed Forces

PROBLEMS
Introductory Problems

5/125 Determine the shear-force and bending-moment
distributions produced in the beam by the concen-
trated load. What are the values of the shear and
moment when 

Problem 5/125

5/126 Draw the shear and moment diagrams for the loaded
cantilever beam. State the value of the bending mo-
ment at midbeam.

Problem 5/126

5/127 Draw the shear and moment diagrams for the div-
ing board, which supports the 175-lb man poised to
dive. Specify the bending moment with the maxi-
mum magnitude.

Problem 5/127

BA

42′′

12′

l––
2

l––
2

PP

A

x

A B

P
2l–––
3

l––
3

x � l /2?

L
2

L
2

Problem 2/175

2/176 Reduce the given loading system to a force–couple
system at point A. Then determine the distance x
to the right of point A at which the resultant of the
three forces acts.

Problem 2/176

2/177 Represent the resultant of the three forces and
couple by a force–couple system located at point A.

Problem 2/177

2 m

3.5 m
1.5 m

2.5 m

3 kN

4 kN

10 kN·m

5 kN
160°

A

20″8″

18″

200 lb

300 lb

180 lb

A

100 N

160 N

240 N

600 mm

600 mm

A

600 mm

102 Chapter 2 Force Systems

2/173 The control lever is subjected to a clockwise couple
of exerted by its shaft at A and is designed
to operate with a 200-N pull as shown. If the resul-
tant of the couple and the force passes through A,
determine the proper dimension x of the lever.

Problem 2/173

2/174 Calculate the moment of the 250-N force about
the base point O of the robot.

Problem 2/174

2/175 Replace the three forces shown by an equivalent
force–couple system at point A. If the forces are
replaced by a single resultant force, determine the
distance d below point A to its line of action.

A

B

C

400 mm

300 mm

250 N

20°

60°

O

500 mm

MO

150 mm

200 N

x

20°

A

80 N � m

200N 180N

300N
1m 1/20m 1m

فعالیت 
کلاسی3

گشتاور نیروی P حول نقطة A و B را به دست آورید.

Problem 2/38

Representative Problems

2/39 The slender quarter-circular member of mass m is
built-in at its support O. Determine the moment of
its weight about point O. Use Table D/3 as neces-
sary to determine the location of the mass center of
the body.

Problem 2/39

2/40 The 30-N force P is applied perpendicular to the
portion BC of the bent bar. Determine the moment
of P about point B and about point A.

Problem 2/40

C

B

A

P  =  30 N

45°

1.6 m

1.6 m

b

O

m

20°

F = 60 N

r = 100 mm

O

44 Chapter 2 Force Systems

2/36 The tension in cable AB is 100 N. Determine the
moment about O of this tension as applied to point
A of the T-shaped bar. The dimension b is 600 mm.

Problem 2/36

2/37 A prybar is used to remove a nail as shown. Deter-
mine the moment of the 60-lb force about the point
O of contact between the prybar and the small sup-
port block.

Problem 2/37

2/38 A force F of magnitude 60 N is applied to the gear.
Determine the moment of F about point O.

A

14″

65°

15°

60 lb

1.2″

O

b

b O B

A

60°

b––
2

b––
2

P=30 N

1/6 m

1/6 m

45°

)الف(

)ج(

)ب(
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فعالیت 
کلاسی4

.MA در شکل های زیر مطلوب است محاسبة

Problem 2/38

Representative Problems

2/39 The slender quarter-circular member of mass m is
built-in at its support O. Determine the moment of
its weight about point O. Use Table D/3 as neces-
sary to determine the location of the mass center of
the body.

Problem 2/39

2/40 The 30-N force P is applied perpendicular to the
portion BC of the bent bar. Determine the moment
of P about point B and about point A.

Problem 2/40

C

B

A

P  =  30 N

45°

1.6 m

1.6 m

b

O

m

20°

F = 60 N

r = 100 mm

O

44 Chapter 2 Force Systems

2/36 The tension in cable AB is 100 N. Determine the
moment about O of this tension as applied to point
A of the T-shaped bar. The dimension b is 600 mm.

Problem 2/36

2/37 A prybar is used to remove a nail as shown. Deter-
mine the moment of the 60-lb force about the point
O of contact between the prybar and the small sup-
port block.

Problem 2/37

2/38 A force F of magnitude 60 N is applied to the gear.
Determine the moment of F about point O.

A

14″

65°

15°

60 lb

1.2″

O

b

b O B

A

60°

b––
2

b––
2

Problem 2/38

Representative Problems

2/39 The slender quarter-circular member of mass m is
built-in at its support O. Determine the moment of
its weight about point O. Use Table D/3 as neces-
sary to determine the location of the mass center of
the body.

Problem 2/39

2/40 The 30-N force P is applied perpendicular to the
portion BC of the bent bar. Determine the moment
of P about point B and about point A.

Problem 2/40

C

B

A

P  =  30 N

45°

1.6 m

1.6 m

b

O

m

20°

F = 60 N

r = 100 mm

O

44 Chapter 2 Force Systems

2/36 The tension in cable AB is 100 N. Determine the
moment about O of this tension as applied to point
A of the T-shaped bar. The dimension b is 600 mm.

Problem 2/36

2/37 A prybar is used to remove a nail as shown. Deter-
mine the moment of the 60-lb force about the point
O of contact between the prybar and the small sup-
port block.

Problem 2/37

2/38 A force F of magnitude 60 N is applied to the gear.
Determine the moment of F about point O.

A

14″

65°

15°

60 lb

1.2″

O

b

b O B

A

60°

b––
2

b––
2

F1=50kN

F2=50kN

2m

45°

)ب()الف(

200kN

200kN
1/50m4m

3m

100kN

3/B In each of the five following examples, the body to be
isolated is shown in the left-hand diagram, and either
a wrong or an incomplete free-body diagram (FBD) is
shown on the right. Make whatever changes or addi-

Free-Body Diagram Exercises 119

tions are necessary in each case to form a correct and
complete free-body diagram. The weights of the bod-
ies are negligible unless otherwise indicated. Dimen-
sions and numerical values are omitted for simplicity.

Problem 3/B

mg

mg

1.

Wrong or Incomplete FBDBody

P

P

N

N

PLawn roller of 
mass m being
pushed up 
incline .

5. Bent rod welded to
support at A and 
subjected to two 
forces and couple.

4. Supporting angle
bracket for frame;
pin joints.

3. Uniform pole of 
mass m being
hoisted into posi-
tion by winch.
Horizontal sup-
porting surface
notched to prevent
slipping of pole.

2. Prybar lifting
body A having
smooth horizontal 
surface. Bar rests 
on horizontal 
rough surface.

P

T

R

R

A

Notch

y

x

M

F

M

F

P

A y

F

A

A

B

P

A

B

100kN

الگوی ارزشیابی پودمان تحلیل مکانیک برداری
تکالیف عملکردی

استانداردنتایجاستاندارد عملکرد)شایستگی ها(
نمره)شاخص ها، داوری، نمره دهی(

برآیند و گشتاور دو یا کاربرد جمع بردارها
چند نیرو را به کمک 
ماشین حساب و روابط 

هندسی و مثلثاتی به دست 
آورد.

بالاتر از حد انتظار

تجزیه بردارها روی محورهای مختلف 
به روش ترسیمی و محاسباتی، محاسبه 

برآیند سیستم های چندنیرویی و 
محاسبه گشتاور نیروها

3

در حد انتظار
)کسب شایستگی(

محاسبه جمع و ضرب بردارها به کمک 
2روابط هندسی و مثلثاتی

پایین تر از انتظارکاربرد ضرب بردارها
)عدم احراز شایستگی(

نمایش جمع و ضرب بردارها به صورت 
1ترسیمی

نمره مستمر از 5

نمره شایستگی پودمان از 3

نمره پودمان از 20

ارزشـیابی در ایـن درس براسـاس شایسـتگی اسـت. برای هـر پودمان ی كنمره مسـتمر )از 5 نمـره( و ی كنمره 
شایسـتگی پودمـان )نمـرات 1، 2 یـا 3( بـا توجه بـه اسـتانداردهای عملكرد جـداول ذیل برای هـر هنرجو ثبت 
مـی گـردد. امـكان جبـران پودمـان هـای در طـول سـال تحصیلـی بـرای هنرجویـان و بر اسـاس برنامـه ریزی 

هنرسـتان وجود دارد.

ارزشیابی
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تعادل نقطۀ مادی واحد یادگیری    3
3-1- تعادل

3-1-1- تعادل نقطة مادی

مفهوم تعادل آن است که ذره یا جسم مادی هیچ گونه حرکت و یا چرخشی نداشته باشد.
به منظور بررسی تعادل اجسام، آنها را به دو حالت در نظر می گیریم.

1- نقطه مادی
2- جسم صلب

در صفحه مختصات دکارتی رابطة بالا را می توان به صورت زیر نوشت:

x

y

F
F

F

0
0

0

∑ =∑ = ⇒ 
∑ =





                 	     معادلات تعادل               

در شـکل )1- الـف( چنان چـه از ابعـاد قطعات اتصال صرف نظر شـود، وضعیـت نیروها به صورت شـکل )1- ب( 
بود. خواهند 

بـا توجـه بـه تعریـف نقطـة مـادی در پودمـان اول، نیروهای وارد به جسـم در یک نقطـه متقـارب خواهند بود و 
شـرط تعـادل در ایـن حالت آن اسـت کـه برآیند نیروهـای وارده صفر باشـد یعنی:

 F 0∑ =


for all sections. We assume here that the weight of the member is small
compared with the force it supports. If it is not, or if we must account
for the small effect of the weight, we can replace the weight W of the
member by two forces, each W/2 if the member is uniform, with one
force acting at each end of the member. These forces, in effect, are
treated as loads externally applied to the pin connections. Accounting
for the weight of a member in this way gives the correct result for the
average tension or compression along the member but will not account
for the effect of bending of the member.

Truss Connections and Supports
When welded or riveted connections are used to join structural

members, we may usually assume that the connection is a pin joint if
the centerlines of the members are concurrent at the joint as in Fig. 4/5.

We also assume in the analysis of simple trusses that all external
forces are applied at the pin connections. This condition is satisfied in
most trusses. In bridge trusses the deck is usually laid on cross beams
which are supported at the joints, as shown in Fig. 4/1.

For large trusses, a roller, rocker, or some kind of slip joint is used
at one of the supports to provide for expansion and contraction due to
temperature changes and for deformation from applied loads. Trusses
and frames in which no such provision is made are statically indetermi-
nate, as explained in Art. 3/3. Figure 3/1 shows examples of such joints.

Two methods for the force analysis of simple trusses will be given.
Each method will be explained for the simple truss shown in Fig. 4/6a.
The free-body diagram of the truss as a whole is shown in Fig. 4/6b. The
external reactions are usually determined first, by applying the equilib-
rium equations to the truss as a whole. Then the force analysis of the re-
mainder of the truss is performed.

4/3 Method of Joints
This method for finding the forces in the members of a truss con-

sists of satisfying the conditions of equilibrium for the forces acting on
the connecting pin of each joint. The method therefore deals with the
equilibrium of concurrent forces, and only two independent equilibrium
equations are involved.

We begin the analysis with any joint where at least one known load
exists and where not more than two unknown forces are present. The
solution may be started with the pin at the left end. Its free-body dia-
gram is shown in Fig. 4/7. With the joints indicated by letters, we usu-
ally designate the force in each member by the two letters defining the
ends of the member. The proper directions of the forces should be evi-
dent by inspection for this simple case. The free-body diagrams of por-
tions of members AF and AB are also shown to clearly indicate the
mechanism of the action and reaction. The member AB actually makes
contact on the left side of the pin, although the force AB is drawn from
the right side and is shown acting away from the pin. Thus, if we consis-
tently draw the force arrows on the same side of the pin as the member,
then tension (such as AB) will always be indicated by an arrow away

176 Chapter 4 Structures

Figure 4/5

Figure 4/6

LR1 R2

(b)

L

A D
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F E

(a)

Figure 4/7
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F4

F1

F2
F3

F4

)الف( )ب(
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3-1-2- پیکر آزاد جسم 

در حـل مسـائل تعـادل نقطـة مـادی، ابتدا پیکـر آزاد آن را ترسـیم نموده و سـپس به کمک معـادلات تعادل، نکته
مجهولات مسـئله را محاسـبه می نمائیم.

بـه منظـور بررسـی تعـادل اجسـام، لازم اسـت ابتـدا 
جسـم را از محیـط اطراف خود جدا نمـوده و نیروهای 
وارد بـر آن را در راسـتاهای موجـود نمایـش دهیم که 
 FBD (Free(( بـه این عمـل، ترسـیم پیکر آزادجسـم

Body Diagram( گفتـه می شـود.

 AB 20 توسـط سـه رشته کابلN در شـکل )2( وزنة
و BC و BD نگهـداری شـده اسـت. چـون کابل هـا 
فقـط نیـروی کششـی را تحمـل می نماینـد بنابرایـن 
نیروهـای وارد بـه نقطـه B بـه صورت کششـی بوده و 

پیکـر آزاد آن مطابـق شـکل )3( خواهـد بود.
20N

45°

45°

20 N

در مثال 1 سـامانة  در  را   AC و   AB کابل هـای  کشـش 
°60حـال تعـادل زیـر به دسـت آوریـد.

30°

w=50kN

A

B

C

حل:
گام اول( ترسیم پیکره آزاد 

)بـا در نظـر گرفتـن این نکتـه که کابل ها همیشـه 
°30°60رفتار کششـی دارند(.

50kN

A

TAB
TAC

 شکل 2 

 شکل 3 
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 .y و x گام دوم( تجزیه نیروها در دستگاه مختصات
)مبدأ مختصات، محل تلاقی نیروها می باشد(.

60°30°

50kN

TABsin60

TACsin30TAC

TAB

A

y

x
TACcos30 TABcos60

گام سوم( تشکیل معادلات تعادل و حل آنها تا رسیدن به خواسته های مسئله

Ι رابطۀx AB AC

y AB AC

F T cos T cos

F T sin T sin

0 60 30 0

0 60 30 50 0+

+

∑ = ⇒ − =

↑ ∑ = ⇒ + − =

→

 

 

x AB AC

y AB AC

F T cos T cos

F T sin T sin

0 60 30 0

0 60 30 50 0+

+

∑ = ⇒ − =

↑ ∑ = ⇒ + − =

→

 

 

x AB AC

y AB AC

F T cos T cos

F T sin T sin

0 60 30 0

0 60 30 50 0+

+

∑ = ⇒ − =

↑ ∑ = ⇒ + − =

→

 

 

	ΙΙ رابطۀ
چـون حـل هـر یک از معـادلات فوق با وجـود دو مجهـول امکان پذیر نیسـت بنابراین آنها را در یک دسـتگاه 

دو معادلـه دو مجهولـی قـرار داده کـه با اسـتفاده از روش های مختلف قابل حل اسـت.
در این جـا از معادلـه اول یکـی از مجهـولات را بـر حسـب دیگـری محاسـبه و در معادلـه دوم قـرار می دهیم 

تـا یکـی از مجهولات حذف شـود:

AC از رابطه Ι نتیجه می شود
AB AB AC

T cosT T / T
cos

30 1 73
60

⇒ = ⇒ = 	ΙΙΙ رابطة

مقدار TAB را در رابطه ΙΙ قرار داده خواهیم داشت:

حال مقدار TAC را در رابطة ΙΙΙ قرار می دهیم:

AC AC AC

AC

AC

AB

AB

/ T sin T sin T

T

T kN

T /

T / kN

1 73 60 30 50 0 2 50 0
50
2

25

1 73 25

43 25

× + − = ⇒ − =

=

⇒ =

⇒ = ×

⇒ =

 
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پیکر آزاد شکل زیر را رسم نمایید. فعالیت 
کلاسی1

PROBLEMS

38

 2.32 through 2.35 Two cables are tied together at C and loaded 
as shown. Determine the tension in AC and BC.

 2.36 Two cables are tied together at C and loaded as shown. Knowing 
that P 5 500 N and a 5 60°, determine the tension in AC
and BC.

3 m

2.25 m

1.4 m

660 N

A

C

B

Fig. P2.32

40° 20°
A B

C

300 lb

Fig. P2.33

75°

75°

200 kg

C

A

B

Fig. P2.34

B

C

A

3600 lb

48 in.

20 in.
55 in.

Fig. P2.35

45º
A B
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25º

α

Fig. P2.36

bee80156_ch02_014-063.indd Page 38  9/29/09  9:33:04 PM user-s173 /Volumes/MHDQ-New/MHDQ152/MHDQ152-02

300kN

40° 20°

کشش کابل ها را در شکل های زیر به دست آورید. فعالیت 
کلاسی2

PROBLEMS

38

 2.32 through 2.35 Two cables are tied together at C and loaded 
as shown. Determine the tension in AC and BC.

 2.36 Two cables are tied together at C and loaded as shown. Knowing 
that P 5 500 N and a 5 60°, determine the tension in AC
and BC.
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39Problems 2.37 Two forces of magnitude TA 5 8 kips and TB 5 15 kips are applied 
as shown to a welded connection. Knowing that the connection is in 
equilibrium, determine the magnitudes of the forces TC and TD.

 2.38 Two forces of magnitude TA 5 6 kips and TC 5 9 kips are applied 
as shown to a welded connection. Knowing that the connection is in 
equilibrium, determine the magnitudes of the forces TB and TD.

 2.39 Two forces of magnitude TA 5 5000 N and TB 5 2500 N are 
applied as shown to the connection shown. Knowing that the con-
nection is in equilibrium, determine the magnitudes of the forces 
TC and TD.

 2.40 Determine the range of values of P for which both cables remain 
taut.

 2.41 For the cables of Prob. 2.36, it is known that the maximum allow-
able tension is 600 N in cable AC and 750 N in cable BC. Deter-
mine (a) the maximum force P that can be applied at C, (b) the 
corresponding value of a.

 2.42 Two ropes are tied together at C. If the maximum permissible 
tension in each rope is 2.5 kN, what is the maximum force F that 
can be applied? In what direction must this maximum force act?

40° TB

TD

TC

TA

Fig. P2.37 and P2.38

TB TC

TDTA

30°

Fig. P2.39

30º

3

4

P

A

B C

120 lb

Fig. P2.40

F

50º

C

A B20º

α

Fig. P2.42

bee80156_ch02_014-063.indd Page 39  9/29/09  9:33:08 PM user-s173 /Volumes/MHDQ-New/MHDQ152/MHDQ152-02

TC=200kN

TA TD=180kN

TB 30°

مقدار TA و TB را طوری تعیین کنید که تعادل در اتصال شکل زیر برقرار باشد. فعالیت 
کلاسی4

مقدار نیروی F  و زاویة θ را طوری تعیین کنید که ذرة مادی P در حال تعادل باشد. فعالیت 
کلاسی3

y

3
4

150kN

F

P
x

250kN

θ
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4-1- تعادل جسم صلب
در قسـمت قبـل بنـا بـه فرض، اجسـام را به عنـوان یک نقطه مـادی در نظر گرفتیـم. در حالی کـه چنین فرضی 
همیشـه امکان پذیـر نخواهـد بـود و نمی تـوان از ابعـاد جسـم صرف نظـر کـرد بنابرایـن در این حالـت نیروها در 
یـک نقطـه متقـارب نخواهنـد بود و علاوه بـر حرکت، امکان دَوَران )گشـتاور( جسـم تحت تأثیـر نیروهای وارده 

نیـز وجـود دارد. لـذا شـرط تعـادل در مورد اجسـام صلب به صـورت زیـر خواهد بود:
1- برای اینکه جسم در راستای محور x جابه جایی نداشته باشد باید:
2- برای اینکه جسم در راستای محور y جابه جایی نداشته باشد باید:

3- برای اینکه جسم چرخش نداشته باشد باید:

تعادل اجسام صُلب واحد یادگیری    4

X

Y

F
F
M

0
0
0

Σ = ←
Σ = ←
Σ = ←
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4-2- انواع تکیه گاه ها و عکس العمل های آن ها

4-2-1- انواع تکیه گاه ها 

بـرای بررسـی تعـادل اجسـام صلـب، هماننـد نقاط مـادی باید ابتـدا پیکـر آزاد آن ها را ترسـیم نمود. بـرای این 
منظـور، بایـد جسـم را از محیـط اطـراف آن جدا نمائیـم و چون اجسـام بـر روی تکیه گاه هایی قـرار دارند که با 
توجـه بـه نـوع آن هـا مانـع از حرکـت )جابه جایـی( و یا چرخش جسـم می گردنـد، لازم اسـت ابتـدا تکیه گاه ها 

و عکس العمل هـای آنهـا را معرفـی نماییم.

تعریف عکس العمل تکیه گاهی 
منظـور از عکس العمـل تکیه گاهـی اجسـام، واکنشـی اسـت کـه تکیـه گاه در جهـت حفـظ تعادل آن هـا از خود 

نشـان می دهـد و مانـع از حرکـت و یـا دوران جسـم مـورد نظر می شـود.

الف( تکیه گاه غلتکی )یک مجهولی( 
عبارت اسـت  از تکیه گاهـی کـه تنهـا یـک عکس العمـل آن هـم عمـود بر سـطح اتـکای خـود دارد؛ همانند چرخ 

اتومبیـل روی سـطح بـدون اصطکاک. )ردیـف 1 جدول 1(

ب( تکیه گاه مفصلی )دومجهولی( 
بـه تکیه گاهـی گفتـه می شـود کـه دارای دو عکس العمل می باشـد؛ یکـی مماس بر سـطح اتکا و دیگـری عمود 

بـر آن خواهـد بود. )ردیـف 2 جدول 1(

ج( تکیه گاه گیردار )سه مجهولی( 
تکیه گاهی است که دارای سه عکس العمل به شرح زیر

 می باشد: )ردیف 3 جدول 1(
1- مماس بر سطح تکیه گاه
2- عمود بر سطح تکیه گاه

3- عکس العمل دورانی

د( تکیه گاه میله ای
منظـور از میلـه عضـوی کوتـاه اسـت کـه در دو انتهـای خـود بـه صـورت لـولا یـا مفصـل متصـل شـده باشـد. 
عکس العمـل تکیـه گاه میلـه ای در راسـتای میلـه و به صورت کششـی یا فشـاری خواهـد بود. )ردیـف 4 جدول 

)1

ه( تکیه گاه کابلی
هـر گاه جسـم توسـط کابـل بـه تکیـه گاه متصـل شـود، عکس العمل کابل بـه صورت کششـی و در راسـتای آن 

خواهـد بـود. )ردیـف 5 جدول 1(
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جدول )1( انواع تکیه گاه

عکس العمل های 

تکیه گاهی
شکل شماتیک شکل واقعی

نوع 

تکیه گاه
ردیف

write the appropriate equations of equilibrium, which can then be
analyzed.

Modeling the Action of Forces
Figure 3/1 shows the common types of force application on mechani-

cal systems for analysis in two dimensions. Each example shows the
force exerted on the body to be isolated, by the body to be removed. New-
ton’s third law, which notes the existence of an equal and opposite reac-
tion to every action, must be carefully observed. The force exerted on
the body in question by a contacting or supporting member is always in
the sense to oppose the movement of the isolated body which would
occur if the contacting or supporting body were removed.

Article 3/2 System Isolation and the Free-Body Diagram 111

θ

θ

MODELING THE ACTION OF FORCES IN TWO-DIMENSIONAL ANALYSIS
Type of Contact and Force Origin

1. Flexible cable, belt,
chain, or rope

2. Smooth surfaces

3. Rough surfaces

4. Roller support

5. Freely sliding guide

Action on Body to Be Isolated

Force exerted by 
a flexible cable is 
always a tension away 
from the body in the 
direction of the cable.

Contact force is 
compressive and is 
normal to the surface.

Rough surfaces are 
capable of supporting 
a tangential compo-
nent F (frictional 
force) as well as a 
normal component 
N of the resultant 
contact force R.

Roller, rocker, or ball 
support transmits a 
compressive force 
normal to the 
supporting surface.

Collar or slider free to 
move along smooth 
guides; can support 
force normal to guide 
only.

θ

θ

Weight of cable
negligible

Weight of cable
not negligible

T

T

N

N

N

N

F

R

N N

Figure 3/1
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occur if the contacting or supporting body were removed.
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MODELING THE ACTION OF FORCES IN TWO-DIMENSIONAL ANALYSIS
Type of Contact and Force Origin

1. Flexible cable, belt,
chain, or rope

2. Smooth surfaces

3. Rough surfaces

4. Roller support

5. Freely sliding guide

Action on Body to Be Isolated

Force exerted by 
a flexible cable is 
always a tension away 
from the body in the 
direction of the cable.

Contact force is 
compressive and is 
normal to the surface.

Rough surfaces are 
capable of supporting 
a tangential compo-
nent F (frictional 
force) as well as a 
normal component 
N of the resultant 
contact force R.

Roller, rocker, or ball 
support transmits a 
compressive force 
normal to the 
supporting surface.

Collar or slider free to 
move along smooth 
guides; can support 
force normal to guide 
only.
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Figure 3/1

3/4 The uniform beam has a mass of 50 kg per meter of
length. Determine the reactions at the supports.

Problem 3/4

3/5 The 500-kg uniform beam is subjected to the three
external loads shown. Compute the reactions at the
support point O. The x-y plane is vertical.

Problem 3/5

3/6 Calculate the force and moment reactions at the bolted
base O of the overhead traffic-signal assembly. Each
traffic signal has a mass of 36 kg, while the masses of
members OC and AC are 50 kg and 55 kg, respectively.
The mass center of member AC is at G.
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PROBLEMS
Introductory Problems

3/1 The 50-kg homogeneous smooth sphere rests on the
incline A and bears against the smooth vertical

wall B. Calculate the contact forces at A and B.

Problem 3/1

3/2 A carpenter holds a 12-lb 2-in. by 4-in. board as shown.
If he exerts vertical forces on the board, determine
the forces at A and B.

Problem 3/2

3/3 The weight of the bicycle is 29 lb with center of grav-
ity at G. Determine the normal forces at A and B
when the bicycle is in equilibrium.
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غلتکی 1

In Fig. 3/1, Example 1 depicts the action of a flexible cable, belt, rope,
or chain on the body to which it is attached. Because of its flexibility, a
rope or cable is unable to offer any resistance to bending, shear, or com-
pression and therefore exerts only a tension force in a direction tangent to
the cable at its point of attachment. The force exerted by the cable on the
body to which it is attached is always away from the body. When the ten-
sion T is large compared with the weight of the cable, we may assume that
the cable forms a straight line. When the cable weight is not negligible
compared with its tension, the sag of the cable becomes important, and
the tension in the cable changes direction and magnitude along its length.

When the smooth surfaces of two bodies are in contact, as in Exam-
ple 2, the force exerted by one on the other is normal to the tangent to
the surfaces and is compressive. Although no actual surfaces are per-
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MODELING THE ACTION OF FORCES IN TWO-DIMENSIONAL ANALYSIS (cont.)
Type of Contact and Force Origin

6. Pin connection

7. Built-in or fixed support

8. Gravitational attraction

9. Spring action

Action on Body to Be Isolated

A freely hinged pin 
connection is capable 
of supporting a force 
in any direction in the 
plane normal to the 
pin axis. We may 
either show two 
components Rx and
Ry or a magnitude R
and direction   . A pin 
not free to turn also 
supports a couple M.

A built-in or fixed 
support is capable of 
supporting an axial 
force F, a transverse 
force V (shear force), 
and a couple M
(bending moment) to 
prevent rotation.

The resultant of 
gravitational
attraction on all 
elements of a body of 
mass m is the weight 
W = mg and acts 
toward the center of 
the earth through the 
center mass G.

Spring force is tensile 
if spring is stretched 
and compressive if 
compressed. For a 
linearly elastic spring 
the stiffness k is the 
force required to 
deform the spring a 
unit distance.

Pin free to turn

Pin not free to turn

Ry

Rx

Ry

Rx

R

Weld

A

M

F

V

or
AA

W = mg

F
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F
x

F = kx
Hardening

NonlinearLinear
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position
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Figure 3/1, continued

In Fig. 3/1, Example 1 depicts the action of a flexible cable, belt, rope,
or chain on the body to which it is attached. Because of its flexibility, a
rope or cable is unable to offer any resistance to bending, shear, or com-
pression and therefore exerts only a tension force in a direction tangent to
the cable at its point of attachment. The force exerted by the cable on the
body to which it is attached is always away from the body. When the ten-
sion T is large compared with the weight of the cable, we may assume that
the cable forms a straight line. When the cable weight is not negligible
compared with its tension, the sag of the cable becomes important, and
the tension in the cable changes direction and magnitude along its length.

When the smooth surfaces of two bodies are in contact, as in Exam-
ple 2, the force exerted by one on the other is normal to the tangent to
the surfaces and is compressive. Although no actual surfaces are per-
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MODELING THE ACTION OF FORCES IN TWO-DIMENSIONAL ANALYSIS (cont.)
Type of Contact and Force Origin

6. Pin connection

7. Built-in or fixed support

8. Gravitational attraction

9. Spring action

Action on Body to Be Isolated

A freely hinged pin 
connection is capable 
of supporting a force 
in any direction in the 
plane normal to the 
pin axis. We may 
either show two 
components Rx and
Ry or a magnitude R
and direction   . A pin 
not free to turn also 
supports a couple M.

A built-in or fixed 
support is capable of 
supporting an axial 
force F, a transverse 
force V (shear force), 
and a couple M
(bending moment) to 
prevent rotation.

The resultant of 
gravitational
attraction on all 
elements of a body of 
mass m is the weight 
W = mg and acts 
toward the center of 
the earth through the 
center mass G.

Spring force is tensile 
if spring is stretched 
and compressive if 
compressed. For a 
linearly elastic spring 
the stiffness k is the 
force required to 
deform the spring a 
unit distance.
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Figure 3/1, continued

In Fig. 3/1, E
xample 1

 depicts
 th

e a
ctio

n of a
 flexible c

able, 
belt

, ro
pe,

or c
hain on th

e b
ody to

 w
hich

 it 
is a

tta
ched. B

eca
use 

of it
s fl

exibilit
y, a

rope o
r c

able 
is u

nable 
to offe

r a
ny re

sis
tance 

to bending, sh
ear, o

r c
om-

pres
sio

n and th
ere

fore 
exert

s o
nly a te

nsio
n force

 in
 a dire

ctio
n ta

ngent to

the c
able a

t it
s p

oint o
f a

tta
chment. T

he fo
rce

 ex
ert

ed by the c
able o

n the

body to
 which

 it 
is a

tta
ched is 

always a
way fro

m th
e b

ody. W
hen th

e t
en-

sio
n T is l

arge c
ompared

 with
 th

e w
eig

ht o
f th

e c
able, 

we m
ay assu

me th
at

the c
able 

form
s a

 st
raight li

ne. 
When th

e c
able 

weig
ht is

 not n
egligible

compared
 w

ith
 its

 te
nsio

n, th
e s

ag of th
e c

able 
beco

mes 
im

porta
nt, a

nd

the te
nsio

n in
 th

e c
able c

hanges 
dire

ctio
n and m

agnitu
de a

long its
 len

gth.

When th
e s

mooth su
rfa

ces
 of tw

o bodies
 are 

in co
ntact,

 as in
 Exam-

ple 
2, th

e f
orce

 ex
ert

ed by one o
n th

e o
ther 

is n
orm

al to th
e t

angent to

the s
urfa

ces
 and is

 co
mpres

siv
e. 

Alth
ough no actu

al s
urfa

ces
 are 

per-

112
Chapter 3

Equilib
riu

m
MODELIN

G THE ACTIO
N OF FORCES IN

 TWO-DIM
ENSIO

NAL ANALYSIS (co
nt.)

Type of C
ontact a

nd Force
 Orig

in

6. Pin co
nnecti

on

7. Built-
in or fi

xed su
pport

8. Gravita
tio

nal a
ttr

acti
on

9. Sprin
g acti

on

Acti
on on Body to

 Be Is
olated

A fre
ely hinged pin 

connecti
on is 

capable 

of su
pporti

ng a force
 

in any dire
cti

on in
 th

e 

plane norm
al to

 th
e 

pin axis. 
We m

ay 

eith
er s

how tw
o 

components
R x a

nd

R y o
r a

 m
agnitu

de R

and dire
cti

on   . 
A pin 

not fr
ee to

 tu
rn also

 

supports
 a co

uple M
.

A built-
in or fi

xed 

support i
s c

apable of 

supporti
ng an axial 

force
F, a tra

nsverse
 

force
V (sh

ear fo
rce

), 

and a co
uple M

(bending m
oment) t

o 

prevent ro
tatio

n.

The re
sulta

nt o
f 

gravita
tio

nal

attr
acti

on on all 

elements 
of a

 body of 

mass
m is 

the weight 

W = m
g and acts

 

toward th
e ce

nter o
f 

the earth
 th

rough th
e 

center m
ass 

G.

Sprin
g force

 is 
tensile

 

if s
prin

g is 
str

etch
ed 

and co
mpressi

ve if 

compresse
d. F

or a
 

lin
early

 elasti
c s

prin
g 

the st
iffn

ess 
k is 

the 

force
 re

quire
d to

 

deform
 th

e sp
rin

g a 

unit d
ist

ance.

Pin fre
e to

 tu
rn

Pin not fr
ee to

 tu
rn

R yR x

R yR x

R

Weld

A

M

F
V

or

A

A

W = m
g

F

G

m

Fx

F = kx

HardeningNonlin
ear

Linear

Neutra
l

posit
ion

Softe
ning

F

xF

x

θ
θ

M

Fig
ure 3/1, c

ontin
ued

In
 Fig.

 3/
1, 

Exa
mple 

1 d
ep

ict
s t

he a
cti

on
 of

 a 
flex

ible 
ca

ble,
 belt

, r
op

e,

or 
ch

ain
 on

 th
e b

od
y t

o w
hich

 it
 is

 at
tac

hed
. B

eca
use 

of 
its

 fl
ex

ibilit
y, 

a

rop
e o

r c
ab

le 
is 

unab
le 

to 
off

er 
an

y r
esi

sta
nce 

to 
ben

ding, 
sh

ea
r, 

or 
com

-

pres
sio

n an
d th

ere
for

e e
xe

rts
 on

ly 
a t

en
sio

n fo
rce

 in
 a 

dire
cti

on
 ta

nge
nt t

o

th
e c

ab
le 

at 
its

 poin
t o

f a
tta

ch
men

t. T
he f

orc
e e

xe
rte

d by
th

e c
ab

le 
on

th
e

bod
y t

o w
hich

 it
 is

 at
tac

hed
 is

 al
way

s a
way fro

m th
e b

od
y. 

When
 th

e t
en

-

sio
n T

is 
lar

ge
 co

mpare
d w

ith
 th

e w
eig

ht o
f t

he c
ab

le,
 w

e m
ay

 as
su

me t
hat

th
e c

ab
le 

for
ms a

 st
rai

gh
t l

ine. 
When

 th
e c

ab
le 

weig
ht i

s n
ot 

neg
lig

ible

com
pare

d w
ith

 it
s t

en
sio

n, t
he s

ag
 of

 th
e c

ab
le 

beco
mes 

im
port

an
t, 

an
d

th
e t

en
sio

n in
 th

e c
ab

le 
ch

an
ge

s d
ire

cti
on

 an
d m

ag
nitu

de a
lon

g i
ts 

len
gth

.

W
hen

 th
e s

moo
th

 su
rfa

ces
 of

 tw
o b

od
ies

 ar
e i

n co
ntac

t, 
as

 in
 E

xa
m-

ple 
2, t

he f
or

ce 
ex

ert
ed

 by o
ne o

n th
e o

th
er 

is 
norm

al to 
th

e t
an

ge
nt t

o

th
e s

urfa
ces

 a
nd is

 co
mpres

siv
e. 

Alth
ou

gh
 n

o a
ctu

al 
su

rfa
ces

 a
re 

per-

112
Chapter 3

Eq
uilib

riu
m

MODELIN
G THE A

CTIO
N O

F FORCES IN
 TW

O-D
IM

ENSIO
NAL A

NALYSIS
 (c

on
t.)

Typ
e o

f C
on

tact 
and Forc

e O
rig

in

6. P
in co

nnect
ion

7. B
uilt

-in
 or

 fix
ed

 su
pport

8. G
ra

vit
atio

nal a
ttr

acti
on

9. S
prin

g a
cti

on

Acti
on

 on
 B

od
y t

o B
e I

so
lated

A fr
ee

ly 
hinge

d pin 

con
nect

ion
 is

 ca
pable 

of 
su

pport
ing a

 fo
rce

 

in any d
ire

cti
on

 in
 th

e 

plane n
orm

al t
o t

he 

pin axis
. W

e m
ay 

eit
her 

sh
ow

 tw
o 

com
pon

en
ts

R x 
and

R y 
or 

a m
agn

itu
de R

and dire
cti

on
   .

 A
 pin 

not 
fre

e t
o t

urn
 also

 

su
pport

s a
 co

uple 
M

.

A built
-in

 or
 fix

ed
 

su
pport

 is
 ca

pable 
of 

su
pport

ing a
n axia

l 

for
ce

F, a
 tr

ansv
ers

e 

for
ce

V (s
hea

r f
orc

e),
 

and a co
uple 

M

(ben
ding m

om
en

t) 
to 

prev
en

t r
ota

tio
n.

The r
es

ulta
nt o

f 

gr
avit

atio
nal

attr
acti

on
 on

 all 

ele
men

ts 
of 

a bod
y o

f 

mass
m is

 th
e w

eig
ht 

W = m
g a

nd acts
 

tow
ard

 th
e c

en
ter

 of
 

th
e e

arth
 th

rou
gh

 th
e 

cen
ter

 m
ass 

G.

Sprin
g f

orc
e i

s t
en

sil
e 

if s
prin

g i
s s

tre
tch

ed
 

and co
mpres

siv
e i

f 

com
pres

se
d. F

or 
a 

lin
ea

rly
 el

asti
c s

prin
g 

th
e s

tif
fnes

s k
 is

 th
e 

for
ce 

req
uire

d to
 

defo
rm

 th
e s

prin
g a

 

unit 
dist

ance.

Pin fr
ee

 to
 tu

rn

Pin not 
fre

e t
o t

urn

R yR x

R yR x

R

W
eld

A

M

F V

or

A

A W = m
g

F

G

m

Fx

F = kx

Hard
en

ing
Non

lin
ea

r

Linea
r

Neu
tra

l

pos
iti

on

Soft
en

ingF

x
F

x

θ θ

M

Fig
ure

 3/1
, c

ontin
ued

θ

In Fig. 3/1, Example 1 depicts the action of a flexible cable, belt, rope,
or chain on the body to which it is attached. Because of its flexibility, a
rope or cable is unable to offer any resistance to bending, shear, or com-
pression and therefore exerts only a tension force in a direction tangent to
the cable at its point of attachment. The force exerted by the cable on the
body to which it is attached is always away from the body. When the ten-
sion T is large compared with the weight of the cable, we may assume that
the cable forms a straight line. When the cable weight is not negligible
compared with its tension, the sag of the cable becomes important, and
the tension in the cable changes direction and magnitude along its length.

When the smooth surfaces of two bodies are in contact, as in Exam-
ple 2, the force exerted by one on the other is normal to the tangent to
the surfaces and is compressive. Although no actual surfaces are per-
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MODELING THE ACTION OF FORCES IN TWO-DIMENSIONAL ANALYSIS (cont.)
Type of Contact and Force Origin

6. Pin connection

7. Built-in or fixed support

8. Gravitational attraction

9. Spring action

Action on Body to Be Isolated
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Ry or a magnitude R
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mass m is the weight 
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Figure 3/1, continued
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3/4 The uniform beam has a mass of 50 kg per meter of
length. Determine the reactions at the supports.

Problem 3/4

3/5 The 500-kg uniform beam is subjected to the three
external loads shown. Compute the reactions at the
support point O. The x-y plane is vertical.

Problem 3/5

3/6 Calculate the force and moment reactions at the bolted
base O of the overhead traffic-signal assembly. Each
traffic signal has a mass of 36 kg, while the masses of
members OC and AC are 50 kg and 55 kg, respectively.
The mass center of member AC is at G.

Problem 3/6
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PROBLEMS
Introductory Problems

3/1 The 50-kg homogeneous smooth sphere rests on the
incline A and bears against the smooth vertical

wall B. Calculate the contact forces at A and B.

Problem 3/1

3/2 A carpenter holds a 12-lb 2-in. by 4-in. board as shown.
If he exerts vertical forces on the board, determine
the forces at A and B.

Problem 3/2

3/3 The weight of the bicycle is 29 lb with center of grav-
ity at G. Determine the normal forces at A and B
when the bicycle is in equilibrium.

Problem 3/3

G

18.5″ 22.5″
A B

A
B

6′2′

30°
A

B

30�

گیردار 3

5/199 A fresh-water channel 10 ft wide (normal to the
plane of the paper) is blocked at its end by a rec-
tangular barrier, shown in section ABD. Support-
ing struts BC are spaced every 2 ft along the 10-ft
width. Determine the compression C in each strut.
Neglect the weights of the members.

Problem 5/199

5/200 A channel-marker buoy consists of an 8-ft hollow
steel cylinder 12 in. in diameter weighing 180 lb
and anchored to the bottom with a cable as shown.
If at high tide, calculate the tension T in
the cable. Also find the value of h when the cable
goes slack as the tide drops. The specific weight of
sea water is . Assume the buoy is weighted
at its base so that it remains vertical.

Problem 5/200

12″

8′

h

64 lb /ft3

h � 2 ft

2′

2′

2′

A

B

C

D

60° 60°
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5/197 The solid concrete cylinder 6 ft long and 4 ft in 
diameter is supported in a half-submerged position
in fresh water by a cable which passes over a fixed
pulley at A. Compute the tension T in the cable.
The cylinder is waterproofed by a plastic coating.
(Consult Table D/1, Appendix D, as needed.)

Problem 5/197

5/198 A block of wood in the form of a waterproofed 16-in.
cube is floating in a tank of salt water with a 6-in.
layer of oil floating on the water. Assume that the
cube floats in the attitude shown, and calculate the
height h of the block above the surface of the oil.
The specific weights of oil, salt water, and wood are
56, 64, and , respectively.

Problem 5/198
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51Problems 2.74 The angle between each of the springs AB and AC and the post 
DA is 30°. Knowing that the tension is 50 lb in spring AB and 40 lb 
in spring AC, determine the magnitude and direction of the resul-
tant of the forces exerted by the springs on the post at A.

 2.75 Determine the two possible values of uy for a force F, (a) if the 
force forms equal angles with the positive x, y, and z axes, (b) if 
the force forms equal angles with the positive y and z axes and an 
angle of 45° with the positive x axis.

 2.76 Knowing that the tension in AB is 39 kN, determine the required 
values of the tension in AC and AD so that the resultant of the 
three forces applied at A is vertical.

y

x

z

35°35°

A
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D

B
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4-3- محاسبه عکس العمل های تکیه گاهی اجسام صلب
همان طـور کـه گفتـه شـد شـرط تعادل اجسـام صلب بر آورده شـدن معـادلات آن می باشـد و برای نیـل به این 

هـدف به صـورت زیر عمـل می نماییم.

گام اول - ترسیم پیکر آزاد جسم 
ابتـدا جسـم را از تکیه گاه هـا جـدا نمـوده و بـا توجـه بـه نـوع تکیـه گاه، عکـس العمل هـای مربوطـه را در محل 
تکیـه گاه و در جهـت دلخـواه قـرار می دهیـم. بـه عنـوان مثـال پیکر آزاد تیـر شـکل )1- الف( به صورت شـکل 

)1- ب( خواهـد بود.

گام دوم - تجزیة نیروها 
همـة نیروهـای مـورب را روی پیکـر آزاد در صـورت وجـود به مؤلفه هـای آن تجزیـه می نماییم. به عنـوان مثال 

در شـکل )1- ب( نیـروی P بـه دو مؤلفة متعامد تجزیه شـده اسـت.

گام سوم - تشکیل معادلات و حل آنها 
با تشکیل معادلات تعادل و حل آنها مجهولات مسئله )عکس العمل ها( تعیین می شوند.
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SECTION B SPECIAL TOPICS

5/6 Beams—External Effects
Beams are structural members which offer resistance to bending

due to applied loads. Most beams are long prismatic bars, and the loads
are usually applied normal to the axes of the bars.

Beams are undoubtedly the most important of all structural mem-
bers, so it is important to understand the basic theory underlying
their design. To analyze the load-carrying capacities of a beam we
must first establish the equilibrium requirements of the beam as a
whole and any portion of it considered separately. Second, we must es-
tablish the relations between the resulting forces and the accompany-
ing internal resistance of the beam to support these forces. The first
part of this analysis requires the application of the principles of stat-
ics. The second part involves the strength characteristics of the mater-
ial and is usually treated in studies of the mechanics of solids or the
mechanics of materials.

This article is concerned with the external loading and reactions act-
ing on a beam. In Art. 5/7 we calculate the distribution along the beam
of the internal force and moment.

Types of Beams
Beams supported so that their external support reactions can be cal-

culated by the methods of statics alone are called statically determinate
beams. A beam which has more supports than needed to provide equilib-
rium is statically indeterminate. To determine the support reactions for
such a beam we must consider its load-deformation properties in addi-
tion to the equations of static equilibrium. Figure 5/18 shows examples

Simple

Cantilever

Continuous

Combination

Statically determinate beams Statically indeterminate beams

End-supported cantilever

Fixed⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭ ⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
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عکس العمل های تکیه گاهی تیر زیر را به دست آورید .مثال 1

گام اول: 
ترسیم پیکر آزاد جسم

گام دوم: 
 P تجزیه نیروی

Ι رابطۀ

گام سوم : تشکیل معادلات تعادل وحل آنها

لازم بـه توضیـح اسـت کـه علامـت منفی در جـواب فوق به این معنی اسـت کـه جهت صحیح عکـس العمل 
Bx در پیکـر آزاد تیـر به سـمت چپ می باشـد.

معادلـه فـوق دارای دو مجهـول  بـوده و قابـل حـل نمـی باشـد لـذا از شـرط سـوم یعنـیM =0∑  اسـتفاده 
می کنیـم

بررسی کنید چرا گشتاور نیروها حول نقطۀ B محاسبه شده است؟
حال با قرار دادن مقدار Ay در رابطه I خواهیم داشت:

x

y

P P.cos cos / kN
P P.sin sin kN

10 30 8 66
10 30 5

= θ = × =

= θ = × =





x x x x xF B P B / B / kN0 0 8 66 0 8 66
+

Σ = ⇒ + = ⇒ + = ⇒ = −

→

x x x x xF B P B / B / kN0 0 8 66 0 8 66
+

Σ = ⇒ + = ⇒ + = ⇒ = −

→

x x x x xF B P B / B / kN0 0 8 66 0 8 66
+

Σ = ⇒ + = ⇒ + = ⇒ = −

→

y y y y y y y y yF A B P A B P A B kN0 0 5+ ↑ Σ = ⇒ + − = ⇒ + = ⇒ + =

Ay By / By By / By / kN5 1 67 5 5 1 67 3 33+ = ⇒ + = ⇒ = − ⇒ =

B y y y y

y y

M A P A A

A A / kN

0 6 2 0 6 5 2 0 6 10
10 1 67
6

+ Σ = ⇒ × − × = ⇒ × − × = ⇒ =

= ⇒ =
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5/6Beams—External Effects
Beamsare structural members which offer resistance to bending

due to applied loads. Most beams are long prismatic bars, and the loads
are usually applied normal to the axes of the bars.

Beams are undoubtedly the most important of all structural mem-
bers, so it is important to understand the basic theory underlying
their design. To analyze the load-carrying capacities of a beam we
must first establish the equilibrium requirements of the beam as a
whole and any portion of it considered separately. Second, we must es-
tablish the relations between the resulting forces and the accompany-
ing internal resistance of the beam to support these forces. The first
part of this analysis requires the application of the principles of stat-
ics. The second part involves the strength characteristics of the mater-
ial and is usually treated in studies of the mechanics of solids or the
mechanics of materials.

This article is concerned with the externalloading and reactions act-
ing on a beam. In Art. 5/7 we calculate the distribution along the beam
of the internalforce and moment.

Types of Beams
Beams supported so that their external support reactions can be cal-

culated by the methods of statics alone are called statically determinate
beams. A beam which has more supports than needed to provide equilib-
rium is statically indeterminate. To determine the support reactions for
such a beam we must consider its load-deformation properties in addi-
tion to the equations of static equilibrium. Figure 5/18 shows examples
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such a beam we must consider its load-deformation properties in addi-
tion to the equations of static equilibrium. Figure 5/18 shows examples
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عکس العمل های تکیه گاهی را در خرپای شکل زیر به دست آورید. مثال 2

گام 1(
ترسیم پیکر آزاد 

گام2( 
تشکیل معادلات تعادل: 

بـا توجـه بـه اینکـه نیـروی افقی بـه سیسـتم وارد 
 A تکیـه گاه  افقـی  عکس العمـل  لـذا  نمی شـود 

یعنـی )Ax( برابـر صفـر اسـت.

مقدار By را در رابطة Ι قرار می دهیم داریم: 

نکتـه: هـرگاه بارگـذاری و هندسـه سـازه ای متقـارن باشـند کل بارهـای وارده بـه صـورت مسـاوی بین دو 
تکیـه گاه تقسـیم می شـود. 

بنابراین  با توجه به تقارن در سازة فوق داریم :  
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عکس العمل های تکیه گاهی تیر ABC را به دست آورید.مثال 3

گام اول: 
 ABC ترسیم پیکر آزاد تیر

چـون عضـو BD میلـه اسـت و بـا توجه بـه اینکه در تکیـه گاه میلـه ای عکس العمـل تکیه گاهی، در راسـتای 
میلـه می باشـد، خواهیم داشـت:

گام دوم: 
تشکیل معادلات تعادل

از رابطۀ Ι داریم:

(خواهد بود؛  بـا توجـه بـه علامت منفـی در مقـدار Ay، جهـت عکس العمـل تکیه گاهـی Ay به طـرف پایین)
 : یعنی

Ι رابطۀ

Case 3—Both elements have yielded. In this case both elements have yielded, and
the appropriate material behavior equations (replacing Eqs. 3.34 and 3.36) are:

(3.37)

Combining these with the equilibrium equation, Eq. 3.32, we get the value of the
plastic load PP.

Plastic Load (3.38)

This plastic load is reached when member 1 also yields, so equating the strain in
member 1 to �Y/E, we get

(e)

or

(f)

Note that

(g,h)

The above elastic-plastic analysis is summarized on the load-displacement diagram
in Fig. 3.29, with the ranges of applicability of the three cases indicated on the plot.
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The two support rods in Fig. 1 are made of structural steel that may be
assumed to have a stress-strain diagram like Fig. 3.28b, with E � 30(103)
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پیکر آزاد هر کدام از شکل های زیر را رسم نمایید. فعالیت 
کلاسی1

نکات مربوط به جمع بندی پودمان 2 )تعادل اجسام(:نکته
• مفهوم تعادل آن است که ذره یا جسم مادی هیچ گونه حرکت و یا چرخشی نداشته باشد.

• شرط تعادل نقطه مادی آن است که برآیند نیروهای وارد بر آن صفر باشد یعنی:

	
x

y

F
F

F

0
0

0

∑ =∑ = ⇒ 
∑ =







• هـرگاه جسـم یـا نقطـه مـادی را از محیط اطراف خـود جدا و نیروهـای وارد بر آنها را در راسـتاهای موجود 
نمایـش دهیـم، پیکر آزاد جسـم و یا نقطـه مادی را ترسـیم نموده ایم.

• شرایط تعادل جسم صلب عبارت است از:

X

Y

F
F
M

0
0
0

Σ = ←
Σ = ←
Σ = ←

• بـرای تعییـن عکس العمل هـای تکیه گاهـی از معـادلات تعـادل جسـم صلـب و یـا نقطـة مـادی اسـتفاده 
می شـود.

272 Chapter 5 Distributed Forces

SECTION B SPECIAL TOPICS

5/6 Beams—External Effects
Beams are structural members which offer resistance to bending

due to applied loads. Most beams are long prismatic bars, and the loads
are usually applied normal to the axes of the bars.

Beams are undoubtedly the most important of all structural mem-
bers, so it is important to understand the basic theory underlying
their design. To analyze the load-carrying capacities of a beam we
must first establish the equilibrium requirements of the beam as a
whole and any portion of it considered separately. Second, we must es-
tablish the relations between the resulting forces and the accompany-
ing internal resistance of the beam to support these forces. The first
part of this analysis requires the application of the principles of stat-
ics. The second part involves the strength characteristics of the mater-
ial and is usually treated in studies of the mechanics of solids or the
mechanics of materials.

This article is concerned with the external loading and reactions act-
ing on a beam. In Art. 5/7 we calculate the distribution along the beam
of the internal force and moment.

Types of Beams
Beams supported so that their external support reactions can be cal-

culated by the methods of statics alone are called statically determinate
beams. A beam which has more supports than needed to provide equilib-
rium is statically indeterminate. To determine the support reactions for
such a beam we must consider its load-deformation properties in addi-
tion to the equations of static equilibrium. Figure 5/18 shows examples

Simple

Cantilever

Continuous

Combination

Statically determinate beams Statically indeterminate beams

End-supported cantilever

Fixed⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭ ⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭

Figure 5/18

P=50kN F=80kN

)د( )ج(

)ب()الف(

necessary in each case to form a complete free-body
diagram. The weights of the bodies are negligible un-
less otherwise indicated. Dimensions and numerical
values are omitted for simplicity.
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isolated is shown in the left-hand diagram, and an in-
complete free-body diagram (FBD) of the isolated
body is shown on the right. Add whatever forces are

Problem 3/A

1. Bell crank
    supporting mass
    m with pin support
    at A.

2. Control lever
    applying torque

to shaft at O.

3. Boom OA, of
    negligible mass

compared with
    mass m. Boom
    hinged at O and
    supported by
    hoisting cable at B.

4. Uniform crate of
    mass m leaning
    against smooth
    vertical wall and
    supported on a 
    rough horizontal
    surface.

5. Loaded bracket
    supported by pin

connection at A and
    fixed pin in smooth
    slot at B.

Body Incomplete FBD

m

A

O

A

B

A

O
O

A

B

T

A

mg
T

Flexible
cable

Pull P P

FO

m mg

mg

B

B

A
Load L

B

A
L

necessary in each case to form a complete free-body
diagram. The weights of the bodies are negligible un-
less otherwise indicated. Dimensions and numerical
values are omitted for simplicity.

118 Chapter 3 Equilibrium

FREE-BODY DIAGRAM EXERCISES

3/A In each of the five following examples, the body to be
isolated is shown in the left-hand diagram, and an in-
complete free-body diagram (FBD) of the isolated
body is shown on the right. Add whatever forces are

Problem 3/A

1. Bell crank
    supporting mass
    m with pin support
    at A.

2. Control lever
    applying torque

to shaft at O.

3. Boom OA, of
    negligible mass

compared with
    mass m. Boom
    hinged at O and
    supported by
    hoisting cable at B.

4. Uniform crate of
    mass m leaning
    against smooth
    vertical wall and
    supported on a 
    rough horizontal
    surface.

5. Loaded bracket
    supported by pin

connection at A and
    fixed pin in smooth
    slot at B.

Body Incomplete FBD

m

A

O

A

B

A

O
O

A

B

T

A

mg
T

Flexible
cable

Pull P P

FO

m mg

mg

B

B

A
Load L

B

A
L

necessary in each case to form a complete free-body
diagram. The weights of the bodies are negligible un-
less otherwise indicated. Dimensions and numerical
values are omitted for simplicity.

118 Chapter 3 Equilibrium

FREE-BODY DIAGRAM EXERCISES

3/A In each of the five following examples, the body to be
isolated is shown in the left-hand diagram, and an in-
complete free-body diagram (FBD) of the isolated
body is shown on the right. Add whatever forces are

Problem 3/A

1. Bell crank
    supporting mass
    m with pin support
    at A.

2. Control lever
    applying torque

to shaft at O.

3. Boom OA, of
    negligible mass

compared with
    mass m. Boom
    hinged at O and
    supported by
    hoisting cable at B.

4. Uniform crate of
    mass m leaning
    against smooth
    vertical wall and
    supported on a 
    rough horizontal
    surface.

5. Loaded bracket
    supported by pin

connection at A and
    fixed pin in smooth
    slot at B.

Body Incomplete FBD

m

A

O

A

B

A

O
O

A

B

T

A

mg
T

Flexible
cable

Pull P P

FO

m mg

mg

B

B

A
Load L

B

A
L

necessary in each case to form a complete free-body
diagram. The weights of the bodies are negligible un-
less otherwise indicated. Dimensions and numerical
values are omitted for simplicity.

118 Chapter 3 Equilibrium

FREE-BODY DIAGRAM EXERCISES

3/A In each of the five following examples, the body to be
isolated is shown in the left-hand diagram, and an in-
complete free-body diagram (FBD) of the isolated
body is shown on the right. Add whatever forces are

Problem 3/A

1. Bell crank
    supporting mass
    m with pin support
    at A.

2. Control lever
    applying torque

to shaft at O.

3. Boom OA, of
    negligible mass

compared with
    mass m. Boom
    hinged at O and
    supported by
    hoisting cable at B.

4. Uniform crate of
    mass m leaning
    against smooth
    vertical wall and
    supported on a 
    rough horizontal
    surface.

5. Loaded bracket
    supported by pin

connection at A and
    fixed pin in smooth
    slot at B.

Body Incomplete FBD

m

A

O

A

B

A

O
O

A

B

T

A

mg
T

Flexible
cable

Pull P P

FO

m mg

mg

B

B

A
Load L

B

A
L

کابل

θ

3/B In each of the five following examples, the body to be
isolated is shown in the left-hand diagram, and either
a wrong or an incomplete free-body diagram (FBD) is
shown on the right. Make whatever changes or addi-
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tions are necessary in each case to form a correct and
complete free-body diagram. The weights of the bod-
ies are negligible unless otherwise indicated. Dimen-
sions and numerical values are omitted for simplicity.
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146 Equilibrium of Rigid Bodies  4.12 The lever AB is hinged at C and attached to a control cable at A. 
If the lever is subjected at B to a 500-N horizontal force, determine 
(a) the tension in the cable, (b) the reaction at C.

 4.13 Determine the reactions at A and B when a 5 608.

250 mm

250 mm

200 mm

C

B

D

A

500 N

30º

 Fig. P4.12

250 mm

A

B

300 mm

250 mm

400 N

α

 Fig. P4.13

 4.14 The required tension in cable AB is 300 lb. Determine (a) the 
vertical force P that must be applied to the pedal, (b) the corre-
sponding reaction at C.

12 in.3 in.

5 in. P

A B

C

D

 Fig. P4.14 and P4.15

 4.15 Determine the maximum tension that can be developed in cable 
AB if the maximum allowable magnitude of the reaction at C is 
650 lb.

 4.16 A truss may be supported in three different ways as shown. In each 
one, determine the reactions at the supports.

2 kN
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2 kN
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1.5 m

2 m
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BA
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(b)
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(c)

30�
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BA

 Fig. P4.16
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= 60°
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400 N

SOLUTION

Free-Body Diagram. A free-body diagram of the crane is drawn. By mul-
tiplying the masses of the crane and of the crate by g 5 9.81 m/s2, we obtain 
the corresponding weights, that is, 9810 N or 9.81 kN, and 23 500 N or 
23.5 kN. The reaction at pin A is a force of unknown direction; it is repre-
sented by its components Ax and Ay. The reaction at the rocker B is per-
pendicular to the rocker surface; thus, it is horizontal. We assume that Ax, 
Ay, and B act in the directions shown.

Determination of B. We express that the sum of the moments of all external 
forces about point A is zero. The equation obtained will contain neither Ax 
nor Ay, since the moments of Ax and Ay about A are zero. Multiplying the 
magnitude of each force by its perpendicular distance from A, we write

1loMA 5 0:  1B(1.5 m) 2 (9.81 kN)(2 m) 2 (23.5 kN)(6 m) 5 0
 B 5 1107.1 kN B 5 107.1 kN n ◀

Since the result is positive, the reaction is directed as assumed.

Determination of Ax. The magnitude of Ax is determined by expressing 
that the sum of the horizontal components of all external forces is zero.

n1 oFx 5 0:  Ax 1 B 5 0
 Ax 1 107.1 kN 5 0
 Ax 5 2107.1 kN  Ax 5 107.1 kN m ◀

Since the result is negative, the sense of Ax is opposite to that assumed 
originally.

Determination of Ay. The sum of the vertical components must also equal 
zero.

1hoFy 5 0:   Ay 2 9.81 kN 2 23.5 kN 5 0
 Ay 5 133.3 kN Ay 5 33.3 kN h ◀

 Adding vectorially the components Ax and Ay, we find that the reac-
tion at A is 112.2 kN b17.3°.

Check. The values obtained for the reactions can be checked by recalling 
that the sum of the moments of all of the external forces about any point 
must be zero. For example, considering point B, we write

1loMB 5 2(9.81 kN)(2 m) 2 (23.5 kN)(6 m) 1 (107.1 kN)(1.5 m) 5 0

SAMPLE PROBLEM 4.1

A fixed crane has a mass of 1000 kg and is used to lift a 2400-kg crate. It 
is held in place by a pin at A and a rocker at B. The center of gravity of 
the crane is located at G. Determine the components of the reactions at A 
and B.

2400 kg
A
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4 m2 m

1.5 m

A
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23.5 kN

Ay

Ax

9.81 kN

1.5 m

4 m2 m

33.3 kN
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A

B

23.5 kN

9.81 kN

4 m2 m

1.5 m
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SOLUTION

Free-Body Diagram. A free-body diagram of the crane is drawn. By mul-
tiplying the masses of the crane and of the crate by g 5 9.81 m/s2, we obtain 
the corresponding weights, that is, 9810 N or 9.81 kN, and 23 500 N or 
23.5 kN. The reaction at pin A is a force of unknown direction; it is repre-
sented by its components Ax and Ay. The reaction at the rocker B is per-
pendicular to the rocker surface; thus, it is horizontal. We assume that Ax, 
Ay, and B act in the directions shown.

Determination of B. We express that the sum of the moments of all external 
forces about point A is zero. The equation obtained will contain neither Ax 
nor Ay, since the moments of Ax and Ay about A are zero. Multiplying the 
magnitude of each force by its perpendicular distance from A, we write

1loMA 5 0:  1B(1.5 m) 2 (9.81 kN)(2 m) 2 (23.5 kN)(6 m) 5 0
 B 5 1107.1 kN B 5 107.1 kN n ◀

Since the result is positive, the reaction is directed as assumed.

Determination of Ax. The magnitude of Ax is determined by expressing 
that the sum of the horizontal components of all external forces is zero.

n1 oFx 5 0:  Ax 1 B 5 0
 Ax 1 107.1 kN 5 0
 Ax 5 2107.1 kN  Ax 5 107.1 kN m ◀

Since the result is negative, the sense of Ax is opposite to that assumed 
originally.

Determination of Ay. The sum of the vertical components must also equal 
zero.

1hoFy 5 0:   Ay 2 9.81 kN 2 23.5 kN 5 0
 Ay 5 133.3 kN Ay 5 33.3 kN h ◀

 Adding vectorially the components Ax and Ay, we find that the reac-
tion at A is 112.2 kN b17.3°.

Check. The values obtained for the reactions can be checked by recalling 
that the sum of the moments of all of the external forces about any point 
must be zero. For example, considering point B, we write

1loMB 5 2(9.81 kN)(2 m) 2 (23.5 kN)(6 m) 1 (107.1 kN)(1.5 m) 5 0

SAMPLE PROBLEM 4.1

A fixed crane has a mass of 1000 kg and is used to lift a 2400-kg crate. It 
is held in place by a pin at A and a rocker at B. The center of gravity of 
the crane is located at G. Determine the components of the reactions at A 
and B.
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23.5 kN

9.81 kN
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146 Equilibrium of Rigid Bodies  4.12 The lever AB is hinged at C and attached to a control cable at A. 
If the lever is subjected at B to a 500-N horizontal force, determine 
(a) the tension in the cable, (b) the reaction at C.

 4.13 Determine the reactions at A and B when a 5 608.

250 mm

250 mm

200 mm

C

B

D

A

500 N

30º

 Fig. P4.12

250 mm

A

B

300 mm

250 mm

400 N

α

 Fig. P4.13

 4.14 The required tension in cable AB is 300 lb. Determine (a) the 
vertical force P that must be applied to the pedal, (b) the corre-
sponding reaction at C.

12 in.3 in.

5 in. P

A B

C

D

 Fig. P4.14 and P4.15

 4.15 Determine the maximum tension that can be developed in cable 
AB if the maximum allowable magnitude of the reaction at C is 
650 lb.

 4.16 A truss may be supported in three different ways as shown. In each 
one, determine the reactions at the supports.

2 kN

3 kN

2 kN

1.5 m

1.5 m

2 m

(a)

BA

2 kN

3 kN

2 kN

(b)

BA

(c)

30�

2 kN

3 kN

2 kN

BA

 Fig. P4.16
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4-4- کاربرد نرم افزار در تعادل اجسام صلب

نکته

نکته

برای سـازه هایی که در هنرسـتان بررسـی می شـوند روش تحليل دسـتی کفایت نموده و احتیاجی به استفاده 
از نرم افـزار نیسـت وروش حـل دسـتی سـریعتر و راحت تـر می باشـد ولـی سـازه هایی کـه در سـال های آتی 
بـا آنهـا آشـنا می شـوید وتقریبـاً اکثـر سـازه هایی که اجـرا می گردند، حل دسـتی آنهـا وقت گیـر و پرزحمت 
بـوده و گاهـاً غیرممکـن می شـود. لـذا بـرای آشـنایی شـما مثال هـا و تمرینـات ایـن کتـاب نیـز بـا نرم افزار 
تحلیـل می شـوند تـا از ایـن طریـق مبانـی کار بـا نرم افزارهای مهندسـی را فراگرفتـه و برای دوره هـای عالی 

آمادگـی لازم را به دسـت آورید.

امـروزه اسـتفاده از نرم افـزار در تمامـی علـوم مـورد نیاز بشـر بسـیار فـراوان و غیر قابل اجتناب شـده اسـت. در 
مهندسـی عمـران هـم بـا طراحـی انـواع سـازه های پیچیـده از یک طـرف و مهـار خرابی هـای ناشـی از عوامـل 
طبیعـی ماننـد بـاد و زلزلـه و سـیل از طـرف دیگـر باعث به وجـود آمـدن نرم افزارهای متعددی شـده اسـت که 
 SAFE و ETABS و  SAP کمـک بسـیار بزرگـی را بـه مهندسـین محاسـب می نماینـد. نرم افزار هایـی مثـل
و  ... نرم افزارهـای مهندسـی سـازه می باشـند کـه بـه کمـک آنهـا می تـوان سـازه ها را ابتـدا تحلیـل و سـپس 

نمود. طراحـی 

منظـور از تحلیل سـازه  بررسـی پایـداری، محاسـبه عکس العمل ها، محاسـبه نیـروی داخلی و تعییـن تغییر 
شـکل های سـازه می باشـد. شـما در ایـن پودمـان بـا محاسـبه عکس العمل هـا و نیروهـای داخلـی بعضـی از 
سـازه ها )سـازه های معیـن( آشـنا  می شـوید و روش محاسـبۀ آن را بـه کمـک نرم افـزار SAP  فـرا می گیریـد.

منظـور از طراحـی محاسـبه و تعییـن ابعاد لازم برای یک سـازه می باشـد تا توانایـی مقاومت در برابـر بارهای 
وارده درطـول عمر خود را داشـته باشـد. 

در ایـن کتـاب از نرم افـزار SAP  اسـتفاده می کنیـم. لازم بـه توضیـح هسـت کـه ایـن نرم افـزار مشـابهت 
زیـادی بـه نرم افـزار ETABS دارد و تفـاوت آنهـا در ایـن اسـت کـه نرم افزار SAP بـرای کلیۀ سـازه ها مثل 
سـاختمان های معمولـی، سـوله ها، خرپاهـا و هرنـوع سـازۀ دیگـر کاربـرد دارد و یـک نرم افـزار کلـی بـرای 
محاسـبات سـازه ای سـاختمان می باشـد ولـی ETABS  نرم افـزاری اسـت کـه در محاسـبۀ سـاختمان های 
معمولـی کاربـرد بیشـتری دارد زیـرا کار کـردن بـا آن بـرای کاربر بسـیار راحت تر بـوده و مختص سـاختمان 

است.
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تفکر

تفکر

با اطلاعاتی که تاکنون کسب کرده اید، مراحل تحلیل یک سازه را بنویسید. 
در ادامه با همکلاسی های خود در مورد نمودار زیر بحث کنید.

بـا راهنمایـی هنرآمـوز خـود، چنـد خصوصیـت بتـن و میلگـرد کـه در تحلیـل و طراحـی سـازه اسـتفاده 
می شـوند را نـام ببریـد.

نمـودار فـوق مراحلـی را کـه مهندسـین محاسـب بـرای محاسـبه و طراحـی یـک سـازه طـی می کننـد نشـان 
می دهـد. در ایـن کتـاب وارد قسـمت طراحـی نخواهیم شـد و آن را به سـال های آتـی واگذار خواهیـم کرد ولی 
سـه مرحلـۀ مدل سـازی و بارگـذاری و تحلیـل را بـه جزئیـات بیشـتری مطابـق نمـودار زیـر تبدیل نمـوده و به 

توضیـح مختصـر هـر یـک از آنهـا می پردازیم.

1- تعریف مواد و مصالح 
بایـد نـوع سـازه و مصالـح مصرفـی را بـرای  نرم افـزار مشـخص کنیـم. به عنـوان مثال آیا سـازه بتنی اسـت و یا 

فلـزی؟ چـه نـوع بتـن و یـا از چه نـوع میلگردهایـی و با چـه خصوصیاتی بایـد در پروژه اسـتفاده کرد. 

  مراحل تحليل سازه : 

  يسيد . با اطلاعاتي كه تاكنون كسب كرده ايد آيا ميتوانيد مراحل تحليل يك سازه را بنو

  سپس با همكلاسي هاي خود در مورد نمودار زير بحث كنيد .

  
در اين كتاب وارد قسمت نمودار فوق مراحلي را مهندسين محاسب براي محاسبه يك سازه طي مي كن نشان مي دهد . 

جزييات  را بهدل سازي و بارگذاري و تحليل طراحي نخواهيم شد و به سال هاي آتي واگذار خواهيم كرد ولي سه مرحله م
  بيشتري مطابق نمودار زير تبديل نموده و به توضيح مختصر هر يك از آنها مي پردازيم  

  

  
  

  تعريف مواد و مصالح  – 1

بايد نوع سازه و مصالح مصرفي را براي  نرم افزار مشخص كنيم . به عنوان مثال آيا سازه بتني است و يا فلزي ؟ چه نوع بتن و 
  يا از چه نوع ميلگرد ها و با چه خصوصياتي بايد در پروژه استفاده كرد . 

  

   

  احتياجي به تعريف مصالح نيست  . و علت آن را در قالب بحث گروهي در كلاس بررسي كنيد .البته براي سازه هاي معين  

  

 تعريف مواد و
مصالح 

مدل سازی 

اختصاص 
ويژگيها

بار گذاری 

 تنظيم و اجرای
برنامه برای 

تحليل 

در تحليل و طراحي سازه استفاده مي شوند با راهنمايي معلم خود چند خصوصيت بتن و ميلگرد را نام ببريد كه  تفكر :

  مراحل تحليل سازه : 

  يسيد . با اطلاعاتي كه تاكنون كسب كرده ايد آيا ميتوانيد مراحل تحليل يك سازه را بنو

  سپس با همكلاسي هاي خود در مورد نمودار زير بحث كنيد .

  
در اين كتاب وارد قسمت نمودار فوق مراحلي را مهندسين محاسب براي محاسبه يك سازه طي مي كن نشان مي دهد . 

جزييات  را بهدل سازي و بارگذاري و تحليل طراحي نخواهيم شد و به سال هاي آتي واگذار خواهيم كرد ولي سه مرحله م
  بيشتري مطابق نمودار زير تبديل نموده و به توضيح مختصر هر يك از آنها مي پردازيم  

  

  
  

  تعريف مواد و مصالح  – 1

بايد نوع سازه و مصالح مصرفي را براي  نرم افزار مشخص كنيم . به عنوان مثال آيا سازه بتني است و يا فلزي ؟ چه نوع بتن و 
  يا از چه نوع ميلگرد ها و با چه خصوصياتي بايد در پروژه استفاده كرد . 

  

   

  احتياجي به تعريف مصالح نيست  . و علت آن را در قالب بحث گروهي در كلاس بررسي كنيد .البته براي سازه هاي معين  

  

 تعريف مواد و
مصالح 

مدل سازی 

اختصاص 
ويژگيها

بار گذاری 

 تنظيم و اجرای
برنامه برای 

تحليل 

در تحليل و طراحي سازه استفاده مي شوند با راهنمايي معلم خود چند خصوصيت بتن و ميلگرد را نام ببريد كه  تفكر :

 شکل 2 
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کشش کابل های AB و BC را به کمک SAP به دست آورید. از وزن کابل ها صرف نظر کنید . فعالیت 
کلاسی3

2 - مدل سازی 
هـر سـازه دارای اعضایـی بـا ابعـاد مختلف بـوده که بـه یکدیگر متصل می شـوند  مانند تیر، سـتون، سـقف و .... 
بنابرایـن در ایـن مرحلـه هندسـه سـازه را بـرای نرم افـزار مشـخص می کنیـم کـه می توانـد سـازه دوبعـدی و یا 

سـه بعدی و یـا از هـر نوعی باشـد. 

3- اختصاص ویژگی ها 
هـر یـک از اعضـا سـازه دارای ویژگی هایـی بـوده ماننـد  جنـس ، سـطح مقطـع و نـوع اتصـال  و ...  کـه باید به 

هـر عضـو، این ویژگی هـا را اختصـاص داد. 

4 - بارگذاری
بـار هـر عضـو از سـازه نیـز یـک ویژگی سـازه می باشـد کـه باید بـرای هر عضـو تعریف شـود و به دلیـل اهمیت 
زیـاد، آن را جداگانـه بـه عنـوان یـک مرحلـه در نظـر گرفتیـم. بارهـا در سـاختمان دارای انواعی نظیر بـار مرده، 

زنـده، بـاد، زلزلـه، برف، فشـار خـاک، تغییـر دما و ... می باشـند. 

5 - تنظیم و اجرای برنامه 
نرم افزار را باید برای بعضی از سازه هایی که نیاز به تحلیل های خاصی دارند تنظیم و سپس اجرا نمود .

  

  ) ١(تمرين عملی 

  .از وزن كابل ها صرف نظر كنيد  .بدست آوريد SAPبه كمك را  BCو     ABكشش كابل هاي 

  
  

  . پس از اجرا صفحه زير باز ميشود . با كليك روي آيكون آن اجرا كنيد     sapنرم افزار 

  

  

  
  

  

قبل از بازكردن فايل جديد بايد واحد .ستند نيفعال  هاي زيادي چون در ابتداي كار با برنامه هستيم  مطابق شكل بالا آيكون
را روي واحد هاي مورد  واحد نيرو ، واحد طول و واحد دماها را تنظيم نماييم كه مطابق شكل به ترتيب از چپ به راست 
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کار با نرم افزار
نرم افزار SAP را با کلیک روی آیکون آن اجرا کنید. پس از اجرا صفحه زیر باز می شود. 

  

  ) ١تمرين عملی (

  از وزن كابل ها صرف نظر كنيد . بدست آوريد. SAPبه كمك را  BCو     ABكشش كابل هاي 

  
  

  با كليك روي آيكون آن اجرا كنيد . پس از اجرا صفحه زير باز ميشود .     sapنرم افزار 

  

  

  
  

  

قبل از بازكردن فايل جديد بايد واحد ستند .نيفعال  هاي زيادي چون در ابتداي كار با برنامه هستيم  مطابق شكل بالا آيكون
را روي واحد هاي مورد  واحد نيرو ، واحد طول و واحد دماها را تنظيم نماييم كه مطابق شكل به ترتيب از چپ به راست 

چـون در ابتـدای کار بـا برنامـه هسـتیم  مطابـق شـکل بـالا آیکون های زیـادی فعال نیسـتند. قبـل از باز کردن 
فایـل جدیـد بایـد واحد هـا را تنظیـم نماییـم کـه مطابـق شـکل به ترتیـب از چـپ به راسـت واحد نیـرو، واحد 
طـول و واحـد دمـا را روی واحد هـای مـورد نظـر قرار دهیـد . معمولاً اگـر ایـن واحد هـا روی c ، m ، tonf )تن 
نیـرو، متـر و سـانتی گراد( تنظیـم گردنـد مناسـب تر بـه نظـر می رسـد . سـپس آیکـون new model  را بـرای 

شـروع پـروژه جدیـد کلیـک نماییـد تا صفحـه زیر باز شـود . 
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در ایـن صفحـه نمونه هایـی از سـازه های مختلـف وجـود دارد و شـبیه ترین آنهـا بـه پـروژه خـود را می توانیـد 
بـرای تسـهیل در کار انتخـاب نماییـد ودر غیر این صـورت گزینه اول ) بـدون نمونه ( را می توانیـد انتخاب کنید .
در گزینـه دوم خطـوط راهنمـا انتخـاب می شـود . ایـن خطـوط شـبیه خطـوط آکس هسـتند و وجـود خارجی 

ندارنـد و بـرای ترسـیم مـدل بـه کار می روند .
در این مثال از گزینه اول استفاده می کنیم و گزینه های بعدی را در مثال های دیگر به کار می بریم . 

با انتخاب گزینه اول صفحه اصلی SAP باز شده و می توانیم مراحل تحلیل را شروع کنیم .

 
همان طـور کـه مشـاهده می شـود دو پنجـره هم زمـان فعـال می باشـند کـه در پروژه هـای سـه بعدی می تـوان 
یـک نمـا و دیـد سـه بعدی را هم زمـان مشـاهده کرد . با کلیـک روی هـر پنجره آن پنجـره فعال می شـود. برای 
، حتي مي توانيد با كليك روي نماهاي تا آن پنجره بسته شود  كنيدكليك  هر يك از پنجره ها ) ( پنجره مورد نظر بسـته می شـود، حتـی می توانید 

  ) ديد هر پنجره را تغيير دهيد .   xyو يا   yzو  xzمختلف ( 

  

  مصالح :تعريف مرحله اول : 

         

ا تعريف كرد . همان طور كه اشاره شد در سازه هاي معين احتياجي  رلفي تمي توان مصالح مخ define/materialدر منوي 
ولي براي در نظر گرفتن اثر وزن اعضا كه در جاي خود توضيح  به اين مورد نيست و پيش فرض برنامه قابل قبول خواهد . 

زيرا برنامه به صورت اتوماتيك وزن با وزن مخصوص صفر ( بي وزن ) در تعريف مي كنيم .   داده مي شود  يك نوع مصالح
مصالحي كه ما در مدل سازي تعريف مي كنيم محاسبه ميكند . چون كابل ها وزن قابل ملاحظه اي ندارند لذا وزن مخصوص 

  محاسبه مي نمايد به عدد صفر مي رسد .  را برابر صفر تعريف مي كنيم بنابراين با اين ترفند برنامه هم كه وزن را

  
  

  
تعريف مي كنيم و از مشخصات آن فقط وزن واحد جرم  kable٠ در شكل بالا يك ماده جديد به نام  دومبا كليك روي گزينه 

  فر در نظر ميگيريم . صرا برابر 

بسـتن هـر پنجـره با کلیـک روی علامت 
بـا کلیـک روی نماهـای مختلـف )xz و yz و یـا xy( دیـد هر پنجـره را تغییر دهید.

مرحله اول- تعریف مصالح    
در منـوی define/material می تـوان مصالـح مختلفـی را تعریـف کـرد. در ایـن مثـال برای در نظـر گرفتن اثر 
وزن اعضـا کـه در جـای خـود توضیـح  داده می شـود یـک نوع مصالـح با وزن مخصـوص صفر )بـی وزن( تعریف 
می کنیـم زیـرا برنامـه بـه صـورت اتوماتیـک وزن مصالحـی کـه مـا در مدل سـازی تعریـف کرده ایم را محاسـبه 
می کنـد. چـون کابل هـا وزن قابـل ملاحظـه ای ندارند لـذا وزن مخصوص را برابـر صفر تعریف می کنیـم بنابراین 

بـا ایـن ترفنـد برنامـه هـم کـه وزن را محاسـبه می نماید بـه عدد صفر می رسـد. 
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بـا کلیـک روی گزینـه دوم در شـکل بـالا یک مـاده جدید به نـام  cable0 تعریـف می کنیم و از مشـخصات آن 
فقـط وزن واحـد حجـم را برابـر صفر در نظـر می گیریم. 

اکنـون در منـوی Define/section property/frame section/add new property یـک مقطـع دلخـواه به 
نـام cable می سـازیم کـه مصالـح آن از نـوع cable0 بوده و دارای وزن نیسـت.
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مرحله دوم- مدل سازی
)خطـوط   y و   x گریدهـای  بایـد  مدل سـازی  بـرای 
راهنمـا( ایجاد شـوند بنابراین شـکل را بـه صورت زیر 

تبدیـل می کنیـم. 

اکنـون در محیـط SAP و در یـک جـای دلخـواه کلیک راسـت کنیـد و گزینـه اول Edit Grid Dat  )ویرایش 
گرید هـا( را انتخـاب کنیـد. ادامـه مراحل در شـکل های زیر  نشـان داده شـده اسـت. 

تفکر
این شکل چگونه ایجاد شده است؟

پس از کلیک روی گزینه  Modify/show SyStem صفحه زیر بازشده  آنها را تکمیل می کنیم. 
بـرای تکمیـل ایـن جـدول می تـوان از دو حالـت ordinate و spacing اسـتفاده کـرد که شـکل زیر بر اسـاس 
spacing و بـا توجـه بـه شـکل مسـئله یـا سـؤال و اندازه هـای روی آن انجـام شـده اسـت و می توانـد تکمیـل 

جـدول بـه حالـت ordinate تغییـر یابد. 



62

پـس از تکمیـل جـدول فـوق  ok  نمـوده و از آن خـارج شـده و نتیجه را ببینید در صورتی که اشـکالی داشـته 
باشـد می توانیـد مجـدداً بـا کلیک راسـت روی صفحـه و انتخـاب Edit Grid Dat ویرایـش لازم را انجام دهید.

 در صورتـی کـه گرید بنـدی درسـت انجام شـده باشـد برای تکمیل مدل سـازی بایـد اعضا AB و BC  را رسـم 
کنیم 

در برنامه SAP اعضای سازه ای که ما بیشتر با آنها سر و کار داریم عبارت اند از:  
      1- اعضای نقطه ای مانند ذرات مادی 

      2- اعضای خطی مانند تیرها ، ستون ها و بادبند ها و ...
      3- اعضای سطحی مانند انواع سقف ها ، دیوار برشی و ... 

در ایـن مثـال کابل هـا از نـوع اعضـا خطـی هسـتند آیکون های ترسـیمی در سـمت چـپ صفحـه قراردارند که 
در شـکل زیـر توضیحـات مختصـری در مـورد هر یک داده شـده اسـت.
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 کافی اسـت تقاطع 

   كه ما با بيشتر سر و كار داريم عبارتند از : اعضا سازه اي    SAPدر برنامه 

  ات مادي نقطه اي  مانند ذراعضا  – 1      

  خطي  مانند تير ها ، ستونها و بادبند ها  و.... اعضا  – 2      

  اعضا سطحي  مانند انواع سقف ها ، ديوار برشي و ...  – 3      

آيكون هاي ترسيمي در سمت چپ صفحه قراردارند كه در شكل زير توضيحات در اين مثال كابل ها از نوع اعضا خطي هستند 
 مختصري در مورد هر يك داده شده است .

 

  

  

)    كافيست تقاطع دو گريد            بنابراين براي ترسيم كابل ها از ترسيم اعضا خطي استفاده مي شود . در آيكون   (
            و در آيكون  (ها را فعال كرد تا ترسيم دقيق باشد   snapدر اين حالت بايد را كليك كنيد  ABابتدا و انتهاي كابل 

  را كليك نماييد .   B و   A)  كافيست مابين دو نقطه 

  توجه :

با كليك آيكون ترسيمي هر عنصر جعبه اي همراه آن باز شده كه مي توان قبل از ترسيم ويژگي هاي آن را نيز مانند  - 1
  وارد مي كنيم . cable٠در اين مثال جنس مصالح را مقطع و نوع مصالح و ...اختصاص داد  . 

هم   ESCAPر مي يابد و به صورت فلش عمودي در خواهد آمد و با فشار دكمه تغيي  CROSERدر مد ترسيم شكل  – 2
             و يا از آيكون ( ميتوان از مد ترسيم خارج شد   . استفاده كرد   set select mode)  با عنوان 

بنابرایـن بـرای ترسـیم کابل ها از ترسـیم اعضای خطی اسـتفاده می شـود . در آیکون 
دو گریـد ابتـدا و انتهـای کابـل AB را کلیـک کنیـد در این حالـت باید snap  هـا را فعال کرده تا ترسـیم دقیق 

 کافی اسـت مابیـن دو نقطـۀ A و B را کلیک نمایید. 

   كه ما با بيشتر سر و كار داريم عبارتند از : اعضا سازه اي    SAPدر برنامه 

  ات مادي نقطه اي  مانند ذراعضا  – 1      

  خطي  مانند تير ها ، ستونها و بادبند ها  و.... اعضا  – 2      

  اعضا سطحي  مانند انواع سقف ها ، ديوار برشي و ...  – 3      

آيكون هاي ترسيمي در سمت چپ صفحه قراردارند كه در شكل زير توضيحات در اين مثال كابل ها از نوع اعضا خطي هستند 
 مختصري در مورد هر يك داده شده است .

 

  

  

)    كافيست تقاطع دو گريد            بنابراين براي ترسيم كابل ها از ترسيم اعضا خطي استفاده مي شود . در آيكون   (
            و در آيكون  (ها را فعال كرد تا ترسيم دقيق باشد   snapدر اين حالت بايد را كليك كنيد  ABابتدا و انتهاي كابل 

  را كليك نماييد .   B و   A)  كافيست مابين دو نقطه 

  توجه :

با كليك آيكون ترسيمي هر عنصر جعبه اي همراه آن باز شده كه مي توان قبل از ترسيم ويژگي هاي آن را نيز مانند  - 1
  وارد مي كنيم . cable٠در اين مثال جنس مصالح را مقطع و نوع مصالح و ...اختصاص داد  . 

هم   ESCAPر مي يابد و به صورت فلش عمودي در خواهد آمد و با فشار دكمه تغيي  CROSERدر مد ترسيم شكل  – 2
             و يا از آيكون ( ميتوان از مد ترسيم خارج شد   . استفاده كرد   set select mode)  با عنوان 

باشـد و در آیکـون 

مرحله سوم- اختصاص ویژگی ها 
در ایـن مرحلـه می تـوان ویژگی هـای هـر عضـو ماننـد نـوع اتصـال آن، جنـس مصالح و شـکل مقطـع و ... را به 

آن عضـو اختصاص داد .
ابتـدا بـا کیـک روی هـر عضـو ویـا کشـیدن کادر اطـراف آن ، عضـو مربوطـه را انتخـاب می کنیـم )عضوهـای  
انتخـاب شـده موقتـاً حالـت خط چین پیـدا می کنند ( و سـپس از منـوی Assign ویژگی هـای لازم را اختصاص 

می دهیـم در ایـن مثـال بایـد انتهـای هـر دو عضـو مفصلی باشـند کـه در شـکل زیـر مراحـل را می بینید .

1- بـا کلیـک آیکون ترسـیمی هر عنصـر، جعبه ای همراه آن باز شـده که می توان قبل از ترسـیم ویژگی های نکته
آن را نیـز ماننـد مقاطـع و ... اختصاص داد. در این مثال جنـس مصالح را cable وارد می کنیم.

2- در مُـد ترسـیم شـکل Crosshair تغییـر می یابـد و بـه صـورت فلـش عمـودی در خواهـد آمـد. با فشـار 
 set select mode بـا عنـوان 

هم   ESCAPتغيير مي يابد و به صورت فلش عمودي در خواهد آمد و با فشار دكمه   CROSERدر مد ترسيم شكل  – 2
             (و يا از آيكون  ميتوان از مد ترسيم خارج شد   . استفاده كرد   set select modeبا عنوان )  

  

  اختصاص ويژگي ها :  سوم مرحله 

  به آن عضو اختصاص داد .... در اين  مرحله مي توان ويژگي  هاي هر عضو مانند نوع اتصال آن ، جنس مصالح و مقطع و

عضوهاي  انتخاب شده موقتا حالت (ابتدا با كيك روي هر عضو ويا كشيدن كادر اطراف آن ، عضو مربوطه را انتخاب مي كنيم 
اختصاصات لازم را انجام دهيم در اين مثال بايد انتهاي هر دو عضو  Assignو سپس از منوي ) خط چين پيدا مي كنند 

  .كه در شكل  زير مراحل را مي بينيد  مفصلي باشند 

  

  

Frame/Releases/Partial Fixity                                                                                                            

 

  را با يكديگر مقايسه كنيد   autocadو   sapانتخاب اعضا در :  سوال 

دکمـۀ ESCAP هـم می تـوان از مـد ترسـیم خـارج شـد و یا از آیکـون 
اسـتفاده کرد.

انتخاب اعضا در SAP و AutoCAD را با یکدیگر مقایسه کنید. فعالیت 
کلاسی4
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                                                                                                           Frame/Releases/Partial Fixity

پـس از کلیـک روی Partial Fixity صفحـه زیـر بـاز می شـود کـه می تـوان هر عضـو را در ابتـدا و انتهای خود 
در برابـر چرخـش حـول محـور قـوی و ضعیف آن را با نشـاندن تیـک در مربع مربوطـه آزاد کرد .

هنـگام ترسـیم عضـو خطـی، گرهـی کـه ابتـدا کلیـک می شـود، ابتـدا و دیگـری انتهـای عضـو خواهـد بـود  نکته
بنابرایـن شـروع و انتهـای عضـو بسـتگی بـه نحـوه ترسـیم حیـن مدل سـازی دارد .

در ایـن برنامـه بـرای هـر مقطـع یک محـور قوی وجـود دارد کـه آن را به نام محـور 3-3 می شناسـد و محور 
طولـی عضـو محـور 1-1 می باشـد بنابرایـن محـور 2 - 2 محور ضعیـف خواهد بود .

در شـکل زیـر محورهـای یـک تیـر را بـا رنگ مربوطـه در برنامـه SAP می بینید . درایـن  برنامـه  محورهای هر 
 set display option در منوی 

صفحه زير باز مي شود كه ميتوان هر عضو را در ابتدا و انتهاي خود در برابر چرخش حول  Partial Fixityپس از كليك روي 
  قوي و ضعيف با نشاندن تيك در مربع مربوطه آزاد كرد .

تذكر :  در مقع ترسيم عضو خطي گرهي كه ابتدا كليك مي شود  ابتدا و ديگري انتها خواهد بود  بنابراين شروع و انتهاي عضو 
  حوه ترسيم حين مدل سازي دارد .بستگي به ن

- 1مي شناسد و محور طولي عضو محور  3 – 3در اين برنامه براي هر مقطع يك محور قوي وجود دارد كه آن را به نام محور 
  محور ضيف خواهد بود . 2 – 2مي باشد بنابراين محور  1

بسياري ديگر  و. دراين  برنامه  محور هاي هر عضو مي بينيد  sapدر شكل زير محورهاي يك تير را با رنگ مربوطه در برنامه 
 ( set display option  در منوي بالاي صفحه مي توانيد             از مشخصات گره ها و اعضا را با كليك روي آيكون (

  ببينيد .

 

 

  

   آن ببينيد . را باز نموده و تعدادي از مشخصات پروژه را در set display optionآيكون تمرين :

عضـو و بسـیاری دیگـر از مشـخصات گره ها و اعضا را بـا کلیک روی آیکـون 
بـالای صفحـه می توانیـد ببینیـد . از جمله شـمارۀ گره ، اعضـا و ابتدا و انتهـای عضو و ...
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 set display option را باز نموده و تعدادی از مشخصات پروژه را در آن ببینید.

صفحه زير باز مي شود كه ميتوان هر عضو را در ابتدا و انتهاي خود در برابر چرخش حول  Partial Fixityپس از كليك روي 
  قوي و ضعيف با نشاندن تيك در مربع مربوطه آزاد كرد .

تذكر :  در مقع ترسيم عضو خطي گرهي كه ابتدا كليك مي شود  ابتدا و ديگري انتها خواهد بود  بنابراين شروع و انتهاي عضو 
  حوه ترسيم حين مدل سازي دارد .بستگي به ن

- 1مي شناسد و محور طولي عضو محور  3 – 3در اين برنامه براي هر مقطع يك محور قوي وجود دارد كه آن را به نام محور 
  محور ضيف خواهد بود . 2 – 2مي باشد بنابراين محور  1

بسياري ديگر  و. دراين  برنامه  محور هاي هر عضو مي بينيد  sapدر شكل زير محورهاي يك تير را با رنگ مربوطه در برنامه 
 ( set display option  در منوي بالاي صفحه مي توانيد             از مشخصات گره ها و اعضا را با كليك روي آيكون (

  ببينيد .

 

 

  

   آن ببينيد . را باز نموده و تعدادي از مشخصات پروژه را در set display optionآيكون تمرين :

آیکون  فعالیت 
کلاسی5

مرحله چهارم- بارگذاری  
در ایـن مثـال یـک بـار متمرکـز  500 تـن نیرویـی وجـود دارد که به گـره B وارد می شـود و در جهـت مخالف 

محـور z  ها می باشـد . 
بنابرایـن بـا کلیـک روی گـرۀ B  آن را انتخـاب و از منـوی Assign قسـمت Joint Load و Force بـار را 

اختصـاص می دهیـم. در صفحـه بعـدی مقـدار بـار در جهـت مـورد نظـر مشـاهده می گـردد. 
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بـا اتمـام بارگـذاری، سـازه آمـاده تحلیـل می باشـد . قبـل از آنکـه تحلیـل انجـام شـود بایـد درسـتی مـدل و 
ویژگی هـای ختصـاص یافتـه بررسـی شـود تا اشـتباهات احتمالـی حذف گـردد . برای ایـن منظـور روی یکی از 
اعضـا مثاًل AB راسـت کلیـک می کنیـم کـه متعاقبـاً صفحـه ای باز می شـود کـه کلیه مشـخصات عضـو در آن 
لیسـت شـده اسـت . تـا زمانـی کـه صفحـه بـاز اسـت عضو مـورد نظـر چشـمک زن شـده کـه یـادآوری می کند 
مشـخصات کـدام عضـو نمایـش داده شـده اسـت . ایـن صفحـه دارای چنـد TAB بـوده کـه هـر یک مربـوط به 

یکـی ازمراحـل کاری می باشـد .
با کلیک روی هر مورد می توان در صورت لزوم آن را تغییر داد .

 نتیجه بارگذاری در شکل نمایش داده می شود. 
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بـرای تحلیـل از منـوی Analyse اسـتفاده می شـود و ابتـدا باید تنظیمـات لازم را انجـام داد. نکتـه قابل توجه 
اینکـه در حیـن آنالیـز برنامـه SAP فایل هـای زیـادی را تولیـد می کند بنابرایـن قبل از تحلیل، مـدل را در یک 
پوشـه خاصـی ذخیـره کنیـد تا بـا دیگر فایل های شـما تداخـل ننماید . فایـل اصلـی )اجرایی( SAP  با پسـوند 

sdb. ذخیره می شـود . 

در صورتـی کـه در حیـن آنالیـز خطایـی ایجـاد نشـود تحلیـل پایـان یافته اسـت و برای مشـاهده نتایـج تحلیل 
بـه صـورت زیـر عمل می شـود . 

تحلیل سازه
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بـا نزدیـک کـردن مـوس بـه هـر عضو مقـدار نیـروی محـوری در هر نقطـه ای که مـوس قـرار دارد، نشـان داده 
می شـود. در صورتی کـه بخواهیـم ایـن نمـودار را جداگانـه داشـته باشـیم بـا راسـت کلیـک روی عضـو، این امر 

امـکان پذیر خواهـد بود. 

در سـازه های کابلـی چـون فقـط نیـروی محـوری داریـم، بنابرایـن در شـکل بـالا )Axial Force( را انتخـاب 
می کنیـم تـا نیـروی محـوری اعضـای خطـی را نمایـش دهـد نتیجـه بـه صـورت زیر اسـت .
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چنانچـه در مسـئله مشـکلی وجود داشـته باشـد و لازم باشـد تغییراتـی ایجاد شـود و مجدداً تحلیل گـردد باید 
قفـل آنالیـز بـاز شـده و ایـن کار صـورت پذیـرد چـون پـس از هـر بـار تحلیل برنامـه مـدل را قفـل  می نماید و 

امـکان تغییـرات را نمی دهد. 

در صورتی که بخواهید از مدل مسئله خود پرینت تهیه کنید از شکل زیر استفاده کنید. 
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یک نمونه از خروجی که از منوی Display / Show  table تهیه شده است در شکل زیر دیده می شود.
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الگوی ارزشیابی پودمان بررسی تعادل اجسام
تکالیف عملکردی

استانداردنتایجاستاندارد عملکرد)شایستگی ها(
نمره)شاخص ها، داوری، نمره دهی(

تعادل جسم صلب و نقطه پایداری نقطه مادی
مادی را به کمک قوانین 
نیوتن و روابط مکانیک 

برداری تعیین کند.

تعیین نیروهای وارد بر جسم و به دست بالاتر از حد انتظار
3آوردن آنها

در حد انتظار
2تشکیل معادلات تعادل)کسب شایستگی(

پایین تر از انتظارتعادل اجسام صلب
1ترسیم پیکره آزاد)عدم احراز شایستگی(

نمره مستمر از 5

نمره شایستگی پودمان از 3

نمره پودمان از 20

ارزشـیابی در ایـن درس براسـاس شایسـتگی اسـت. برای هـر پودمان یك نمره مسـتمر )از 5 نمـره( و یك نمره 
شایسـتگی پودمـان )نمـرات 1، 2 یـا 3( بـا توجـه به اسـتاندارد های عملكرد جـداول ذیل برای هـر هنرجو ثبت 
مـی گـردد. امـكان جبـران پودمـان هـای در طـول سـال تحصیلـی بـرای هنرجویـان و بر اسـاس برنامـه ریزی 

هنرسـتان وجود دارد.

ارزشیابی

کشش کابل های AB و AC را در شکل زیر به دست آورید.  فعالیت 
کلاسی6
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ابتكار پل خیبر-طولاني‌ترين پل شناور نظامي جهان
شايد بتوان منشأ پيشرفت ايران در سدسازي و پل سازي را در تلاش جهادگران 
در جبهه هاي غرب و جنوب جست و جو کرد. شرايط اقليمي ايران به گونه اي 

است كه هر منطقه نيازمند طراحي پل منحصر به فرد خود است.
به طور مثال رودخانه هاي غرب كشور به دليل دره هاي شيب دار و عميق، خروشان 
و ناآرام با بعضي مناطق گسترده و پرآب رودهاي جنوب و در عين حال باتلاقي 
تفاوت داشت. بنابراين روش ساخت پل در عمليات ها در اين دو منطقه متفاوت 

است.
در دوران جنگ، عبور دادن تعداد زيادي از نيروها از باتلاق ها و نهرها و رودخانه هاي 
كوچك و بزرگ هر كدام تكنكيي خاص مي طلبيد كه تلاش جهادگران در ساخت 

پل هاي فايبرگلاس، پل هاي شناور، پلكيا، فرش هاي باتلاقي، سرعت عبور نيروها را در شب هاي عمليات با 
كمترين تلفات بالا مي برد.

پل خيبر، پل بعثت، پل هاي متحرك و معلق در جنوب و غرب كشور ازجمله شاخص ترين پل هاي ساخته 
شده در دوران دفاع مقدس هستند.

پل خيبر كه از آن به عنوان كيي از شاهكارهاي مهندسي جنگ نام برده مي شود، بزرگ ترين پل شناور دنيا به 
طول 13 يكلومتر با عرض 3 متر و 2 متر بال محافظ است كه بر روي هور زده شد تا بتوان ارتباط بين جزير‌ۀ 

مجنون و ساحل خودي را برقرار نمود. 
مبدع اصلی این طرح، مهندس بهروز پورشريفي بود. او احداث پل معلقي را كه بتواند به صورت سريع نصب شود 
از طريق فشرده كردن يونوليت‌ها و انداختن كي ورق فلزي آج‌دار بر روي آنها، پيشنهاد كرد. پس از ساخت اولیۀ 
پل، آزمایشات آن در دریاچۀ مصنوعی آزادی صورت پذیرفت و تکمیل تر شد. عناصر طراح تحقيقاتي در جريان 
كل عمليات قرار گرفته بودند و با حضور در منطقه، طراحي فني واقعي صورت پذيرفت. به طور مثال مهار كردن 

پل به وسیلۀ لنگر پیشنهاد شد ولی در عمل، نی های منطقه مانند لنگر عمل می کردندو لنگر لازم نشد.
پايان  از  را پس  تردد رزمندگان اسلام  توانست مشكل  احداث گرديد كه  براي عبور خودروهاي سبك  پلي 
از  پايين مي‌رفت.  و  بالا  پايين رفتن آب هور،  و  بالا  با  بود كه  اين پل آن  نمايد. مزيت  عمليات خيبر حل 
سوي ديگر چنانچه هر قسمت از پل به وسيلۀ هواپيما‌ها و يا آتش دشمن منهدم مي‌گرديد بلافاصله توسط 

رزمندگان جهاد سازندگي بازسازي مي‌شد.
 پل خیبر تجربۀ شیرینی بود چرا که تمام کشور درگیر آن بود و تحقیقی انحصاری بود. حدود 20 کارخانه 
شبانه روز کار می کردند و به خودکفایی کمک شد. اساتید دانشگاه، پروژه را کنترل می کردند و ارزش تحقیقات 
در کشور جا افتاد و مسئولین متوجه شدند توان فعالیت های نوین در کشور وجود دارد. از همه مهم تر، مدیریت 

کار جمعی و جهادی شکل گرفت و ساخت این پل حدود دوماه زمان برد.
نصب پل خیبر روي آب هاي هور، كيي از موفقيت هاي مهم مهندسی و نظامي به شمار مي رفت كه در نوع 
خود بي سابقه بود. اين مسئله، مورد توجه منابع غربي نيز قرار گرفت. خبرگزاري فرانسه گزارش داد: »به گفتۀ 

مسئولين دولتي آمريکا، دست يافتن به پل قايقي با چنين طولي، در تاريخ نظامي مدرن بي سابقه است«.
در زیر تصاویری از این پل آمده است.

مهندس بهروز پورشریفی

بیشتر 
بدانیم 
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تحلیل خرپا واحد یادگیری     5

مقدمه
سـازه های سـاختمانی شـامل انواع سـازه های قابی، سـازه های پوسـته ای، سـازه های کابلی وسـازه های خرپایی 

می باشد.
به هر عضو یا مجموعه ای از اعضا که نیروی وارد شده به آن  را تحمل نموده و منتقل نماید، سازه گفته می شود.

بنابراین تیرها، ستون ها، بادبندها و ... نیز نوعی سازه می باشند.
منظـور از تحلیـل سـازه، بررسـی پایداری سـازه، تعییـن عکس العمل های تکیه گاهـی، نیروهای داخلـی و تغییر 
شـکل سـازه تحـت تأثیـر نیروهـای خارجـی وارد بـه آن می باشـد کـه درپودمـان دوم کتـاب راجـع بـه تعییـن 
عکس العمل هـا بحـث شـد و در ایـن پودمـان تنهـا بـه تعییـن نیروهای داخلـی در اعضـای خرپاهـای صفحه ای 

و تیرها بسـنده می شـود.

C EA

B D

عضو AB خرپا

گرة خرپا

)Truss( 5 - 1 - خرپا
خرپاهـا سـازه هایی هسـتند متشـکل از اعضـا )میله هایـی( کـه در دو انتهـای خـود به صـورت مفصـل )پین( به 

یکدیگـر متصـل شـده و عموماً تشـکیل شـبکه های مثلثـی می دهند.

خرپاها به طور کلی به دو گروه تقسیم می شوند.
1- خرپاهـای صفحـه ای: خرپاهایـی هسـتند کـه فرم پایه آنها تشـکیل شـده از سـه عضـو )میله( و سـه گره 
)پیـن یـا مفصـل( کـه در یـک صفحـه واقع شـده و بـا افـزودن دو عضـو و یک گـره جدیـد گسـترش می یابند. 

)1 )شکل 

5 - 1 - 1- انواع خرپا 

 شکل 1 
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4/5 Space Trusses
A space truss is the three-dimensional counterpart of the plane

truss described in the three previous articles. The idealized space truss
consists of rigid links connected at their ends by ball-and-socket joints
(such a joint is illustrated in Fig. 3/8 in Art. 3/4). Whereas a triangle of
pin-connected bars forms the basic noncollapsible unit for the plane
truss, a space truss, on the other hand, requires six bars joined at their
ends to form the edges of a tetrahedron as the basic noncollapsible unit.
In Fig. 4/13a the two bars AD and BD joined at D require a third sup-
port CD to keep the triangle ADB from rotating about AB. In Fig. 4/13b
the supporting base is replaced by three more bars AB, BC, and AC to
form a tetrahedron not dependent on the foundation for its own rigidity.

We may form a new rigid unit to extend the structure with three ad-
ditional concurrent bars whose ends are attached to three fixed joints on
the existing structure. Thus, in Fig. 4/13c the bars AF, BF, and CF are
attached to the foundation and therefore fix point F in space. Likewise
point H is fixed in space by the bars AH, DH, and CH. The three addi-
tional bars CG, FG, and HG are attached to the three fixed points C, F,
and H and therefore fix G in space. The fixed point E is similarly cre-
ated. We see now that the structure is entirely rigid. The two applied
loads shown will result in forces in all of the members. A space truss
formed in this way is called a simple space truss.

Ideally there must be point support, such as that given by a ball-
and-socket joint, at the connections of a space truss to prevent bend-
ing in the members. As in riveted and welded connections for plane
trusses, if the centerlines of joined members intersect at a point, we
can justify the assumption of two-force members under simple tension
and compression.

Statically Determinate Space Trusses
When a space truss is supported externally so that it is statically de-

terminate as an entire unit, a relationship exists between the number of
its joints and the number of its members necessary for internal stability
without redundancy. Because the equilibrium of each joint is specified by
three scalar force equations, there are in all 3j such equations for a space
truss with j joints. For the entire truss composed of m members there are
m unknowns (the tensile or compressive forces in the members) plus six
unknown support reactions in the general case of a statically determinate
space structure. Thus, for any space truss, the equation m � 6 � 3j will be
satisfied if the truss is statically determinate internally. A simple space
truss satisfies this relation automatically. Starting with the initial tetra-
hedron, for which the equation holds, the structure is extended by adding
three members and one joint at a time, thus preserving the equality.

As in the case of the plane truss, this relation is a necessary condi-
tion for stability, but it is not a sufficient condition, since one or more
of the m members can be arranged in such a way as not to contribute
to a stable configuration of the entire truss. If m � 6 � 3j, there are
more members than there are independent equations, and the truss is
statically indeterminate internally with redundant members present.
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4/5
Space Trusses

A
space truss

is the three-dim
ensional counterpart of the plane

truss described in the three previous articles. The idealized space truss

consists of rigid links connected at their ends by ball-and-socket joints

(such a joint is illustrated in Fig. 3/8 in Art. 3/4). W
hereas a triangle of

pin-connected bars form
s the basic noncollapsible unit for the plane

truss, a space truss, on the other hand, requires six bars joined at their

ends to form
 the edges of a tetrahedron as the basic noncollapsible unit.

In Fig. 4/13a
the tw

o bars AD
and

BD
joined at D

require a third sup-

port CD
to keep the triangle AD

B
from

 rotating about AB. In Fig. 4/13b

the supporting base is replaced by three m
ore bars AB, BC, and AC

to

form
 a tetrahedron not dependent on the foundation for its ow

n rigidity.

W
e m

ay form
 a new

 rigid unit to extend the structure w
ith three ad-

ditional concurrent bars w
hose ends are attached to three fixed joints on

the existing structure. Thus, in Fig. 4/13c
the bars AF, BF, and CF

are

attached to the foundation and therefore fix point F
in space. Likew

ise

point
H

is fixed in space by the bars AH
, D

H
, and CH

. The three addi-

tional bars CG
, FG

, and H
G

are attached to the three fixed points C, F,

and
H

and therefore fix G
in space. The fixed point E

is sim
ilarly cre-

ated. W
e see now

 that the structure is entirely rigid. The tw
o applied

loads show
n w

ill result in forces in all of the m
em

bers. A space truss

form
ed in this w

ay is called a sim
ple space truss.

Ideally there m
ust be point support, such as that given by a ball-

and-socket joint, at the connections of a space truss to prevent bend-

ing in the m
em

bers. As in riveted and w
elded connections for plane

trusses, if the centerlines of joined m
em

bers intersect at a point, w
e

can justify the assum
ption of tw

o-force m
em

bers under sim
ple tension

and com
pression.

Statically Determ
inate Space Trusses

W
hen a space truss is supported externally so that it is statically de-

term
inate as an entire unit, a relationship exists betw

een the num
ber of

its joints and the num
ber of its m

em
bers necessary for internal stability

w
ithout redundancy. Because the equilibrium

 of each joint is specified by

three scalar force equations, there are in all 3j such equations for a space

truss w
ith j joints. For the entire truss com

posed of m
m
em

bers there are

m
unknow

ns (the tensile or com
pressive forces in the m

em
bers) plus six

unknow
n support reactions in the general case of a statically determ

inate

space structure. Thus, for any space truss, the equation m
�

6
�

3j w
ill be

satisfied if the truss is statically determ
inate internally. A sim

ple
space

truss satisfies this relation autom
atically. Starting w

ith the initial tetra-

hedron, for w
hich the equation holds, the structure is extended by adding

three m
em

bers and one joint at a tim
e, thus preserving the equality.

As in the case of the plane truss, this relation is a necessary condi-

tion for stability, but it is not a sufficient condition, since one or m
ore

of the m
m
em

bers can be arranged in such a w
ay as not to contribute

to a stable configuration of the entire truss. If m
�

6
�

3j, there are

m
ore m

em
bers than there are independent equations, and the truss is

statically indeterm
inate internally w

ith redundant m
em

bers present.
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2- خرپاهـای فضایی: بـه خرپاهایی گفته می شـود 
کـه فرم پایه آنها تشـکیل شـده از شـش عضـو و چهار 
گـره کـه یک شـبکه فضایـی سـاخته و با افزودن سـه 
عضـو و  یـک گـره جدیـد گسـترش می یابند. )شـکل 

)2

5 - 1-2- شکل خرپاها
ــه ای  ــای صفح ــد خرپاه ــه ش ــه گفت ــور ک همان ط
از تعــدادی شــبکه مثلثــی تشــکیل می یابنــد و 
دلیــل اســتفاده از هندســة مثلثــی در آنهــا، پایــداری 
ــه ســایر اشــکال هندســی  هندســی مثلــث نســبت ب
می باشــد. چــرا کــه در مثلــث تغییــر زاویــه مشــروط 
بــه تغییــر طــول اضــاع آن می باشــد و ایــن تغییــر در 
هندســة مثلثــی خرپاهــا بــه ســادگی اتفــاق نمی افتــد 
درحالی کــه در یــک هندســة چهارضلعــی بــدون 
تغییــر طــول اضــاع آن هــا تغییــر شــکل بــه راحتــی 

ــرد. ــورت می پذی ص

2316.3 SIMPLE TRUSSES
Consider the truss of Fig. 6.6a, which is made of four members con-
nected by pins at A, B, C, and D. If a load is applied at B, the truss 
will greatly deform, completely losing its original shape. In contrast, 
the truss of Fig. 6.6b, which is made of three members connected 
by pins at A, B, and C, will deform only slightly under a load applied 
at B. The only possible deformation for this truss is one involving 
small changes in the length of its members. The truss of Fig. 6.6b 
is said to be a rigid truss, the term rigid being used here to indicate 
that the truss will not collapse.

†The three joints must not be in a straight line.

Fig. 6.6
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 As shown in Fig. 6.6c, a larger rigid truss can be obtained by 
adding two members BD and CD to the basic triangular truss of 
Fig. 6.6b. This procedure can be repeated as many times as desired, 
and the resulting truss will be rigid if each time two new members 
are added, they are attached to two existing joints and connected at 
a new joint.† A truss which can be constructed in this manner is 
called a simple truss.
 It should be noted that a simple truss is not necessarily made 
only of triangles. The truss of Fig. 6.6d, for example, is a simple truss 
which was constructed from triangle ABC by adding successively the 
joints D, E, F, and G. On the other hand, rigid trusses are not always 
simple trusses, even when they appear to be made of triangles. The 
Fink and Baltimore trusses shown in Fig. 6.5, for instance, are not 
simple trusses, since they cannot be constructed from a single trian-
gle in the manner described above. All the other trusses shown in 
Fig. 6.5 are simple trusses, as may be easily checked. (For the K 
truss, start with one of the central triangles.)
 Returning to Fig. 6.6, we note that the basic triangular truss of 
Fig. 6.6b has three members and three joints. The truss of Fig. 6.6c 
has two more members and one more joint, i.e., five members and 
four joints altogether. Observing that every time two new members 
are added, the number of joints is increased by one, we find that in 
a simple truss the total number of members is m 5 2n 2 3, where 
n is the total number of joints.

6.3 Simple Trusses

Photo 6.2 Two K-trusses were used as the 
main components of the movable bridge shown 
which moved above a large stockpile of ore. 
The bucket below the trusses picked up ore and 
redeposited it until the ore was thoroughly mixed.
The ore was then sent to the mill for processing 
into steel.
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شـکل های )3( و )4( را بـا قطعـات چوبـی و اتصـال مفصلـی بسـازید و بـا اعمـال نیـروی متناسـب، عملکرد 
آنهـا را بـا یکدیگـر مقایسـه نمایید.

فعالیت 
عملی1

بـرای تأمیـن پایـداری سـازه فـوق کافـی اسـت عضـو 
قطـری BC را بـه آن بیفزاییـم و چهـار ضلعی را به دو 

مثلـث تبدیـل نماییم. )شـکل 4(

2316.3 SIMPLE TRUSSES
Consider the truss of Fig. 6.6a, which is made of four members con-
nected by pins at A, B, C, and D. If a load is applied at B, the truss 
will greatly deform, completely losing its original shape. In contrast, 
the truss of Fig. 6.6b, which is made of three members connected 
by pins at A, B, and C, will deform only slightly under a load applied 
at B. The only possible deformation for this truss is one involving 
small changes in the length of its members. The truss of Fig. 6.6b 
is said to be a rigid truss, the term rigid being used here to indicate 
that the truss will not collapse.

†The three joints must not be in a straight line.
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 As shown in Fig. 6.6c, a larger rigid truss can be obtained by 
adding two members BD and CD to the basic triangular truss of 
Fig. 6.6b. This procedure can be repeated as many times as desired, 
and the resulting truss will be rigid if each time two new members 
are added, they are attached to two existing joints and connected at 
a new joint.† A truss which can be constructed in this manner is 
called a simple truss.
 It should be noted that a simple truss is not necessarily made 
only of triangles. The truss of Fig. 6.6d, for example, is a simple truss 
which was constructed from triangle ABC by adding successively the 
joints D, E, F, and G. On the other hand, rigid trusses are not always 
simple trusses, even when they appear to be made of triangles. The 
Fink and Baltimore trusses shown in Fig. 6.5, for instance, are not 
simple trusses, since they cannot be constructed from a single trian-
gle in the manner described above. All the other trusses shown in 
Fig. 6.5 are simple trusses, as may be easily checked. (For the K 
truss, start with one of the central triangles.)
 Returning to Fig. 6.6, we note that the basic triangular truss of 
Fig. 6.6b has three members and three joints. The truss of Fig. 6.6c 
has two more members and one more joint, i.e., five members and 
four joints altogether. Observing that every time two new members 
are added, the number of joints is increased by one, we find that in 
a simple truss the total number of members is m 5 2n 2 3, where 
n is the total number of joints.

6.3 Simple Trusses

Photo 6.2 Two K-trusses were used as the 
main components of the movable bridge shown 
which moved above a large stockpile of ore. 
The bucket below the trusses picked up ore and 
redeposited it until the ore was thoroughly mixed.
The ore was then sent to the mill for processing 
into steel.
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F

بـا توجـه بـه شـکل )3( دیده می شـود کـه در چهارضلعـی ABCD که اضلاع آن به صـورت مفصل یـا پین به 
هـم متصـل شـده اند بـا وارد آوردن نیـروی نه چنـدان بـزرگ F به راحتـی دچـار تغییرشـکل شـده و نقطه B به 

C منتقـل می شـود، بنابرایـن سـازه ناپایـدار بوده و این مسـئله نامطلوب اسـت. ´B و C بـه́ 

 شکل 2 

 شکل 3 

 شکل 4 
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5 - 1 - 3- فرضیات تحلیل خرپاها
منظـور از تحلیـل خرپـا، تعییـن نیـروی داخلـی هـر عضـو خرپـا و محاسـبة عکس العمل هـای تکیه گاهـی آن 

می باشـد و مبتنـی بـر فرضیاتـی بـه شـرح ذیل اسـت: 
1- نیروهای خارجی وارد بر خرپا در صفحه خرپا و در محل گره ها به آن اعمال می شود. )شکل 5(
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force at each end of the member. Each member can then be treated 
as a two-force member, and the entire truss can be considered as a 
group of pins and two-force members (Fig. 6.2b). An individual 
member can be acted upon as shown in either of the two sketches 
of Fig. 6.4. In Fig. 6.4a, the forces tend to pull the member apart, 
and the member is in tension; in Fig. 6.4b, the forces tend to com-
press the member, and the member is in compression. A number 
of typical trusses are shown in Fig. 6.5.
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2- اعضای خرپا )میله ها( به صورت مفصلی به یکدیگر متصل می شوند.
بـا توجـه بـه فرضیـات فوق، نیروهـای داخلی و خارجـی در محل گره بـه صورت متقـارب خواهند بـود. بنابراین 

نیروهـای داخلـی اعضـا در راسـتای آنهـا و به صورت کششـی یا فشـاری عمل می نمایند. )شـکل 6(

 شکل 5 

 شکل 6 
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5 - 1-4- روش تحلیل خرپا 

5 - 1 - 5- روش مفاصل )گره ها( در تحلیل خرپاها 

1- در ترسیم پیکر آزاد گره ها، از گره ای شروع می نماییم که بیش از دو مجهول نداشته باشد.نکته

بـرای تحلیـل خرپاهـا روش هـای مختلفـی وجـود دارد کـه در اینجـا بـه روش تحلیـل مفاصـل )گره هـا( اشـاره 
می شـود و در مقاطـع بالاتـر بـا سـایر روش هـای تحلیـل خرپـا آشـنا خواهید شـد.

فلسـفه ایـن روش بـر ایـن اصـل اسـتوار اسـت که چـون کل خرپا در حال تعادل اسـت پـس هر گره یـا جزء آن 
نیـز بایـد در حـال تعادل باشـد، بنابراین عمومـاً مراحل تحلیل خرپـا در این روش عبارت اسـت از:

 ← ← 2( ترسیم پیکر آزاد هر گره  1( محاسبه عکس العمل های تکیه گاهی 

← 4( حـل معادلات تشکیل شـده و   x

y

F
F

0
0

Σ =
Σ =

3( اعمـال شـرایط تعـادل هـر گـره )نقطـة مادی( یعنـی: 
محاسـبة مجهولات مـورد نظر

Ax A FAD

FAC

Ay

FAD
FBD

D

FCD

P

A B

C

D

P

PROBLEMS

238

 6.1through 6.18 Using the method of joints, determine the force 
in each member of the truss shown. State whether each member 
is in tension or compression.
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Ax B

C

D

PAy
By

ابتـدا  را  اعضـا  داخلـی  نیـروی  اسـت  بهتـر   -2
بـه صـورت کششـی فـرض نمـوده و بـا رسـیدن 
بـه جـواب مثبـت ایـن فـرض صحیـح بـوده و در 
غیر این صـورت عضـو مـورد نظـر فشـاری خواهـد 

)شـکل 7( بـود. 

 شکل 7 
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3- در ترسـیم پیکـر آزاد هرگـره جهـت نیروهـای کششـی از گره دور شـده و جهت نیروهای فشـاری به گره نکته
می شـود.  نزدیک 

نتیجه نهایی تحلیل خرپای شکل )7( در شکل )8( نشان داده شده است.

در کتاب هـای تاریـخ فنی غـرب، چنین آمده اسـت کـه اولین نـوع سـاختمان های خرپایی، در 
قرن شـانزدهم میلادی سـاخته شـده اسـت. همچنین گفته شـده کـه اولین نوع خرپـای واقعی 
ثبت شـده در تاریـخ در قـرن شـانزدهم میالدی توسـط یـک مهنـدس رومـی به نـام پالادیـو 
)Paladio( )1580 - 1518 م( ابـداع و سـاخته شـده اسـت. اما سـندهای تاریخی نشـان دهندة 
آن اسـت که سـاختمان خرپایی در ایران باسـتان از هزارة سـوم قبل از میلاد سـاخته می شـده 
اسـت. مورد اسـتناد در این بررسـی لوحه ای اسـت کـه در حفاری های باستان شناسـی شـوش 

به دسـت آمـده و تاریـخ آن بـه هزارة سـوم قبـل از میالد )پنج هزار سـال پیش( می رسـد.
در مورد موارد ذکر شده تحقیقی انجام داده و در جلسه آینده در کلاس ارائه نمایید.

تحقیق 
کنید

Ay By

B

C

D

P

A

فشاریفشاری

کششیکششی

شی
ش

ک

 شکل 8 
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خرپای شکل روبه رو را تحلیل نمایید.مثال 1
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y y y

y y

A y

y y
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20
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65 8 13
8
8 13 20 11 87
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+
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+ =
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+ = ⇒ =

+
→+
→
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 6.1through 6.18 Using the method of joints, determine the force 
in each member of the truss shown. State whether each member 
is in tension or compression.
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1- ترسیم پیکر آزاد کل خرپا

2- محاسبه عکس العمل های تکیه گاهی
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FAC

FAD

A α
Ax=5

Ay=11/87

FBC

FDC

C
FAC=10/82

:C پیکر آزاد گرة

:B پیکر آزاد گرة

: A پیکر آزاد  گرة

+
→+
→x AD AC AD AC

y AD AD

AD

AC

AC

sin /
tan ( ) /

cos /
F F cos F / F F

F / F sin / F /
F / kN

/ ( / ) F
F / kN
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0 5 0 5 0 8 0
0 11 87 0 0 6 11 87
19 78

5 0 8 19 78 0
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−

+
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α = = ⇒  α =
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
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0 11 87 0 0 6 11 87
19 78

5 0 8 19 78 0
10 82

−

+

α =
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II معادله

II از معادله

کششی

فشاری

By=8/13

FBD

Bα
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فشاری

y BD
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F F sin /
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+
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+
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→ xکششی BC BC

y CD
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F F
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3- تحلیل گره ها
 بـرای تحلیـل گره هـا بـا توجـه به وجـود دو عضـو )دو مجهول( در هـر یـک از گره هـای A و B می توانیم از 

هریـک از آنهـا شـروع نماییم کـه در این مثال گـرة A انتخـاب می گردد.

 CD و BC نیـز دارای دو مجهول  C می بینیم که گـرۀ AC باتوجـه بـه مشـخص شـدن نیروی داخلی عضـو
می باشـد و اکنـون می تـوان تحلیـل این گره را آغـاز کرد.
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5 - 1 - 6- اعضای صفر نیرویی
درمثـال )1( ملاحظـه گردیـد کـه نیـروی داخلـی عضـو CD برابـر صفر اسـت کـه اصطلاحـاً بـه آن عضو صفر 

نیرویـی گفته می شـود.
در موارد زیر می توان اعضای صفر نیرویی را بدون تحلیل تشخیص داد.

الـف( هـرگاه در گره ای دو عضو غیر هم راسـتا وجود داشـته باشـد و بـه آن گره نیروی خارجـی و یا عکس العمل 
 AD و AB تکیه گاهـی اعمـال نشـود، هـر دو عضو صفـر نیرویی خواهند بود. بـرای نمونه در شـکل )9(، اعضای

دارای چنین شـرایطی هسـتند. بنابرایـن این اعضا صفر نیرویـی خواهند بود. یعنی:
     FAB = FAD = 0 
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 6.1through 6.18 Using the method of joints, determine the force 
in each member of the truss shown. State whether each member 
is in tension or compression.

1800 lb

4 ft8 ft

3 ft

AB

C

Fig. P6.1
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0.7 m
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Fig. P6.4
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آیا این خرپا دارای عضو صفر نیرویی دیگری می باشد؟ چرا؟ نام ببرید.
ب( هـرگاه در گـره ای سـه عضـو وجود داشـته 
در  باشـند،  هم راسـتا  آن  عضـو  دو  کـه  باشـد 
صورتـی کـه نیـروی خارجـی روی گـرة مذکور 
نباشـد، عضـو سـوم صفـر نیرویـی خواهـد بود. 
 IJ و JK و BC در خرپای شـکل )10( اعضـای

صفـر نیرویـی می باشـند.

در خرپای شکل روبه رو مطلوب است:
الف( محاسبه عکس العمل های تکیه گاهی

ب( محاسبه نیروهای داخلی اعضا و تعیین کششی 
یا فشاری بودن آنها

فعالیت 
کلاسی1

229 In this chapter, three broad categories of engineering structures 
will be considered:

 1. Trusses, which are designed to support loads and are usually 
stationary, fully constrained structures. Trusses consist exclu-
sively of straight members connected at joints located at the 
ends of each member. Members of a truss, therefore, are two-
force members, i.e., members acted upon by two equal and 
opposite forces directed along the member.

 2. Frames, which are also designed to support loads and are also 
usually stationary, fully constrained structures. However, like 
the crane of Fig. 6.1, frames always contain at least one mul-
tiforce member, i.e., a member acted upon by three or more 
forces which, in general, are not directed along the 
member.

 3. Machines, which are designed to transmit and modify forces 
and are structures containing moving parts. Machines, like 
frames, always contain at least one multiforce member.

TRUSSES

6.2 DEFINITION OF A TRUSS
The truss is one of the major types of engineering structures. It 
provides both a practical and an economical solution to many engi-
neering situations, especially in the design of bridges and buildings. 
A typical truss is shown in Fig. 6.2a. A truss consists of straight 
members connected at joints. Truss members are connected at their 
extremities only; thus no member is continuous through a joint. In 
Fig. 6.2a, for example, there is no member AB; there are instead two 
distinct members AD and DB. Most actual structures are made of 
several trusses joined together to form a space framework. Each truss 
is designed to carry those loads which act in its plane and thus may 
be treated as a two-dimensional structure.
 In general, the members of a truss are slender and can sup-
port little lateral load; all loads, therefore, must be applied to the 
various joints, and not to the members themselves. When a con-
centrated load is to be applied between two joints, or when a dis-
tributed load is to be supported by the truss, as in the case of a 
bridge truss, a floor system must be provided which, through the 
use of stringers and floor beams, transmits the load to the joints 
(Fig. 6.3).
 The weights of the members of the truss are also assumed to 
be applied to the joints, half of the weight of each member being 
applied to each of the two joints the member connects. Although 
the members are actually joined together by means of welded, 
bolted, or riveted connections, it is customary to assume that the 
members are pinned together; therefore, the forces acting at each 
end of a member reduce to a single force and no couple. Thus, the 
only forces assumed to be applied to a truss member are a single 

A B

C

D

(a)

(b)

P

A B

C

D

P

Fig. 6.2

6.2 Defi nition of a Truss

Photo 6.1 Shown is a pin-jointed connection 
on the approach span to the San Francisco–
Oakland Bay Bridge.
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235 Consider now a joint connecting two members only. From 
Sec. 2.9, we know that a particle which is acted upon by two forces will 
be in equilibrium if the two forces have the same magnitude, same line 
of action, and opposite sense. In the case of the joint of Fig. 6.13a, 
which connects two members AB and AD lying in the same line, the 
forces in the two members must be equal for pin A to be in equilibrium. 
In the case of the joint of Fig. 6.13b, pin A cannot be in equilibrium 
unless the forces in both members are zero. Members connected as 
shown in Fig. 6.13b, therefore, must be zero-force members.
 Spotting the joints which are under the special loading condi-
tions listed above will expedite the analysis of a truss. Consider, for 
example, a Howe truss loaded as shown in Fig. 6.14. All of the mem-
bers represented by green lines will be recognized as zero-force 
members. Joint C connects three members, two of which lie in the 
same line and is not subjected to any external load; member BC is 
thus a zero-force member. Applying the same reasoning to joint K, 
we find that member JK is also a zero-force member. But joint J is 
now in the same situation as joints C and K, and member IJ must be 
a zero-force member. The examination of joints C, J, and K also shows 
that the forces in members AC and CE are equal, that the forces in 
members HJ and JL are equal, and that the forces in members IK 
and KL are equal. Turning our attention to joint I, where the 20-kN 
load and member HI are collinear, we note that the force in member 
HI is 20 kN (tension) and that the forces in members GI and IK are 
equal. Hence, the forces in members GI, IK, and KL are equal.
 Note that the conditions described above do not apply to joints B 
and D in Fig. 6.14, and it would be wrong to assume that the force in 
member DE is 25 kN or that the forces in members AB and BD are 
equal. The forces in these members and in all the remaining members 
should be found by carrying out the analysis of joints A, B, D, E, F, G, 
H, and L in the usual manner. Thus, until you have become thoroughly 
familiar with the conditions under which the rules established in this 
section can be applied, you should draw the free-body diagrams of all the 
pins and write the corresponding equilibrium equations (or draw the 
corresponding force polygons) whether or not the joints being consid-
ered are under one of the special loading conditions described above.
 A final remark concerning zero-force members: These mem-
bers are not useless. For example, although the zero-force members 
of Fig. 6.14 do not carry any loads under the loading conditions 
shown, the same members would probably carry loads if the loading 
conditions were changed. Besides, even in the case considered, these 
members are needed to support the weight of the truss and to main-
tain the truss in the desired shape.

6.5 Joints under Special Loading Conditions

Fig. 6.12
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Fig. 6.14
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در خرپاهای زیر نیروهای داخلی اعضا را محاسبه نمایید. فعالیت 
کلاسی2
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 6.1 through 6.18 Using the method of joints, determine the force 
in each member of the truss shown. State whether each member 
is in tension or compression.

1800 lb
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 6.1 through 6.18 Using the method of joints, determine the force 
in each member of the truss shown. State whether each member 
is in tension or compression.
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 6.1 through 6.18 Using the method of joints, determine the force 
in each member of the truss shown. State whether each member 
is in tension or compression.
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در خرپای شکل روبه رو
اولاً: اعضای صفر نیرویی را تعیین کنید.

ثانیاً: نیروی داخلی سایر اعضا را محاسبه کنید.

در خرپاهای زیر اعضای صفر نیرویی را مشخص نمایید.

فعالیت 
کلاسی3

فعالیت 
کلاسی4

)ب()الف(

239Problems

 6.19 Determine whether the trusses given as Probs. 6.17, 6.21, and 6.23 
are simple trusses.

 6.20 Determine whether the trusses given as Probs. 6.12, 6.14, 6.22, 
and 6.24 are simple trusses.
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239Problems

 6.19 Determine whether the trusses given as Probs. 6.17, 6.21, and 6.23 
are simple trusses.

 6.20 Determine whether the trusses given as Probs. 6.12, 6.14, 6.22, 
and 6.24 are simple trusses.
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 6.19 Determine whether the trusses given as Probs. 6.17, 6.21, and 6.23 
are simple trusses.

 6.20 Determine whether the trusses given as Probs. 6.12, 6.14, 6.22, 
and 6.24 are simple trusses.
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239Problems

 6.19 Determine whether the trusses given as Probs. 6.17, 6.21, and 6.23 
are simple trusses.

 6.20 Determine whether the trusses given as Probs. 6.12, 6.14, 6.22, 
and 6.24 are simple trusses.
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239Problems

 6.19 Determine whether the trusses given as Probs. 6.17, 6.21, and 6.23 
are simple trusses.

 6.20 Determine whether the trusses given as Probs. 6.12, 6.14, 6.22, 
and 6.24 are simple trusses.
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 6.1 through 6.18 Using the method of joints, determine the force 
in each member of the truss shown. State whether each member 
is in tension or compression.
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خرپای زیر را به کمک برنامه SAP تحلیل کنید. از وزن اعضا خرپا صرف نظر کنید. 

برای شروع برنامه SAP را راه انداری نموده و مراحل زیر را انجام دهید. 
• با توجه به صورت سؤال واحد ها را روی N و m و c قرار دهید.  

• سـپس گزینـه new model  را کلیـک و ایـن بـار از  بین نمونه هـا 2D TRUSS را انتخاب نمـوده و با توجه 
به شـکل سـؤال صفحـه زیر را تکمیـل کنید. 

فعالیت 
کلاسی5

  . تحليل کنيد  از وزن اعضا خرپا صرف نظر کنيد   sapخرپای زير را به کمک برنامه   - تمرين عملی

  . را راه انداری نموده و مراحل زير را انجام دھيد   SAPبرای شروع يرنامه 

   با توجه به صورت سوال  واحد ھا را رویN   و m   وc    قرار دھيد 
   سپس گزينهnew model   ٢  را کليک و اين بار از  نمونهD TRUSS   وبا توجه به شکل سوال . راانتخاب نماييد

 . صفحه زير را تکميل کنيد 
  

  

ن عملی باشد  بايد اعضا اضافی پاک شده و ھمچنين برای اين که به مدل مطابق تمريپس از تاييد خرپای زير مدل می شود 
  .نتيجه نھايی به صورت زير خواھد بود . مجدا ترسيم شوند ممتداعضا 

   

   

  

   

برای اين که ھمزمان با ترسيم اعضا مقطع ھر عضو را تعيين کنيم لازم است ابتدا يک ماده با وزن مخصوص صفر تعريف شده 
  . و يک مقطع دلخواه با اين ماده تعريف و در زمان ترسيم اعضا در قسمت مربوط به معرفی سطح مقطع آن را انتخاب کنيم 

تعريف ميکنيم که مراحل اين کار  A٠تعريف ميکنيم وسپس يک مقطع به نام   CONC٠ ماده ای با اسم در اين جا مثل تمرين قبل
  . در شکل ھای زير ديده می شود 

  

پـس از تأییـد، خرپـا مـدل می شـود. بـرای ایـن که مـدل مطابـق تمرین عملی باشـد بایـد اعضـای اضافی پاک 
شـده و همچنیـن اعضـای ممتـد مجدداً ترسـیم شـوند. نتیجـۀ نهایی بـه صورت شـکل صفحۀ بعـد خواهد بود.  
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بـرای این کـه هم زمـان بـا ترسـیم اعضـا، مقطـع هـر عضـو را تعییـن کنیـم لازم اسـت ابتـدا یـک ماده بـا وزن 
مخصـوص صفـر تعریـف نمـوده و یـک مقطـع دلخـواه برای این مـاده تعریـف کـرده و در زمان ترسـیم اعضا در 

قسـمت مربـوط بـه معرفی سـطح مقطـع آن را انتخـاب کنیم. 
در ایـن جـا مثـل تمریـن قبـل ماده ای با اسـم Steel0  تعریف می کنیم وسـپس یـک مقطع به نـام A0 تعریف 

کـرده کـه مراحـل این کار در شـکل های زیر دیده می شـود. 

نتیجـۀ نهایـی بـه صـورت شـکل صفحـۀ بعـد اسـت که بـا کلیـک روی هـر عضـو می توانیـد مقطع هـر عضو را 
ببینیـد کـه آیـا درسـت تعریف شـده اند یـا نه. 

  

ن عملی باشد  بايد اعضا اضافی پاک شده و ھمچنين برای اين که به مدل مطابق تمريپس از تاييد خرپای زير مدل می شود 
  .نتيجه نھايی به صورت زير خواھد بود . مجدا ترسيم شوند ممتداعضا 

   

   

  

   

برای اين که ھمزمان با ترسيم اعضا مقطع ھر عضو را تعيين کنيم لازم است ابتدا يک ماده با وزن مخصوص صفر تعريف شده 
  . و يک مقطع دلخواه با اين ماده تعريف و در زمان ترسيم اعضا در قسمت مربوط به معرفی سطح مقطع آن را انتخاب کنيم 

تعريف ميکنيم که مراحل اين کار  A٠تعريف ميکنيم وسپس يک مقطع به نام   CONC٠ ماده ای با اسم در اين جا مثل تمرين قبل
  . در شکل ھای زير ديده می شود 
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گام بعـدی بارگـذاری روی گره هـای J ، K ، L ، M ، N، O، P می باشـد کـه نحـوۀ بارگذاری یک گره در شـکل 
دیده می شـود. زیر 
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بارگذاری سایر گره ها به همین شکل انجام می شود. 
پس از بارگذاری و کنترل صحت کار انجام شده، با کلیک روی run analysis تحلیل خرپا انجام می گردد. 

ماننـد تمریـن قبـل نیروهـای هـر عضـو را بـا کلیـک روی آن عضـو و نوع نیـرو را نیـز می توانید مشـاهده کنید. 
در شـکل زیـر چنـد نمونـه را مشـاهده می کنید. 

نمایش نیروی محوری اعضا
از نتایج کار پرینت تهیه کنید و با هم کلاسی های خود نتایج را بررسی نمایید. 
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6-1- تحلیل تیر

)Beam( 6-1-1- تعریف تیر

 هـدف از تحلیـل تیـر در ایـن واحـد یادگیـری تعییـن عکس العمل هـای تکیه گاهـی و نیروهـای داخلـی در هر 
مقطـع از تیر می باشـد.

تیـر عضـوی اسـت کـه بارهـای عمـود بـر محـور خـود را تحمـل و منتقـل می نمایـد و در اکثـر سـازه های 
بـه کار مـی رود. سـاختمانی 

تحلیل تیرها واحد یادگیری     6

272 Chapter 5 Distributed Forces

SECTION B SPECIAL TOPICS

5/6 Beams—External Effects
Beams are structural members which offer resistance to bending

due to applied loads. Most beams are long prismatic bars, and the loads
are usually applied normal to the axes of the bars.

Beams are undoubtedly the most important of all structural mem-
bers, so it is important to understand the basic theory underlying
their design. To analyze the load-carrying capacities of a beam we
must first establish the equilibrium requirements of the beam as a
whole and any portion of it considered separately. Second, we must es-
tablish the relations between the resulting forces and the accompany-
ing internal resistance of the beam to support these forces. The first
part of this analysis requires the application of the principles of stat-
ics. The second part involves the strength characteristics of the mater-
ial and is usually treated in studies of the mechanics of solids or the
mechanics of materials.

This article is concerned with the external loading and reactions act-
ing on a beam. In Art. 5/7 we calculate the distribution along the beam
of the internal force and moment.

Types of Beams
Beams supported so that their external support reactions can be cal-

culated by the methods of statics alone are called statically determinate
beams. A beam which has more supports than needed to provide equilib-
rium is statically indeterminate. To determine the support reactions for
such a beam we must consider its load-deformation properties in addi-
tion to the equations of static equilibrium. Figure 5/18 shows examples

Simple

Cantilever

Continuous

Combination

Statically determinate beams Statically indeterminate beams

End-supported cantilever

Fixed⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭ ⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭

Figure 5/18

تیر ساده

P

P

P1 P2

تیر طره ای )کنسولی(

تیر ساده طره دار

6-1-2- انواع تیرها از نظر شرایط تکیه گاهی
بـا توجـه به انـواع تکیه گاه ها کـه قبلًا معرفی شـده اند تیرهـا می توانند بـه صورت های مختلـف روی تکیه گاه ها 

قـرار گیرنـد که در این قسـمت بـه معرفی چند نوع از آنها اکتفا می شـود. )شـکل 1(

 شکل 1 
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6-1-3- انواع بارهای وارد به تیر
بارها به صورت های گوناگون به تیرها وارد می گردند که تعدادی از آنها عبارت اند از:

الف( بار متمرکز

q1

q2

p q1 q2

P

q

ب( بار گسترده یکنواخت

ج( بار گسترده غیر یکنواخت

د( ترکیبی از انواع فوق 

 شکل 2 

 شکل 3 

 شکل 4 

 شکل 5 
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عکس العمل های تکیه گاهی تیر شکل زیر رامحاسبه نمایید.مثال 1

الف( ابتدا مقدار برآیند بار گسترده )مساحت مستطیل( را به دست می آوریم.

6-1-4- تعیین عکس العمل های تکیه گاهی تیرها با بار گسترده یکنواخت
بـرای محاسـبه عکس العمل هـای تکیه گاهـی تیرهـا تحـت بـار گسـتردة یکنواخـت ابتدا بایـد مقـدار و محل اثر 

برآینـد بارهـای گسـترده یکنواخـت وارد بـه تیر را تعییـن نمود. مطابق شـکل )6(

مقـدار برآینـد بـار گسـترده برابـر مسـاحت مسـتطیل بـار وارده و محـل اثـر آن نقطة تلاقـی دو قطر مسـتطیل 
)نصـف طـول آن( خواهـد بود.

بـا توجـه بـه مـوارد فوق الذکـر پیکـر آزاد تیـر را ترسـیم نمـوده و عکس العمل هـای تکیه گاهـی را محاسـبه 
می نماییـم.

kNq m20=

50512.2  SHEAR AND BENDING-MOMENT DIAGRAMS
As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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(a)  Internal forces
(positive shear and positive bending moment)

(b)  Effect of external forces
(positive shear)

(c)  Effect of external forces
(positive bending moment)

Fig. 12.6

†Note that this convention is the same that we used earlier in Sec. 11.2.
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tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.

B
C

A

w

x

P1 P2

(a)

C

B

C

A

wP1

RA

(b)V

M

P2

RB

M'

V'

Fig. 12.5

V

M

M'

V'

(a)  Internal forces
(positive shear and positive bending moment)

(b)  Effect of external forces
(positive shear)

(c)  Effect of external forces
(positive bending moment)

Fig. 12.6

†Note that this convention is the same that we used earlier in Sec. 11.2.

12.2 Shear and Bending-Moment Diagrams

bee80156_ch12_500-535.indd Page 505  10/8/09  4:35:19 AM user-s173 /Volumes/MHDQ-New/MHDQ152/MHDQ152-12

C D

A B

1m 1/5m 1m

P q.L P / kN20 1 5 30= ⇒ = × =

50512.2  SHEAR AND BENDING-MOMENT DIAGRAMS
As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
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beam at that point as indicated in Fig. 12.6c.
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As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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6-1-5- رفتار تیر تحت تأثیر بارهای خارجی

6-1-6- نیروهای داخلی در تیرها با بار متمرکز

هنگامـی کـه تیـری تحـت تأثیـر نیروهـای خارجی مطابـق شـکل )7( واقـع می شـود، در آن پدیده های خمش 
و بـرش ایجـاد می گردد.

پدیده خمش باعث ایجاد کشش و فشار در لایه ها یا تارهای تحتانی و فوقانی تیر می گردد. )شکل 7(

پدیـده بـرش، رفتـاری از تیـر اسـت که تمایـل دارد تیـر را در مقاطـع مختلف آن قطـع نماید. این رفتار، شـبیه 
رفتـار یک قیچی می باشـد. )شـکل 8(

هنگامـی کـه تیـر تحت تأثیر بـار قرار می گیـرد در هر 
نقطـه از طـول تیـر نیروهایـی به وجود می آینـد که به 
آنهـا نیروهـای داخلـی تیـر می گوینـد. بـرای این کـه 
نیروهـای داخلـی در هـر نقطه از تیر تعیین شـود باید 
یـک بـرش )مقطـع( عمـود بر محـور تیـر در آن نقطه 
در نظـر گرفـت و پیکـر آزاد یکـی از قطعـات سـمت 
چـپ یـا راسـت مقطع مورد نظر را ترسـیم نمـوده و با 
توجـه بـه بحـث تعادل اثـر قطعـه دیگر را بـر روی آن 
اعمـال کـرد. به عنـوان مثـال در شـکل )9( در مقطع 

a-a خواهیم داشـت:

5/7 Beams—Internal Effects

The previous article treated the reduction of a distributed force to

one or more equivalent concentrated forces and the subsequent determi-

nation of the external reactions acting on the beam. In this article we in-

troduce internal beam effects and apply principles of statics to calculate

the internal shear force and bending moment as functions of location

along the beam.

Shear, Bending, and Torsion

In addition to supporting tension or compression, a beam can resist

shear, bending, and torsion. These three effects are illustrated in Fig.

5/22. The force V is called the shear force, the couple M is called the

bending moment, and the couple T is called a torsional moment. These

effects represent the vector components of the resultant of the forces

acting on a transverse section of the beam as shown in the lower part of

the figure.
Consider the shear force V and bending moment M caused by forces

applied to the beam in a single plane. The conventions for positive val-

ues of shear V and bending moment M shown in Fig. 5/23 are the ones

generally used. From the principle of action and reaction we can see

that the directions of V and M are reversed on the two sections. It is fre-

quently impossible to tell without calculation whether the shear and

moment at a particular section are positive or negative. For this reason

it is advisable to represent V and M in their positive directions on the

free-body diagrams and let the algebraic signs of the calculated values

indicate the proper directions.

As an aid to the physical interpretation of the bending couple M,

consider the beam shown in Fig. 5/24 bent by the two equal and opposite

positive moments applied at the ends. The cross section of the beam is

treated as an H-section with a very narrow center web and heavy top

and bottom flanges. For this beam we may neglect the load carried by

the small web compared with that carried by the two flanges. The upper

flange of the beam clearly is shortened and is under compression,

whereas the lower flange is lengthened and is under tension. The resul-

tant of the two forces, one tensile and the other compressive, acting on

any section is a couple and has the value of the bending moment on the

section. If a beam having some other cross-sectional shape were loaded
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The previous article treated the reduction of a distributed force to

one or more equivalent concentrated forces and the subsequent determi-
nation of the external reactions acting on the beam. In this article we in-
troduce internal beam effects and apply principles of statics to calculate
the internal shear force and bending moment as functions of location
along the beam.

Shear, Bending, and Torsion
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tant of the two forces, one tensile and the other compressive, acting on
any section is a couple and has the value of the bending moment on the
section. If a beam having some other cross-sectional shape were loaded
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50512.2  SHEAR AND BENDING-MOMENT DIAGRAMS
As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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در تیر شکل مقابل مطلوب است:مثال 2
الف( محاسبه عکس العمل های تکیه گاهی 

ب( محاسـبه نیـروی برشـی و لنگـر خمشـی 
 C در نقطـۀ

6-1-6-1- علائم قراردادی نیرو های داخلی تیرها

6-1-6-2- محاسبة نیروهای داخلی تیرها با بار متمرکز

و مطابــق قانــون ســوم نیوتــن همیــن اثــر روی قطعــه 
ســمت راســت و در جهــت مخالــف وجــود دارد. 

ــکل 10( )ش

بـرای ایجـاد یکنواختـی در محاسـبات نیروهـای داخلـی در مقاطـع تیرهـا بهتر اسـت جهت های مثبـت نیروی 
برشـی و لنگـر خمشـی را به صـورت شـکل )11( در نظـر بگیریم.

بـرای محاسـبة نیروهـای داخلـی در هـر مقطـع، پس از ترسـیم پیکـر آزاد یکی از قطعات سـمت چپ یا راسـت 
آن مقطـع و قـرار دادن نیـروی برشـی V و لنگـر خمشـی M مطابق قرارداد فوق کافی اسـت معـادلات تعادل را 

بـرای قطعـه مـورد نظر تشـکیل داده و اقـدام به حل آنهـا نماییم.

1- نیروی برشی )V(بنابراین نیروهای داخلی در هر مقطع از تیرها عبارت اند از:}
)M( 2- لنگر خمشی
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As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.

B
C

A

w

x

P1 P2

(a)

C

B

C

A

wP1

RA

(b)V

M

P2

RB

M'

V'

Fig. 12.5

V

M

M'

V'

(a)  Internal forces
(positive shear and positive bending moment)

(b)  Effect of external forces
(positive shear)

(c)  Effect of external forces
(positive bending moment)

Fig. 12.6

†Note that this convention is the same that we used earlier in Sec. 11.2.

12.2 Shear and Bending-Moment Diagrams

bee80156_ch12_500-535.indd Page 505  10/8/09  4:35:19 AM user-s173 /Volumes/MHDQ-New/MHDQ152/MHDQ152-12

p

Va

Ma

By

50512.2  SHEAR AND BENDING-MOMENT DIAGRAMS
As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
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to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
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in which the values of the shear and of the bending moment are 
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simply supported beam carrying a single concentrated load at its mid-
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note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.

B
C

A

w

x

P1 P2

(a)

C

B

C

A

wP1

RA

(b)V

M

P2

RB

M'

V'

Fig. 12.5

V

M

M'

V'

(a)  Internal forces
(positive shear and positive bending moment)

(b)  Effect of external forces
(positive shear)
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(positive bending moment)
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†Note that this convention is the same that we used earlier in Sec. 11.2.
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As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
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and bending-moment diagrams will be obtained by determining the 
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be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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گام1( ترسیم پیکر آزاد تیر:

گام2( محاسبه عکس العمل های تکیه گاهی:

گام3( بـرای تعییـن نیروهـای داخلـی در مقطـع C، تیر را در این نقطه به دو قسـمت تقسـیم نمـوده و قطعة 
سـمت چپ را مورد بررسـی قـرار می دهیم.

گام4( تشکیل معادلات تعادل و حل آنها برای این قطعه 
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عکس العمل های تکیه گاهی تیرهای زیر را به دست آورید. فعالیت 
کلاسی1

)ب(

5/132 Draw the shear and moment diagrams for the beam
subjected to the two point loads. Determine the
maximum bending moment and its location.

Problem 5/132

Representative Problems

5/133 Draw the shear and moment diagrams for the
loaded beam and find the maximum magnitude M
of the bending moment.

Problem 5/133

5/134 Construct the shear and moment diagrams for the
beam loaded by the 2-kN force and the 1.6-kN m
couple. State the value of the bending moment at
point B.

Problem 5/134
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Article 5/7 Problems 287

5/135 Draw the shear and moment diagrams for the uni-
formly loaded beam and find the maximum bend-
ing moment .

Problem 5/135

5/136 Draw the shear and moment diagrams for the
loaded beam and determine the maximum value

of the moment.

Problem 5/136

5/137 Draw the shear and moment diagrams for the
loaded cantilever beam where the end couple is
adjusted so as to produce zero moment at the fixed
end of the beam. Find the bending moment M at

.

Problem 5/137
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5/133 Draw the shear and moment diagrams for the
loaded beam and find the maximum magnitude M
of the bending moment.

Problem 5/133

5/134 Construct the shear and moment diagrams for the
beam loaded by the 2-kN force and the 1.6-kN m
couple. State the value of the bending moment at
point B.
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formly loaded beam and find the maximum bend-
ing moment .

Problem 5/135

5/136 Draw the shear and moment diagrams for the
loaded beam and determine the maximum value

of the moment.

Problem 5/136

5/137 Draw the shear and moment diagrams for the
loaded cantilever beam where the end couple is
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5/132 Draw the shear and moment diagrams for the beam
subjected to the two point loads. Determine the
maximum bending moment and its location.

Problem 5/132

Representative Problems

5/133 Draw the shear and moment diagrams for the
loaded beam and find the maximum magnitude M
of the bending moment.

Problem 5/133

5/134 Construct the shear and moment diagrams for the
beam loaded by the 2-kN force and the 1.6-kN m
couple. State the value of the bending moment at
point B.
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5/135 Draw the shear and moment diagrams for the uni-
formly loaded beam and find the maximum bend-
ing moment .

Problem 5/135

5/136 Draw the shear and moment diagrams for the
loaded beam and determine the maximum value

of the moment.

Problem 5/136

5/137 Draw the shear and moment diagrams for the
loaded cantilever beam where the end couple is
adjusted so as to produce zero moment at the fixed
end of the beam. Find the bending moment M at

.

Problem 5/137

200 lb/ft

M1

8′ 8′

x

x � 4 ft

M1

300 lb/ft

4′4′4′

A B

Mmax

w

l

Mmax

5/132Draw the shear and moment diagrams for the beam
subjected to the two point loads. Determine the
maximum bending moment and its location.

Problem 5/132

Representative Problems

5/133Draw the shear and moment diagrams for the
loaded beam and find the maximum magnitude M
of the bending moment.

Problem 5/133

5/134Construct the shear and moment diagrams for the
beam loaded by the 2-kN force and the 1.6-kNm
couple. State the value of the bending moment at
pointB.

Problem 5/134
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5/135Draw the shear and moment diagrams for the uni-
formly loaded beam and find the maximum bend-
ing moment .

Problem 5/135

5/136Draw the shear and moment diagrams for the
loaded beam and determine the maximum value

of the moment.

Problem 5/136

5/137Draw the shear and moment diagrams for the
loaded cantilever beam where the end couple is
adjusted so as to produce zero moment at the fixed
end of the beam. Find the bending moment Mat

.

Problem 5/137
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5/132 Draw the shear and moment diagrams for the beam
subjected to the two point loads. Determine the
maximum bending moment and its location.

Problem 5/132

Representative Problems

5/133 Draw the shear and moment diagrams for the
loaded beam and find the maximum magnitude M
of the bending moment.

Problem 5/133

5/134 Construct the shear and moment diagrams for the
beam loaded by the 2-kN force and the 1.6-kN m
couple. State the value of the bending moment at
point B.

Problem 5/134
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Article 5/7 Problems 287

5/135 Draw the shear and moment diagrams for the uni-
formly loaded beam and find the maximum bend-
ing moment .

Problem 5/135

5/136 Draw the shear and moment diagrams for the
loaded beam and determine the maximum value

of the moment.

Problem 5/136

5/137 Draw the shear and moment diagrams for the
loaded cantilever beam where the end couple is
adjusted so as to produce zero moment at the fixed
end of the beam. Find the bending moment M at

.

Problem 5/137
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5/142 Draw the shear and moment diagrams for the beam
loaded as shown. Specify the maximum moment

.

Problem 5/142

5/143 Determine the maximum bending moment M and
the corresponding value of x in the crane beam and
indicate the section where this moment acts.

Problem 5/143

5/144 Draw the shear and moment diagrams for the
beam loaded by the force F applied to the strut
welded to the beam as shown. Specify the bending
moment at point B.

Problem 5/144
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5/138 Determine the shear and moment diagrams for the
loaded cantilever beam. Specify the shear V and
moment M at the middle section of the beam.

Problem 5/138

5/139 The shear force in pounds in a certain beam is
given by where x is the distance
in feet measured along the beam. Determine the
corresponding variation with x of the normal load-
ing w in pounds per foot of length. Also determine
the bending moment M at if the bending
moment at is .

5/140 Draw the shear and moment diagrams for the lin-
early loaded cantilever beam and specify the bend-
ing moment at the support A.

Problem 5/140

5/141 Draw the shear and moment diagrams for the lin-
early loaded simple beam shown. Determine the
maximum magnitude of the bending moment M.

Problem 5/141
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5/132 Draw the shear and moment diagrams for the beam
subjected to the two point loads. Determine the
maximum bending moment and its location.

Problem 5/132

Representative Problems

5/133 Draw the shear and moment diagrams for the
loaded beam and find the maximum magnitude M
of the bending moment.

Problem 5/133

5/134 Construct the shear and moment diagrams for the
beam loaded by the 2-kN force and the 1.6-kN m
couple. State the value of the bending moment at
point B.

Problem 5/134
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Article 5/7 Problems 287

5/135 Draw the shear and moment diagrams for the uni-
formly loaded beam and find the maximum bend-
ing moment .

Problem 5/135

5/136 Draw the shear and moment diagrams for the
loaded beam and determine the maximum value

of the moment.

Problem 5/136

5/137 Draw the shear and moment diagrams for the
loaded cantilever beam where the end couple is
adjusted so as to produce zero moment at the fixed
end of the beam. Find the bending moment M at

.

Problem 5/137
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5/132 Draw the shear and moment diagrams for the beam
subjected to the two point loads. Determine the
maximum bending moment and its location.

Problem 5/132

Representative Problems

5/133 Draw the shear and moment diagrams for the
loaded beam and find the maximum magnitude M
of the bending moment.

Problem 5/133

5/134 Construct the shear and moment diagrams for the
beam loaded by the 2-kN force and the 1.6-kN m
couple. State the value of the bending moment at
point B.

Problem 5/134
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Article 5/7 Problems 287

5/135 Draw the shear and moment diagrams for the uni-
formly loaded beam and find the maximum bend-
ing moment .

Problem 5/135

5/136 Draw the shear and moment diagrams for the
loaded beam and determine the maximum value

of the moment.

Problem 5/136

5/137 Draw the shear and moment diagrams for the
loaded cantilever beam where the end couple is
adjusted so as to produce zero moment at the fixed
end of the beam. Find the bending moment M at

.

Problem 5/137
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در تیرهای زیر نیروی برشی و لنگر خمشی را در مقاطع نشان داده شده به دست آورید. فعالیت 
کلاسی2

در مثـال قبـل چگونگـی محاسـبه نیـروی برشـی و لنگر خمشـی در نقطـه دلخواه C را مشـاهده نمودیـم. برای 
مهندسـین معمـولاً مقـدار ماکزیمـم نیروهـای داخلـی و محل آنها مهم اسـت.

حـال ایـن سـؤال مطـرح می شـود که مقادیـر نیروی برشـی و لنگر خمشـی حداکثر در کـدام نقطـه از طول تیر 
بـه وجـود می آید؟

بـرای پاسـخ بـه ایـن سـؤال بایـد مقادیر نیروی برشـی و لنگـر خمشـی را در تمام نقاط طـول تیـر همانند مثال 
قبـل محاسـبه نمـوده تـا مقادیـر حداکثـر مـورد نظـر و محـل آنها مشـخص شـود کـه ایـن روش، کاری اسـت 
طاقت فرسـا. لـذا بهتـر اسـت کـه مقادیـر نیروی برشـی و لنگر خمشـی در طـول تیر را بـه صورت نمودار نشـان 

داده و از روی نمـودار مقادیـر حداکثـر نیـروی برشـی و لنگـر خمشـی و محـل آنهـا را تعیین نمود.

6-1-7- مقادیر حداکثر نیروهای برشی و لنگر خمشی در تیرها با بار متمرکز

)ب(

5/128 Draw the shear and moment diagrams for the
loaded beam and determine the distance d to the
right of A where the moment is zero.

Problem 5/128

5/129 Draw the shear and moment diagrams for the
beam loaded at its center by the couple C. State
the value of the shear force at midbeam.

Problem 5/129

5/130 Draw the shear and moment diagrams for the
loaded beam. What are the values of the shear and
moment at midbeam?

Problem 5/130

5/131 Draw the shear and moment diagrams for the
beam shown and find the bending moment M at
section C.

Problem 5/131
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PROBLEMS
Introductory Problems

5/125 Determine the shear-force and bending-moment
distributions produced in the beam by the concen-
trated load. What are the values of the shear and
moment when 

Problem 5/125

5/126 Draw the shear and moment diagrams for the loaded
cantilever beam. State the value of the bending mo-
ment at midbeam.

Problem 5/126

5/127 Draw the shear and moment diagrams for the div-
ing board, which supports the 175-lb man poised to
dive. Specify the bending moment with the maxi-
mum magnitude.

Problem 5/127
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5/129 Draw the shear and moment diagrams for the
beam loaded at its center by the couple C. State
the value of the shear force at midbeam.

Problem 5/129

5/130 Draw the shear and moment diagrams for the
loaded beam. What are the values of the shear and
moment at midbeam?

Problem 5/130

5/131 Draw the shear and moment diagrams for the
beam shown and find the bending moment M at
section C.
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5/126 Draw the shear and moment diagrams for the loaded
cantilever beam. State the value of the bending mo-
ment at midbeam.
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5/127 Draw the shear and moment diagrams for the div-
ing board, which supports the 175-lb man poised to
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نمودارهای نیروی برشی و لنگر خمشی تیر مقابل را ترسیم نمایید.مثال 3

1- محاسبه عکس العمل های تکیه گاهی: با توجه به تقارن تیر داریم: 

6-1-8- ترسیم نمودارهای نیروی برشی و لنگر خمشی تیرها با بار متمرکز
نمـودار نیـروی برشـی و یـا لنگـر خمشـی عبارت اسـت از نمـوداری که مقادیـر نیروی برشـی و لنگر خمشـی را 
در هـر نقطـه از تیـر مشـخص می نمایـد. هـدف از ترسـیم چنیـن نمودارهایـی تعیین نقاطی اسـت کـه حداکثر 
نیـروی برشـی و لنگـر خمشـی در آنهـا به وجـود می آیـد. بـرای رسـیدن بـه ایـن هـدف تیـر را بـا توجـه بـه 
محل هایـی کـه بارگـذاری آن تغییـر می نمایـد بـه چنـد ناحیه تقسـیم نمـوده و در هـر ناحیه معـادلات نیروی 

برشـی و لنگـر خمشـی را بـر حسـب طـول تیـر تعیین و سـپس نمـودار معـادلات مذکـور ترسـیم می گردد.                                                            

مراحل ترسیم نمودارهای نیروی برشی و لنگر خمشی در تیر با بار متمرکز به شرح ذیل خواهد بود: 
1- محاسبه عکس العمل های تکیه گاهی تیر

2- مـا بیـن هـر دو بـار متمرکـز یـک مقطـع بـه فاصلـه X از تکیـه گاه در نظـر گرفتـه و محـدوده X را تعییـن 
بـار متمرکـز محسـوب می شـوند. می نماییـم. عکس العمل هـای تکیه گاهـی نیـز، 

3- پیکر آزاد یکی از قطعات سمت چپ و یا راست مقطع مورد نظر را ترسیم می کنیم.
4- بـا تشـکیل معـادلات تعـادل بـرای قطعـۀ مـورد نظـر، به معـادلات نیروی برشـی و لنگر خمشـی بر حسـب 

X خواهیم رسـید.
5- بـا ترسـیم نمودارهـای نیـروی برشـی و لنگر خمشـی در محدوده هـای مختلف تیـر به نمودارهـای موردنظر 

می یابیم. دسـت 

50512.2  SHEAR AND BENDING-MOMENT DIAGRAMS
As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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(a)  Internal forces
(positive shear and positive bending moment)

(b)  Effect of external forces
(positive shear)

(c)  Effect of external forces
(positive bending moment)

Fig. 12.6

†Note that this convention is the same that we used earlier in Sec. 11.2.
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4- با تشکیل معادلات تعادل برای قطعه فوق خواهیم داشت:

x مشخص می نمایند.  m0 3≤ ≤ این معادلات مقادیر نیروی برشی و لنگر خمشی را در محدودة 

2- مقطع  a-a به فاصله x از تکیه گاه A را در نظر گرفته و محدودة x را مشخص می نماییم.

a-a 3- ترسیم پیکر آزاد قطعة سمت چپ مقطع

Va

x
Ay=10 kN

Ma

x m0 3≤ ≤

P=20kN

Bx

b

ba
x

a

By=10 kNAy=10 kN
3m3m

y a aF V0 10 0+ ↑ Σ = ⇒ − = ⇒ =

y a aF V V kN0 10 0 10+ ↑ Σ = ⇒ − = ⇒ =

a a aM x M0 10 0 10
+

Σ = ⇒ × − = ⇒ =

a a aM x M M x0 10 0 10
+

Σ = ⇒ × − = ⇒ =

x m0 3≤ ≤ معادله نیروی برشی در محدودة 

x m0 3≤ ≤ معادله لنگر خمشی در محدودة 

)I(

)II(
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P=20kN

x
Ay=10 kN x-33m

Vb

Mb

m x m3 6≤ ≤ )III(معادله نیروی برشی در محدودة 

y b bF V V kN0 10 20 0 10+ ↑ Σ = ⇒ − − = ⇒ = −

y b bF V V kN0 10 20 0 10+ ↑ Σ = ⇒ − − = ⇒ = −

m x m3 6≤ ≤ )IV(معادله لنگر خمشی در محدودة 

b b

b

b

M x (x ) M
M x (x )

M x

0 10 20 3 0
10 20 3

60 10

+
Σ = ⇒ × − − − =

= − −

= −

b-b مقطع

m تکرار می نماییم. خواهیم داشت: x m3 6≤ ≤ عملیات صفحه قبل را برای مقطع b-b در محدودة 

5- اکنون نمودار نیروی برشی را با استفاده از معادلات I و III ترسیم می نماییم.

6- نمـودار لنگـر خمشـی را بـا اسـتفاده از معـادلات II و IV و بـه روش نقطه یابـی در نقـاط ابتـدا و انتهـای 
هـر ناحیـه ترسـیم می کنیم.
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در تیر شکل مقابل مطلوب است:مثال 4
الف( ترسیم دیاگرام نیروی برشی تیر
ب( ترسیم دیاگرام لنگر خمشی تیر

ج( تعیین نیروی برشی و لنگر خمشی حداکثر تیر.

50512.2  SHEAR AND BENDING-MOMENT DIAGRAMS
As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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50512.2  SHEAR AND BENDING-MOMENT DIAGRAMS
As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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 12.1 through 12.4 For the beam and loading shown, (a) draw the 
shear and bending-moment diagrams, (b) determine the equations 
of the shear and bending-moment curves.

12.5 and 12.6 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.

12.7 and 12.8 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.
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 12.1 through 12.4 For the beam and loading shown, (a) draw the 
shear and bending-moment diagrams, (b) determine the equations 
of the shear and bending-moment curves.

12.5 and 12.6 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.

12.7 and 12.8 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.
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 12.1through 12.4 For the beam and loading shown, (a) draw the 
shear and bending-moment diagrams, (b) determine the equations 
of the shear and bending-moment curves.

12.5and 12.6 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.

12.7and 12.8 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.
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 12.1 through 12.4 For the beam and loading shown, (a) draw the 
shear and bending-moment diagrams, (b) determine the equations 
of the shear and bending-moment curves.

12.5 and 12.6 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.

12.7 and 12.8 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.
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 12.1through 12.4 For the beam and loading shown, (a) draw the 
shear and bending-moment diagrams, (b) determine the equations 
of the shear and bending-moment curves.

12.5and 12.6 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.

12.7and 12.8 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.
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 12.1 through 12.4 For the beam and loading shown, (a) draw the 
shear and bending-moment diagrams, (b) determine the equations 
of the shear and bending-moment curves.

12.5 and 12.6 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.

12.7 and 12.8 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.
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 12.1 through 12.4 For the beam and loading shown, (a) draw the 
shear and bending-moment diagrams, (b) determine the equations 
of the shear and bending-moment curves.

12.5 and 12.6 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.

12.7 and 12.8 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.
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 12.1 through 12.4 For the beam and loading shown, (a) draw the 
shear and bending-moment diagrams, (b) determine the equations 
of the shear and bending-moment curves.

12.5 and 12.6 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.

12.7 and 12.8 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.
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 12.1through 12.4 For the beam and loading shown, (a) draw the 
shear and bending-moment diagrams, (b) determine the equations 
of the shear and bending-moment curves.

12.5and 12.6 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.

12.7and 12.8 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.
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 12.1 through 12.4 For the beam and loading shown, (a) draw the 
shear and bending-moment diagrams, (b) determine the equations 
of the shear and bending-moment curves.

12.5 and 12.6 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.

12.7 and 12.8 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.
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 12.1 through 12.4 For the beam and loading shown, (a) draw the 
shear and bending-moment diagrams, (b) determine the equations 
of the shear and bending-moment curves.

12.5 and 12.6 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.

12.7 and 12.8 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.
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 به کمک برنامه SAP در تیر شکل زیر مطلوب است:  
1- محاسبۀ عکس العمل های تکیه گاهی

2- ترسیم دیاگرام برش و تعیین مقدار و محل حداکثر آن 
3- ترسیم دیاگرام خمش و تعیین مقدار و محل حداکثر آن

فعالیت 
کلاسی3

 مراحـل کار به صـورت زیـر اسـت  کـه بـا تمامی آنها آشـنایی دارید به جـز نحوه اعمال بار گسـترده کـه در ادامه 
داد.  توضیح خواهیم 

• واحد را باتوجه به مسئله تنظیم کنید  
• از گزینـه  new model نمونـه تیـر یـک دهانـه را انتخاب و اصلاحـات مربوطه مانند تعداد تقسـیمات  و طول 

دهانـه را انجام دهید. 
• پنجره سه بعدی را بسته و در نمای x-z قرار بگیرید.

• در زمینه برنامه کلیک راست نموده و گرید ها را برای ایجاد کنسول تیر اصلاح کنید. 
• ماده ای با نام mat0 تعریف کنید. 

• یک مقطع دلخواه بنام beam تعریف کنید که مصالح آن از نوع mat0 باشد.
 beam را ترسـیم کنیـد. در جعبـه ای کـه همراه ترسـیم بازشـده، مقطـع را روی CD و AC هریـک از اعضـا •

قـرار دهید. 
تعریف بار گسترده 

عضـو AC را انتخـاب و از منـوی Assign/frame Load/diStributed  مطابـق شـکل زیـر تعریف هـای لازم را 
انجـام دهید.

   ٤فعاليت عملی  

    مطلوبست  مقابلدر تير sapبه كمك برنامه 

 محاسبه عكس العمل هاي تكيه گاهي -1

ترسيم  دياگرام برش و تعيين مقدار و محل   -2
 حداكثر آن 

مقدار و  ترسيم دياگرام خمش و  تعيين -3
   محل حداكثر آن

  مراحل کار به صورت زير می باشد که با تمامی آنھا آشنايی داريد بجز نحوه اعمال بار گسترده که در ادامه توضيح خواھيم داد 

  واحد را باتوجه به مسئله تنظيم کنيد  
    از گزينهnew model    و انتخاب نمونه تير يک دھانه را با اصلاحات مربوطه مانند تعداد تقسيمات  و طول دھانه

 . انتخاب نماييد 
  پنجره  سه بعدی را بسته و در نمایx−z  قرار بگيريد. 
  در زمينه برنامه کليک راست نموده و گريد ھا را برای ايجاد کنسول تير اصلاح کنيد 
  ماده ای با نامmat0  کنيدتعريف . 
  يک مقطع دلخواه بنامbeam     تعريف کنيد که مصالح آن از نوعmat0   باشد. 
  ھريک از اعضاAC   وCD   در جعبه ای که ھمراه ترسيم بازشده مقطع را روی .را ترسيم کنيدbeam  قرار دھيد . 

  : تعريف بار گسترده 

  مطابق شکل زير تعريف ھای لازم را انجام دھيد   Assign/frame Load/distributedرا انتخاب و از منوی  ACعضو 

  

  

    

  

  

  

  

  

  . نتيجه در شکل زير مشاھده می شود   

  

  

  

  

  

  

q=�� kN/m � kN/m
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نتیجه در شکل زیر مشاهده می شود. 

• بار نقطه ای را در نقطه D در جهت z-  تعریف کنید. 
نکته

نکته

نکته

 Add to exiSting توجـه داشـته باشـید کـه نوع این بـار با بار گسـترده یکی می باشـد. در تعریف آن گزینـه
load را به جـای exiSting load  Replace در جعبـه Frame diStributed loads در شـکل بـالا فعـال 

نماییـد در غیـر این صـورت ایـن بـار جایگزیـن بار گسـترده شـده و بار گسـترده حذف می شـود. 

برای کنترل کار می توانید از منوی Display /Show load هر یک از بارهای اختصاص یافته را ببینید.

بـرای اطمینـان از صحـت نتایـج ابتـدا مقادیـر عکس العمل های تکیه گاهـی را نمایش دهید و با روش دسـتی 
کنترل کنید. 

• برنامه آمادۀ Run می باشد و می توانید نتایج را در شکل های صفحۀ بعد ببینید.
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بـا توجـه بـه توضیحـات در تمرین هـای  عملـی  قبلـی محـل حداکثـر نیروی برشـی و لنگـر خمشـی را تعیین 
. کنید
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در تیرهای زیر مطلوب است:
الف( ترسیم نمودار های نیروی برشی و لنگر خمشی

ب( تعیین محل لنگر خمشیِ حداکثر
ج( تعیین مقادیر حداکثر نیروی برشی و لنگر خمشی تیر

فعالیت 
کلاسی4

نکات مربوط به جمع بندی پودمان 3 )تحلیل سازه های ساختمانی(نکته
• خرپاها به دو گروه کلی صفحه ای و فضایی تقسیم می شوند.

• خرپاها تشکیل شبکة مثلثی می دهند.
• نیروهای خارجی وارد بر خرپاها در صفحه خرپا و در محل گره ها به آنها اعمال می شود.

• اعضای خرپاها به صورت مفصلی به یکدیگر متصل می شوند.
• منظـور از تحلیـل خرپـا، تعییـن نیـروی داخلـی هـر عضـو خرپـا و محاسـبة عکس العمل هـای تکیه گاهـی 

می باشـد. آن 
• برای تحلیل خرپاها از روش مفصل )گره( استفاده می شود.

• در گره هـای دارای دو عضـو غیـر هم راسـتا در صورتی کـه نیروی خارجی وجود نداشـته باشـد هـر دو عضو 
صفـر نیرویـی خواهند بود.

• در گره هـای دارای سـه عضـو کـه دو عضـو آنها هم راسـتا باشـند، در صورت عـدم وجود نیـروی خارجی در 
آن گـره، عضـو سـوم، صفر نیرویـی خواهد بود.

• هـدف از تحلیـل تیـر، تعییـن عکس العمل هـای تکیه گاهـی و نیروهـای داخلـی در هـر مقطـع از تیـر 
می باشـد.

• تیرها در اثر اعمال بارهای خارجی دارای رفتارهای خمشی و برشی می باشند.
• نیروهای داخلی در هر مقطع از تیر عبارت اند از : نیروی برشی و لنگر خمشی.

• مقدار برآیند بارهای گسترده یکنواخت برابر است با مساحت بار گسترده.
• محـل اثـر برآینـد بارهـای گسـترده یکنواخـت در محـل تلاقـی دو قطـر مسـتطیل بـار وارده )نصـف طول 

مسـتطیل( می باشـد.
5/128 Draw the shear and moment diagrams for the

loaded beam and determine the distance d to the
right of A where the moment is zero.

Problem 5/128

5/129 Draw the shear and moment diagrams for the
beam loaded at its center by the couple C. State
the value of the shear force at midbeam.

Problem 5/129

5/130 Draw the shear and moment diagrams for the
loaded beam. What are the values of the shear and
moment at midbeam?

Problem 5/130

5/131 Draw the shear and moment diagrams for the
beam shown and find the bending moment M at
section C.

Problem 5/131

A

3′

C B

3′

12′′800 lb 1000 lb

3′ 3′
600 lb

A B
M0

l––
3

l––
3

l––
3

A

C

B

l/2 l/2

A

B

4 kN

2 kN

2 m 2 m 2 m

286 Chapter 5 Distributed Forces

PROBLEMS
Introductory Problems

5/125 Determine the shear-force and bending-moment
distributions produced in the beam by the concen-
trated load. What are the values of the shear and
moment when 

Problem 5/125

5/126 Draw the shear and moment diagrams for the loaded
cantilever beam. State the value of the bending mo-
ment at midbeam.

Problem 5/126

5/127 Draw the shear and moment diagrams for the div-
ing board, which supports the 175-lb man poised to
dive. Specify the bending moment with the maxi-
mum magnitude.

Problem 5/127

BA
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2

PP

A

x

A B

P
2l–––
3

l––
3

x � l /2?
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)ب(

5/128 Draw the shear and moment diagrams for the
loaded beam and determine the distance d to the
right of A where the moment is zero.

Problem 5/128

5/129 Draw the shear and moment diagrams for the
beam loaded at its center by the couple C. State
the value of the shear force at midbeam.

Problem 5/129

5/130 Draw the shear and moment diagrams for the
loaded beam. What are the values of the shear and
moment at midbeam?

Problem 5/130

5/131 Draw the shear and moment diagrams for the
beam shown and find the bending moment M at
section C.

Problem 5/131
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Introductory Problems

5/125 Determine the shear-force and bending-moment
distributions produced in the beam by the concen-
trated load. What are the values of the shear and
moment when 

Problem 5/125

5/126 Draw the shear and moment diagrams for the loaded
cantilever beam. State the value of the bending mo-
ment at midbeam.

Problem 5/126

5/127 Draw the shear and moment diagrams for the div-
ing board, which supports the 175-lb man poised to
dive. Specify the bending moment with the maxi-
mum magnitude.

Problem 5/127
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5/128 Draw the shear and moment diagrams for the
loaded beam and determine the distance d to the
right of A where the moment is zero.

Problem 5/128

5/129 Draw the shear and moment diagrams for the
beam loaded at its center by the couple C. State
the value of the shear force at midbeam.

Problem 5/129

5/130 Draw the shear and moment diagrams for the
loaded beam. What are the values of the shear and
moment at midbeam?

Problem 5/130

5/131 Draw the shear and moment diagrams for the
beam shown and find the bending moment M at
section C.

Problem 5/131
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5/125 Determine the shear-force and bending-moment
distributions produced in the beam by the concen-
trated load. What are the values of the shear and
moment when 

Problem 5/125

5/126 Draw the shear and moment diagrams for the loaded
cantilever beam. State the value of the bending mo-
ment at midbeam.

Problem 5/126

5/127 Draw the shear and moment diagrams for the div-
ing board, which supports the 175-lb man poised to
dive. Specify the bending moment with the maxi-
mum magnitude.

Problem 5/127
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ارزشیابی

الگوی ارزشیابی پودمان تحلیل سازه های ساختمانی
تکالیف عملکردی

استانداردنتایجاستاندارد عملکرد)شایستگی ها(
نمره)شاخص ها، داوری، نمره دهی(

به کمک معادلات تعادل، تحلیل خرپا
نیروهای داخلی در خرپا 

و اجسام صلب را با 
ماشین حساب به دست 

آورد.

3ترسیم نیروهای داخلی خرپا و تیربالاتر از حد انتظار

در حد انتظار
)کسب شایستگی(

تشکیل معادلات تعادل گره یا در هر 
2مقطع از جسم صلب

پایین تر از انتظارتحلیل تیر
)عدم احراز شایستگی(

ترسیم پیکره آزاد هر گره یا در هر 
1مقطع جسم صلب

نمره مستمر از 5

نمره شایستگی پودمان از 3

نمره پودمان از 20

ارزشـیابی در ایـن درس براسـاس شایسـتگی اسـت. بـرای هـر پودمـان یـك نمـره مسـتمر )از 5 نمـره( و یـك 
نمـره شایسـتگی پودمـان )نمـرات 1، 2 یـا 3( با توجـه به اسـتانداردهای عملكرد جـداول ذیل بـرای هر هنرجو 
ثبـت می گـردد. امـكان جبـران پودمان هـای در طـول سـال تحصیلی بـرای هنرجویان و بـر اسـاس برنامه ریزی 

هنرسـتان وجود دارد.

)د(

)ج(

5/128 Draw the shear and moment diagrams for the
loaded beam and determine the distance d to the
right of A where the moment is zero.

Problem 5/128

5/129 Draw the shear and moment diagrams for the
beam loaded at its center by the couple C. State
the value of the shear force at midbeam.

Problem 5/129

5/130 Draw the shear and moment diagrams for the
loaded beam. What are the values of the shear and
moment at midbeam?

Problem 5/130

5/131 Draw the shear and moment diagrams for the
beam shown and find the bending moment M at
section C.

Problem 5/131
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PROBLEMS
Introductory Problems

5/125 Determine the shear-force and bending-moment
distributions produced in the beam by the concen-
trated load. What are the values of the shear and
moment when 

Problem 5/125

5/126 Draw the shear and moment diagrams for the loaded
cantilever beam. State the value of the bending mo-
ment at midbeam.

Problem 5/126

5/127 Draw the shear and moment diagrams for the div-
ing board, which supports the 175-lb man poised to
dive. Specify the bending moment with the maxi-
mum magnitude.

Problem 5/127
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5/128 Draw the shear and moment diagrams for the
loaded beam and determine the distance d to the
right of A where the moment is zero.

Problem 5/128

5/129 Draw the shear and moment diagrams for the
beam loaded at its center by the couple C. State
the value of the shear force at midbeam.

Problem 5/129

5/130 Draw the shear and moment diagrams for the
loaded beam. What are the values of the shear and
moment at midbeam?

Problem 5/130

5/131 Draw the shear and moment diagrams for the
beam shown and find the bending moment M at
section C.
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Introductory Problems

5/125 Determine the shear-force and bending-moment
distributions produced in the beam by the concen-
trated load. What are the values of the shear and
moment when 

Problem 5/125

5/126 Draw the shear and moment diagrams for the loaded
cantilever beam. State the value of the bending mo-
ment at midbeam.

Problem 5/126

5/127 Draw the shear and moment diagrams for the div-
ing board, which supports the 175-lb man poised to
dive. Specify the bending moment with the maxi-
mum magnitude.
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5/128 Draw the shear and moment diagrams for the
loaded beam and determine the distance d to the
right of A where the moment is zero.

Problem 5/128

5/129 Draw the shear and moment diagrams for the
beam loaded at its center by the couple C. State
the value of the shear force at midbeam.

Problem 5/129

5/130 Draw the shear and moment diagrams for the
loaded beam. What are the values of the shear and
moment at midbeam?

Problem 5/130

5/131 Draw the shear and moment diagrams for the
beam shown and find the bending moment M at
section C.
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A

3′

C B

3′

12′′800 lb 1000 lb

3′ 3′
600 lb

A B
M0

l––
3

l––
3

l––
3

A

C

B

l/2 l/2

A

B

4 kN

2 kN

2 m 2 m 2 m

286 Chapter 5 Distributed Forces

PROBLEMS
Introductory Problems

5/125 Determine the shear-force and bending-moment
distributions produced in the beam by the concen-
trated load. What are the values of the shear and
moment when 

Problem 5/125

5/126 Draw the shear and moment diagrams for the loaded
cantilever beam. State the value of the bending mo-
ment at midbeam.

Problem 5/126

5/127 Draw the shear and moment diagrams for the div-
ing board, which supports the 175-lb man poised to
dive. Specify the bending moment with the maxi-
mum magnitude.
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5/128 Draw the shear and moment diagrams for the
loaded beam and determine the distance d to the
right of A where the moment is zero.

Problem 5/128

5/129 Draw the shear and moment diagrams for the
beam loaded at its center by the couple C. State
the value of the shear force at midbeam.

Problem 5/129

5/130 Draw the shear and moment diagrams for the
loaded beam. What are the values of the shear and
moment at midbeam?

Problem 5/130

5/131 Draw the shear and moment diagrams for the
beam shown and find the bending moment M at
section C.
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Introductory Problems

5/125 Determine the shear-force and bending-moment
distributions produced in the beam by the concen-
trated load. What are the values of the shear and
moment when 

Problem 5/125

5/126 Draw the shear and moment diagrams for the loaded
cantilever beam. State the value of the bending mo-
ment at midbeam.

Problem 5/126

5/127 Draw the shear and moment diagrams for the div-
ing board, which supports the 175-lb man poised to
dive. Specify the bending moment with the maxi-
mum magnitude.
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5/128 Draw the shear and moment diagrams for the
loaded beam and determine the distance d to the
right of A where the moment is zero.

Problem 5/128

5/129 Draw the shear and moment diagrams for the
beam loaded at its center by the couple C. State
the value of the shear force at midbeam.

Problem 5/129

5/130 Draw the shear and moment diagrams for the
loaded beam. What are the values of the shear and
moment at midbeam?

Problem 5/130

5/131 Draw the shear and moment diagrams for the
beam shown and find the bending moment M at
section C.
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Introductory Problems

5/125 Determine the shear-force and bending-moment
distributions produced in the beam by the concen-
trated load. What are the values of the shear and
moment when 

Problem 5/125

5/126 Draw the shear and moment diagrams for the loaded
cantilever beam. State the value of the bending mo-
ment at midbeam.

Problem 5/126

5/127 Draw the shear and moment diagrams for the div-
ing board, which supports the 175-lb man poised to
dive. Specify the bending moment with the maxi-
mum magnitude.

Problem 5/127
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5/128Draw the shear and moment diagrams for the
loaded beam and determine the distance dto the
right of Awhere the moment is zero.

Problem 5/128

5/129Draw the shear and moment diagrams for the
beam loaded at its center by the couple C.State
the value of the shear force at midbeam.

Problem 5/129

5/130Draw the shear and moment diagrams for the
loaded beam. What are the values of the shear and
moment at midbeam?

Problem 5/130

5/131Draw the shear and moment diagrams for the
beam shown and find the bending moment Mat
sectionC.
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PROBLEMS
Introductory Problems

5/125Determine the shear-force and bending-moment
distributions produced in the beam by the concen-
trated load. What are the values of the shear and
moment when 

Problem 5/125

5/126Draw the shear and moment diagrams for the loaded
cantilever beam. State the value of the bending mo-
ment at midbeam.

Problem 5/126

5/127Draw the shear and moment diagrams for the div-
ing board, which supports the 175-lb man poised to
dive. Specify the bending moment with the maxi-
mum magnitude.
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پودمان 4

خواص هندسی سطوح

GG

G



108

گشتاور اول سطح واحد یادگیری     7

طـول، سـطح و حجـم سـه خصوصیت اصلی هندسـی اجسـام به شـمار می روند. اجسـام یک بعـدی مانند طناب 
بـا طولشـان، اجسـام دو بعـدی ماننـد یک قطعـه زمین با مساحتشـان و اجسـام سـه بعدی مثل یک سـاختمان 

بـا حجمـی که دارند مشـخص می شـوند.

در پودمـان دوم بـا گشـتاور نیـرو آشـنا شـدیم کـه عبـارت بـود از حاصل ضرب نیـرو در فاصلـة آن نیـرو تا یک 
محـور. گشـتاور اول سـطح نیز تعریفی مشـابه گشـتاور نیـرو دارد.

گشـتاور اول یـک سـطح نسـبت بـه یک محـور، حاصل ضـرب آن سـطح در فاصلة مرکـز آن تا محور مـورد نظر 
باشد.  می 

 cm3 و یا m3 نمایـش داده می شـود و واحـد آن طول به توان 3 می باشـد یعنـی Q گشـتاور اول سـطح بـا نمـاد
و ... .

مقدمه

تفکر
با راهنمایی هنرآموز خود، خصوصیات دیگری از سطح را بنویسید.

ایـن خصوصیـات تمـام ویژگی هـای اجسـام را بیـان نمی کننـد؛ مثلاً دو قطعه زمین هم مسـاحت ممکن اسـت 
دارای شـکل های هندسـی متفـاوت باشـند. بنابراین اجسـام دارای خصوصیـات دیگری نیز می باشـند که در این 
فصـل بـه بررسـی بعضی از خصوصیات سـطوح شـامل گشـتاور اول سـطح، مرکز سـطح، گشـتاور دوم سـطح و 

مـدول مقطـع یا اسـاس مقطـع آنهـا می پردازیم.

7-1- گشتاور اول سطح )ممان استاتیک(
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جدول )1(

نام سطح شکل هندسی X Y توضیحات

مستطیل
(مربع)

G
y

x
b

h
y

x←→

←
→

b
2

h
2

مرکز سطح مستطیل محل 
تلاقی دو قطر آن می باشد

 مثلث
قائم الزاویه

G
y

x
b

h

y

x
b
3

h
3

مرکز سطح مثلث قائم الزاویه 
1 از قاعدة آن 

3
در فاصلة 

می باشد

دایره

Gy

x

r
y

x r r مرکز سطح دایره 
مرکز دایره می باشد

x

y

Q A.Y

Q A.X

=

=

A

y

x

مرکز سطح

X

Y
x نسبت به محور A گشتاور اول سطح
y نسبت به محور A گشتاور اول سطح

Y مختصات مرکز سطح A می باشند. X و  در روابط فوق 

سـطوح  از  بعضـی  سـطح  مرکـز  مختصـات   )1( جـدول  در 
اسـت. آمـده   y و   x بـه محورهـای  نسـبت  هندسـی 

٣ 
 

  
 2- 4شکل 

  .مربع، مستطیل، دایره، نیم دایره و مثلث نشان داده شده استدر جدول زیر مختصات مرکز سطح هندسی و مساحت اشکال 

  

  1- 4جدول

  شکل سطح  نام سطح
  مرکز سطح

  توضیحات  مساحت
X Y 

  

  

  مربع

   

  

  

  

b

2
 

  

  

b

2
 

  

  

b2 

  

  

مرکز سطح مربع در 

محل تلاقی دو قطر آن 

   .می باشد

  

  

  مستطیل

   

  

  

  

b

2
 

  

  

h

2
 

  

  

b	.		h 

  

  

در  ستطیلمرکز سطح م

محل تلاقی دو قطر آن 

   .می باشد

  

  

  دایره

  

  

  

  

  

r 

  

  

  

r 

  

  

  

π	. r2 

  

  

در  دایرهمرکز سطح 

قطرها یا محل تلاقی 

   .می باشد مرکز دایره

  

  

  

  مثلث

  

  

  

  

1

3
h 

  

  

1

3
b 

  

  

b	.		h

2
 

  

   

مرکز سطح مثلث  از 

قاعده آن 
1

3
طول می   

  .باشد

 شکل 1 

 شکل 2 
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مثال 1

مثال 2

گشـتاور اول سـطح )ممان اسـتاتیک( مسـتطیل را 
نسـبت بـه محورهـای x و y محاسـبه کنید.

گشـتاور اول سـطح )ممان اسـتاتیک( مسـتطیل را 
نسـبت بـه محورهـای x و y محاسـبه کنید.

با توجه به شکل فاصله مرکز سطح از محورهای x و y عبارت اند از:

Y را بـه  X و  ابتـدا مسـاحت مثلـث و مختصـات 
دسـت می آوریـم:

 x حال گشـتاور اول سـطح را نسـبت بـه محورهای
و y بـه دسـت می آوریم:

y

x

b=2cm

h=
4c

m

3cm

1

X

Y

مساحت مستطیل برابر است با

x ممان استاتیک نسبت به محور

y ممان استاتیک نسبت به محور
x x

y y

bX X cm

hY Y cm

A b.h cm

Q A.Y Q cm

Q A.X Q cm

2

3

3

23 3 4
2 2

41 1 3
2 2

2 4 8
8 3 24
8 4 32

= + ⇒ = + =

= + ⇒ = + =

= = × =

= ⇒ = × =

= ⇒ = × =

۴ 
 

  

  

  

  مثلث

  

  

  

  

  

2

3
b 

  

  

  

1

3
h 

  

  

  

b	.		h

2
 

  

  

مرکز سطح مثلث از 

قاعده آن 
1

3
طول و از   

نوك مثلث 
2

3
طول می  

  .باشد

  

  .به دست آورید yو  xرا نسبت به محورهاي  دو شکل زیرگشتاور اول سطح  :1 مثال

  

  )ب(  )الف(                                     

  ): الف(شکل : حل

  :را به دست می آوریم X		و	A( ،Y(مساحت الف،ابتدا در شکل 

A=b	.	h=  9 x  12 =108					cm2 

X=4+	
b

2
	⇒			X=4+	

12

2
=	10		cm 

Y= 6 +	
h

2
	⇒			Y=6+	

9

2
=	10.5		cm 

  :به دست می آوریم yو  xحال گشتاور اول سطح را نسبت به محور 

Qx=	A	.	Y		⇒						Qx=	108		x		10.5	=		   1134 	cm3 

Qy=	A	.	X		⇒						Qy=	108		x		 10  	=		    1080 	cm3	

  

  ): ب(شکل 

  :را به دست می آوریم X		و	A( ،Y(مساحت ب،ابتدا در شکل 

A=
b	.	h

2
= 

5 		x	  9

2
 =	22.5					cm2 

b.hA / cm25 9 22 5
2 2

×= = =

X b X / cm

Y h Y cm

2 26 6 5 9 33
3 3
1 16 6 9 9
3 3

= + ⇒ = + =

= + ⇒ = + =

x x

y y

Q A.Y Q / / cm
Q A.X Q / / / cm

3

3

22 5 9 202 5
22 5 9 33 209 92

= ⇒ = × =

= ⇒ = × =
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7-2- گشتاور اول )ممان استاتیک( سطوح مرکب
بـه منظـور محاسـبه گشـتاور اول سـطوح مرکـب، آن هـا را بـه سـطوح هندسـی سـاده تجزیـه نمـوده و ممـان 
اسـتاتیک هـر یـک از آن هـا را نسـبت بـه محورهای مـورد نظر محاسـبه و بـا یکدیگر جمـع جبـری می نماییم. 

: یعنی

به عنوان نمونه در شکل )3( خواهیم داشت:

در ایـن رابطـه علامـت Σ )بخوانیـد زیکمـا( بـه معنی 
مجمـوع می باشـد.

n

x i xi
i
n

y i y
i

i

Q A y Q A y A y A y

Q A x Q A x A x A x

1 2 31 2 3
1

1 2 3
1

1 2 3

=

=

= ⇒ = + +

= ⇒ = + +

∑

∑

n

x i i
i
n

iy i
i

Q A y

Q A x

1

1

=

=

=

=

∑

∑

y

x

A1

A2

A3

x 1

x 2

x 3

y1 y3
y2

رابطۀ بسط یافتۀ Qx و Qy در شکل زیر را بنویسید.
)دایره و مستطیل، هم مرکز هستند(

فعالیت 
کلاسی1

y

x

2

1

 شکل 3 
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گشـتاور اول سطح داده شـده را نسبت به محورهای مثال 3
x و y محاسبه کنید.

حل:
سطح مرکب داده شده را مطابق شکل زیر به دو سطح ساده مستطیلی و مثلثی تجزیه می کنیم.  

به کمک جدول )2( حل مسئله را ادامه می دهیم

بنابراین:

y

x

8cm 6cm

9c
m

5c
m

4cm

y

A1
A2G1

G2

x

X1
84 8
2

= + =

X2
64 8 14
3

= + + =

Y
/

1
9

5
9

5
2

=
+

=

Y 2
9

5
8

3
=

+
=

جدول )2(

سطوح )Ai( مساحت x y x iQ Ay= y i
Q Ax=

A1 8 9 72× = 8 9/5 72×9/5=684 72×8=576

A2
6 9 27
2
× = 14 8 27×8=716 27×14=376

Σ 1400 954

cm3cm3cmcmcm2

x

y

Q cm

Q cm

3

3

1400

954

=

=
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محاسـبه مثال 4 را  زیـر  شـکل  سـطح  مرکـز  مختصـات 
نماییـد. 

)ابعاد شکل بر حسب cm است(

7-3- مرکز سطح سطوح مرکب
بـرای محاسـبه مرکـز سـطح سـطوح مرکب بـا توجه بـه اینکه گشـتاور اول کل سـطح بـا مجموع گشـتاورهای 

اول اجـزای سـطح مرکـب با هـم برابرنـد می توان نوشـت:
n

y in
in i n

iy i
ii

i
n

x i in
in

i i n
ix i i

ii
i

i

i
i

Q AX A x
AX A x X

Q A x A

Q AY A y
AY A y Y

Q A y A

1

1
1

1

1

1
1

1

=

=
=

=

=

=
=

=

=
 ⇒ = ⇒ =

= 


=
 ⇒ = ⇒ =

= 


∑
∑∑ ∑

∑
∑∑ ∑

Y مختصـات مرکز سـطح مرکب مورد نظر می باشـند که نسـبت بـه محورهای مختصات  X و  در روابـط فـوق 
دلخواه تعیین می شـوند.

20

5
25

10 20

y

xo

A2

A1

به منظور سـادگی حل مسـئله محورهـای مختصات 
x و y را  طـوری در نظـر می گیریـم کـه شـکل در 
ربـع اول دسـتگاه مختصـات قـرار گرفتـه و تمـام 

باشـند. طول هـا مثبت 
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7-4- استفاده از تقارن در تعیین مرکز سطح سطوح متقارن
محور تقارن: خطی است که سطح را به دو قسمت مساوی و قرینه تقسیم می کند.

n

i
i

n

i
i

n

i i
i

n

i
i

i
A x

X cm
A

A y
Y cm

A

1

1

1

1

12500 25
500

10000 20
500

=

=

=

=

= = =

= = =

∑

∑

∑

∑

جدول )3(

سطوح
مساحت 

)Ai(
i

x
iy x iQ Ay= y i i

Q A x=

A1 10×25=250
1020 25
2

+ = /25 12 5
2

= 3125 6250

A2 5×50=250
50 25
2

= /525 27 5
2

+ = 6875 6250

Σ 500 10000 12500

cm3cm3cmcmcm2

y 20=

x 25=

y

xo

G
cm

G
cm

25
20

در شکل زیر مختصات مرکز سطح نشان داده شده است:

پـس از تجزیـه شـکل مرکـب به سـطوح سـاده جدول مشـخصات آنهـا را تشـکیل داده و با اسـتفاده از روابط  
مرکـز سـطح سـطوح مرکب، مختصـات مرکز سـطح را محاسـبه می نماییـم. )جدول 3(
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مثال 5

به صورت عملی با روش های زیر، مرکز سطح یک سطح دلخواه را تعیین نموده و مقایسه کنید.
1- از دو نقطه سطح مورد نظر را در امتداد شاقول آویزان کنید. محل تلاقی آنها مرکز سطح خواهد بود.

2- در نرم افـزار AutoCAD سـطح را ترسـیم نمـوده و بـا دسـتور Region آنـرا به یک ناحیـه تبدیل کنید. 
سـپس با دسـتور زیـر، مرکز سـطح آنرا مشـخص کنید.

tools inquiry region / properties→ →

در شکل زیر با استفاده از تقارن مختصات مرکز سطح را به دست آورید.
)ابعاد بر حسب سانتی متر می باشد(

7-4-1- سطوح با یک محور تقارن 

7-4-2- سطوح با دو محور تقارن

فعالیت 
کلاسی2

اگر سطح دارای یک محور تقارن باشد، مرکز سطح روی آن محور خواهد بود. )شکل 4(

هرگاه سطح دارای دو محور تقارن باشد، مرکز سطح در محل تلاقی آن دو محور خواهد بود. )شکل 5( 

محور تقارن

محور تقارن

محور تقارن

G

G

G

G
GGG

محور تقارن

4 41
9

y

x

1/5
18 21

1/5

x / cm

y / cm

9 4 5
2
21 10 5
2

= =

= =

تقـارن  دومحـور  دارای  شـکل  اینکـه  بـه  باتوجـه 
آن هـا  تلاقـی  محـل  مرکـز سـطح  لـذا  می باشـد 

داریـم: بنابرایـن  بـود.  خواهـد 

 شکل 4 

 شکل 5 
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در شکل های زیر مختصات مرکز سطح را محاسبه کنید.

با استفاده از تقارن، مختصات مرکز سطح را به دست آورید.

فعالیت 
کلاسی3

فعالیت 
کلاسی4

5/49 Determine the coordinates of the centroid of the trap-
ezoidal area shown.

Problem 5/49

5/50 Determine the y-coordinate of the centroid of the
shaded area.

Problem 5/50

5/51 Determine the coordinates of the centroid of the
shaded area.

x

h

60°60°

a

y

x

600
mm

600
mm

300
mm

y

258 Chapter 5 Distributed Forces

PROBLEMS
Introductory Problems

5/47 Determine the x- and y-coordinates of the centroid
of the shaded area.

Problem 5/47

5/48 Determine the coordinates of the centroid of the
shaded area.

Problem 5/48
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y

x

Dimensions in millimeters

80

80

120

160

y

x

x

125 mm
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Problem 5/51

160mm
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m

80mm
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m

m

5/49 Determine the coordinates of the centroid of the trap-
ezoidal area shown.

Problem 5/49

5/50 Determine the y-coordinate of the centroid of the
shaded area.

Problem 5/50

5/51 Determine the coordinates of the centroid of the
shaded area.
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258 Chapter 5 Distributed Forces

PROBLEMS
Introductory Problems

5/47 Determine the x- and y-coordinates of the centroid
of the shaded area.

Problem 5/47

5/48 Determine the coordinates of the centroid of the
shaded area.

Problem 5/48
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x

x
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Problem 5/51

600mm

300mm
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0m

m

)الف(

)ج(

)ه(

)د(

)و(

5/52 Calculate the y-coordinate of the centroid of the
shaded area.

Problem 5/52

5/53 Determine the x-, y-, and z-coordinates of the mass
center of the body constructed of uniform slender rod.

Problem 5/53

5/54 Calculate the x- and y-coordinates of the centroid 
of the shaded area.

Problem 5/54

x

y

9"

z

y

x

O

r

60°

y

x

13″

17″

3″

15″ 15″

60°

Article 5/4 Problems 259

5/55 Determine the x- and y-coordinates of the centroid of
the shaded area.

Problem 5/55

Representative Problems

5/56 Determine the y-coordinate of the centroid of the
shaded area.

Problem 5/56

5/57 Determine the distance from the bottom of the
base plate to the centroid of the built-up structural
section shown.

Problem 5/57

10 10

1010

10 10

10
80

160
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H

x
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shaded area.
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293Problems 7.35 and 7.36 Determine the moments of inertia Ix and Iy of the 
area shown with respect to centroidal axes that are respectively 
parallel and perpendicular to the side AB.

 7.37 Determine the moments of inertia Ix and Iy of the area shown with 
respect to centroidal axes that are respectively parallel and perpen-
dicular to the side AB.

 7.38 Determine the centroidal polar moment of inertia of the area 
shown.

 7.39 and 7.40 Determine the polar moment of inertia of the area 
shown with respect to (a) point O, (b) the centroid of the area.

 7.41 Two W8 3 31 rolled sections can be welded at A and B in either 
of the two ways shown. For each arrangement, determine the 
moment of inertia of the section with respect to the horizontal 
centroidal axis.
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294  Distributed Forces: Moments of Inertia of Areas  7.42 Two 6 3 4 3 1
2-in. angles are welded together to form the section 

shown. Determine the moments of inertia and the radii of gyration 
of the section with respect to the centroidal axes shown.

 7.43 Two channels and two plates are used to form the column section 
shown. For b 5 200 mm, determine the moments of inertia and 
the radii of gyration of the combined section with respect to the 
centroidal axes.

 7.44 In Prob. 7.43, determine the distance b for which the centroidal 
moments of inertia Ix and Iy of the column section are equal.

 7.45 The strength of the rolled S section shown is increased by welding 
a channel to its upper flange. Determine the moments of inertia of 
the combined section with respect to its centroidal x and y axes.

 7.46 A channel and a plate are welded together as shown to form a 
section that is symmetrical with respect to the y axis. Determine 
the moments of inertia of the section with respect to its centroidal 
x and y axes.

 7.47 Two L102 3 102 3 12.7-mm angles are welded to a 12-mm steel 
plate as shown. For b 5 250 mm, determine the moments of iner-
tia of the combined section with respect to centroidal axes that are 
respectively parallel and perpendicular to the plate.

 7.48 Solve Prob. 7.47 assuming that b 5 300 mm.
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نکات مهم واحد یادگیری 7 )گشتاور اول سطح(:نکته
حاصل ضـرب  از:  عبارت اسـت  محـور  یـک  بـه  نسـبت  سـطح  اول  گشـتاور   •
آن سـطح، در فاصلـه مرکـز آن تـا آن محـور مـورد نظر و نسـبت به محـور های 

x و y به صـورت روبـه رو تعریـف می شـود:
• گشـتاور اول سـطوح مرکب با تجزیه آنها به سـطوح سـاده هندسـی و محاسبه 
گشـتاور اول سـطح هرکـدام نسـبت به محورهای مـورد نظر و جمـع جبری آنها 

محاسبه می شـود. یعنی:

• مختصات مرکز سـطح یک سـطح هندسـی با اسـتفاده از گشـتاور اول سـطح 
و رابطـة روبـه رو تعیین می شـود:

x

y

Q A.Y

Q A.X

=

=

n

x i i
i
n

y i
i

i

Q A .y

Q A .x

1

1

=

=

=

=

∑

∑

• اگر سطحی دارای یک محور تقارن باشد، مرکز سطح روی آن محور خواهد بود. 
• اگر سطحی دارای دو محور تقارن باشد، مرکز سطح، محل تلاقی آن دو محور خواهد بود.

n

i i
i
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i
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∑
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)Moment of Inertia( )8 - 1- گشتاور دوم سطح )ممان اینرسی
خـط کشـی را مطابـق شـکل )1( در نظـر می گیریـم. اگر بخواهیـم آن را در دو حالـت نشان داده شـده خم کنیم 

بـه نظر شـما درکـدام حالـت راحت تـر خم می شـود؟ چرا؟

گشتاور دوم سطح )ممان اینرسی( واحد یادگیری    8

)الف(

)ب(

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

باتوجـه بـه مثـال فـوق درمی یابیـم علی رغـم آنکـه سـطح مقطع خط کـش در هـر دو حالت یکسـان اسـت، در 
حالـت )الـف( خط کـش راحت تـر خم می شـود. یعنی مقاومـت آن در مقابل خم شـدن )خمش( کمتـر از حالت 
)ب( می باشـد. علـت آن ممـان اینرسـی سـطح مقطـع خط کش اسـت کـه درحالت )الـف( کمتـر از حالت )ب( 

می باشـد.

 شکل 1 
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درجـدول )1( روابـط ممان اینرسـی بعضی از سـطوح هندسـی سـاده نسـبت به محورهـای مرکـزی آن ها آمده 
است.

جدول )1(

نام سطح شکل هندسی GxI GyI

مستطیل Gh

b

yG

xG
bh3

12
hb3

12

مربع Ga

a

yG

xG a4

12
a4

12

دایره
G

r

yG

xG

r4

4
π r4

4
π

تفکر
به نظر شما در مقطع I شکل ضخامت بال ها بیشتر است یا جان؟ چرا؟

واحد ممان اینرسی، طول به توان 4 یعنی cm4  یا mm4 و ... می باشد.نکته

به عنوان یک تعریف ساده از ممان اینرسی، می توان گفت: 
گشـتاور دوم سـطح یا ممان اینرسـی عامل مقاوم در مقابل خمش می باشـد و به پراکندگی ذرات تشـکیل دهندة 

جسـم حول محور خمش بستگی دارد.
ممـان اینرسـی را بـا نمـاد I نشـان داده و نسـبت به محورهـای مختلف با اندیـس آن محور نام گذاری می شـود. 

.x یعنی ممان اینرسـی نسـبت بـه محور Ix ،بـه عنـوان مثال
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ممـان اینرسـی سـطح مقطـع مقابـل را نسـبت بـه مثال 1
محورهـای مرکـزی آن محاسـبه نماییـد.

حل: 
مرکـز سـطح مسـتطیل محـل تلاقـی دو قطـر آن 

بنابرایـن:  می باشـد 
ابتـدا موقعیـت محورهـای مرکـزی سـطح مقطع را 
مشـخص نموده سـپس بـا اسـتفاده از روابط جدول 

IyG را تعییـن می نماییـم.
IxG  و 

 )1(

8-2- قضیه محورهای موازی
یـک  اینرسـی  ممـان  تعییـن  روش  قبـل  درقسـمت 
سـطح نسـبت بـه محورهایـی کـه از مرکـز آن سـطح 

دیدیـم. را   ، می گـذرد 
حـال می خواهیم ممان اینرسـی یک سـطح را نسـبت 
آن  مرکـزی  محورهـای  مـوازی  کـه  محورهایـی  بـه 

آوریـم. به دسـت  می باشـند، 
بـه عنـوان مثـال در شـکل )2( بـا فـرض اینکـه ممان 
 )yG و xG( اینرسـی آن نسـبت بـه محورهای مرکـزی
معلـوم باشـد، می خواهیـم ممـان اینرسـی مقطـع را 
نسـبت بـه محورهـای X و Y کـه با فاصلـه d1 و d2 از 

محورهـای مرکـزی قـرار دارنـد، محاسـبه کنیم. 

8cm

10cm

G

y

x
xG

yG

bhI / cm

hbI / cm

3 3
4

3 3
4

8 10 666 67
12 12

10 8 426 67
12 12

×= = =

×= = =

d1

d2

G

yGY

xG

A

X

این موضوع با قضیه محورهای موازی که به صورت زیر بیان می شود قابل محاسبه خواهد بود.
ممـان اینرسـی یـک سـطح نسـبت بـه محورهایـی که مـوازی با محورهـای مرکـزی آن سـطح می باشـند، برابر 
اسـت بـا ممـان اینرسـی آن سـطح نسـبت بـه محورهـای مرکزی بـه اضافـه حاصل ضـرب مسـاحت در مجذور 

فاصلـه محـور مـورد نظـر تا مرکز سـطح.
یعنی:

G

G

X x

Y y

I I Ad

I I Ad

2
1

2
2

= +

= +

 شکل 2 
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در شکل روبه رو مطلوب است:مثال 2
 Iy و Ix محاسبه

X

h

b

Y

h G

b

Y

yG

xG

X

d 1

d2

xG

yG

bhI

hbI

3

3
12

12

=

=

xG X

X

X

X

X X

hd

A b.h
bh hI Ad I (b.h)( )

bh bh bh bhI

bh bh

I

I

I I

1

3
2 2

1

3 3 3 3

3 3

2

12 2
3

12 4 12
4
12 3

=

=

= + ⇒ = +

+⇒ = + ⇒ =

= ⇒ =

حل:
الـف( ابتـدا ممان اینرسـی را نسـبت بـه محورهای 

مرکـزی آن یعنـی xG و yG تعییـن می کنیـم.

ب( بـا توجـه به اینکـه محور X بر طول مسـتطیل 
 d1 یعنی xG ممـاس می باشـد، فاصلـه آن از محـور

با: برابر  اسـت 

ج( برای محور Y نیز خواهیم داشت:

yGY Y

Y Y

Y Y

bd

A b.h
hb bI Ad (b.h)( )

hb hb hb hb

hb hb

I I

I I

I I

2

3
2 2

2

3 3 3 3

3 3

2

12 2
3

12 4 12
4
12 3

=

=

= + ⇒ = +

+⇒ = + ⇒ =

= ⇒ =
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در شکل زیر مطلوب است محاسبة ممان اینرسی نسبت به محورهای x و y.مثال 3

8-3- محاسبه ممان اینرسی سطوح مرکب
برای محاسـبه ممان اینرسـی سـطوح مرکب، آن ها را به اشـکال هندسـی سـاده تجزیه نموده و ممان اینرسـی 

هـر یـک را نسـبت بـه محور مـورد نظر محاسـبه و بـا یکدیگر جمع جبـری می نماییم. )شـکل 3(

X X X X

Y Y Y Y

I I I I
I I I I

1 2 3

1 2 3

= + −
= + −

Gi

Gi

n n

X Xi X i i
i i
n n

Y Yi Y i i
i i

I I (I A d )

I I (I A d )

2

1 1

2

1 1

= =

= =

= = +

= = +

∑ ∑

∑ ∑

Y

X

Y

X

1

2

3

و به طور کلی خواهیم داشت:

y

x
r

R

t=1 cm

30 cm

x y

x y

x y

x y

R

r R t r r cm

I I I I

R rI I

I I (R r ) ( )

I I / cm

4 4

4 4 4 4

4

30 15
2

15 1 14

4 4

15 14
4 4
9588 93

= =

= − ⇒ = − ⇒ =

= = −

π π= = −

π π= = − = −

= =

خارجی داخلی
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درشکل روبه رو مطلوب است:مثال 4
 Ix محاسبه

5 cm

16
 cm

2
2

5 2

y

x

d3

xG1

xG2

xG3

d1

y

x

1

3
2

d1=9

A1

xG1

y

x

x xG

x

I I A d

I ( )( ) cm

1 1

1

2
1 1

3
2 412 2 2 12 9 1952

12

= +

×= + × =

- ابتـدا سـطح مقطـع را بـه سـه سـطح 1، 2 و 3 
می کنیـم. تجزیـه 

- بـه کمک قضیـه محورهای موازی ممان اینرسـی 
هریـک از سـطوح را نسـبت بـه محـور x محاسـبه 

می کنیـم. 
: Ix1 محاسبه
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: Ix2 محاسبه

d2=0

A2

xG2

y

x

A3

xG3

y

x

d3=9

x xG

x

x

I I A d

I ( )( )

I / cm

2 2

2

2

2
2 2

3
2

4

2 16 2 16 0
12

682 67

= +

×= + ×

=

x xI I cm
3 1

41952= =

ix x x x x
i

x

x

I I I I I

I /
I / cm

1 2 3

3

1

4

1952 682 67 1952
4586 67

=

= = + +

= + +

=

∑

: Ix3 محاسبه
به دلیل تقارن A1 و A3 نسبت به محور x داریم:

ممان اینرسی کل مقطع برابر است با:
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8-4- مشخصات هندسی مقاطع نورد شده
بـا توجـه بـه اینکـه مقاطـع نورد شـده بـا اسـتانداردهای کارخانـة سـازنده تولید می شـوند، لـذا بـرای هریک از 
مقاطـع تولیـدی شـامل تیـر آهن هـا، ناودانی هـا، نبشـی ها و ... جـداول مشـخصات هندسـی هر مقطع نیـز ارائه 
می شـود کـه بـا اسـتفاده از ایـن جداول مشـخصات هندسـی مقاطـع نظیر ابعـاد، سـطح مقطع، ممان اینرسـی 
و ... اسـتخراج می شـوند، بـه عنـوان مثـال، قسـمتی از جـدول مشـخصات مقاطـع نیـم پهـن )IPE( را زیـر این 

جـدول مشـاهده می کنیـد کـه بـرای نمونـه مشـخصات هندسـی IPE 200 را از آن اسـتخراج نموده ایم.

درصورتی کـه مقطـع مـورد نظـر ترکیبی از دو یا چند مقطع نورد شـده باشـد می توان ابتدا مشـخصات هندسـی 
مقطـع نورد شـدة سـاده )تکـی( را از جـدول اسـتخراج نمـوده و سـپس بـا اسـتفاده از قضیـه محورهـای موازی 

مشـخصات هندسـی مقطـع مرکب را به دسـت آورد.

مساحت مقطع
x ممان اینرسی حول محور
y ممان اینرسی حول محور

A=28/5 cm2

h =200 mm=20 cm
b =100 mm=10 cm
S =5/6 mm=0/56 cm
t =8/5 mm=0/85 cm

Ix=1940 cm4

Iy=142 cm4

ارتفاع مقطع
عرض بال

ضخامت جان
ضخامت بال

:IPE200 مشخصات

IPE    نيمرخ نيم پهن

سطح مقطع A=
وزن واحد طول G=
ممان اينرسي I=ممان اينرسي I

اساس مقطع S=
شعاع ژيراسيون i=

h b s t r c h-2c A G Ix Sx ix Iy Sy iy a1 rT
2 4 3 4 3IPE mm mm mm mm mm mm mm cm2 kg/m cm4 cm3 cm cm4 cm3 cm mm mm

80 80 46 3.8 5.2 5 10.2 59 7.64 6 80.1 20 3.24 8.49 3.69 1.05 63 12.2
100 100 55 4.1 5.7 7 12.7 74 10.3 8.1 171 34.2 4.07 15.9 5.79 1.24 79 14.6
120 120 64 4.4 6.3 7 13.3 93 13.2 10.4 318 53 4.9 27.7 8.65 1.45 96 16.9
140 140 73 4.7 6.9 7 13.9 112 16.4 12.9 541 77.3 5.74 44.9 12.3 1.65 112 19.3
160 160 82 5 7.4 9 16.4 127 20.1 15.8 869 109 6.58 68.3 16.7 1.84 129 21.7
180 180 91 5.3 8 9 17 146 23.9 18.8 1320 146 7.42 101 22.2 2.06 145 24
200 200 100 5.6 8.5 12 20.5 159 28.5 22.4 1940 194 8.26 142 28.5 2.24 162 26.4

IPE

200 200 100 5.6 8.5 12 20.5 159 28.5 22.4 1940 194 8.26 142 28.5 2.24 162 26.4
220 220 110 5.9 9.2 12 21.2 177 33.4 26.2 2770 252 9.11 205 37.3 2.48 179 29.1
240 240 120 6.2 9.8 15 24.8 190 39.1 30.7 3890 324 9.97 284 47.3 2.6 196 31.8
270 270 135 6.6 10.2 15 25.2 219 45.9 36.1 5790 429 11.2 420 62.2 3.02 220 35.6
300 300 150 7.1 10.7 15 25.7 248 53.8 42.2 8360 557 12.5 604 80.5 3.35 245 39.5
330 330 160 7.5 11.5 18 29.5 271 62.6 49.1 11770 713 13.7 788 98.5 3.55 270 42.1
360 360 170 8 12.7 18 30.7 298 72.7 57.1 16270 904 15 1040 123 3.79 294 44.7
400 400 180 8.6 13.5 21 34.5 331 84.5 66.3 23130 1160 16.5 1320 146 3.95 326 47.1
450 450 190 9 4 14 6 21 35 6 378 98 8 77 6 33740 1500 18 5 1680 176 4 12 365 49 4450 450 190 9.4 14.6 21 35.6 378 98.8 77.6 33740 1500 18.5 1680 176 4.12 365 49.4
500 500 200 10.2 16 21 37 426 116 90.7 48200 1930 20.4 2140 214 4.31 404 51.8
550 550 210 11.1 17.2 24 41.2 467 134 106 67120 2440 22.3 2670 254 4.45 442 54
600 600 220 12 19 24 43 514 156 122 92080 3070 24.3 3390 308 4.66 481 56.5
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بـه صـورت مثال 5   IPE زیـر دوتیر آهـن 16  در شـکل 
یـک مقطـع مرکـب  عنـوان  بـه  به هـم چسـبیده 
سـاخته شـده اسـت مطلوب اسـت محاسـبة ممـان 

.y و x اینرسـی مقطـع مرکـب حـول

G

G

x x

y y

I (I Ad )

I (I Ad )

2
1

2
2

2

2

= +

= +

Gx x x xI I I I cm42 2 869 1738= ⇒ = × ⇒ =

xxG

yG

y

2 IPE 16

ابتدا مشخصات هندسی مورد نیاز تیر آهن IPE 16 را از جدول استخراج می نماییم.

IPE 16 : (h=160mm=16cm , b=82 mm=8/2 cm , A=20/1 cm2 , Ix=869 cm4 , Iy=68/3 cm4)

الف( محاسبه Ix و Iy مقطع مرکب:
باتوجـه بـه اینکـه مقطع مرکب سـاخته شـده نسـبت به محـور هـای x و y متقارن می باشـد کافی اسـت که 
ممـان اینرسـی یـک پروفیل نسـبت بـه محورهای مـورد نظر را محاسـبه نمـوده و دو برابـر نماییـم. بنابراین 

بـا اسـتفاده از قضیه محورهـای موازی خواهیم داشـت:

باتوجـه بـه شـکل )الـف( مقـدار d1 نسـبت به محور x بـه دلیل انطباق محورهـای xG در پروفیـل تک و x در 
پروفیـل مرکـب برابر صفر اسـت لذا:

و مقدار d2 نسبت به محور y برابر نصف عرض بال IPE 16 می باشد یعنی: 

y y

y

I (I Ad ) ( / / / )

I / cm

2 2
2

4

2 2 68 3 20 1 4 1

812 36

= + = + × ⇒

=

b /d / cm2
8 2 4 1

2 2
= = =

bd2 2
=

x

y

c1

yG

xG

c2

)شکل الف(



دانش فنّی تخصّصی / پودمان 4 / خواص هندسی سطوح

127

دو تیرآهـن مطابـق شـکل زیـر به هم چسـبیده اند. مثال 6
مطلـوب اسـت ممـان اینرسـی مقطع مرکـب حول 
کل  سـطح  مرکـز  از  )گذرنـده   YG و   XG محـور 

. ) شکل

 با توجه به نتایج مثال 5 و مقایسة آن با مشخصات هندسی IPE 16 مشاهده می شود که:نکته
ممـان اینرسـی مقطـع مرکـب حول محـور x دو برابر ممان اینرسـی مقطع سـاده )تکی( می باشـد، به همین 
ترتیـب اگـر تعـداد مقاطـع n برابـر شـود و مرکز سـطح آنها بر محـور x منطبق باشـد، ممان اینرسـی مقطع 

مرکـب حـول محور x نیـز n برابر خواهد شـد.

٣٣ 
 

  محاسبه ممان اینرسی و اساس مقطع مقاطع دوبل فولادي 4-7

 Iyو  Ixدو عدد تیرآهن را به دست بیاوریم ابتدا ممان اینرسی ) گذرنده از مرکز سطح(  yو  xاگر بخواهیم ممان اینرسی حول محور  

  .خواهیم کرد که در نهایت ممان اینرسی جفت تیرآهن به دست می آید) (A . d2به اضافه تک پروفیل را از جدول استخراج کرده و 

  

   :مطلوب است. دو تیرآهن مطابق شکل زیر به هم چسپیده اند :8 مثال

  ).گذرنده از مرکز سطح کل شکل( YGو  XGممان اینرسی مقطع مرکب حول محور ) الف

  ).گذرنده از مرکز سطح کل شکل( YGو  XGاساس مقطع مرکب حول حول محور ) ب

  

  

  

  :را از جدول اشتال استخراج می کنیم IPE 18مشخصات هندسی مقطع تک تیرآهن ابتدا : حل

cm          18    h=  وcm    9.1    b=  2   وcm  23.9 A=     4  وcm  101 Iy=          4وcm  1320 Ix=  

در ) Gنقطه ( معلوم کرده و فاصله آنها را تا مرکز سطح کل شکل  2Gو  1G را با نقطهو پلیت ها مرکز سطح هر کدام از تیرآهن ها 

  :نشان می دهیم dyو  dxبا علامت  yو  xجهت 

  

  

  

حل: ابتدا مشـخصات هندسـی مقطع تـک تیرآهن  
IPE 18 را از جدول اشـتال اسـتخراج می کنیم:

Ix=1320 cm4		  Iy=101 cm4

A =23/9cm2		  b =9/1 cm
h =18 cm

مرکـز سـطح هـر کـدام از تیرآهن هـا و پلیت هـا را 
بـا نقطـۀ G1 و G2  معلـوم کـرده و فاصلـۀ آنها را 
تـا مرکز سـطح کل شـکل )نقطـۀ G( در جهت x و 

y بـا علامـت dx و dy نشـان می دهیـم:
 

همان طـور کـه از شـکل فـوق معلوم اسـت نقطه G1 مرکز سـطح یـک تیرآهن، G2 مرکز سـطح یک پلیت و 
G مرکز سـطح کل شـکل می باشـد. فاصلۀ مرکز سـطح تیرآهن با مرکز سـطح کل شـکل در جهت افقی را 
بـا dx و فاصلـه مرکـز سـطح پلیـت با مرکز سـطح کل شـکل در جهـت قائم را با dy  نشـان دادیـم. همان طور 
کـه از شـکل معلـوم اسـت چـون نقطـۀ G و  نقطـۀ G1  بـر روی یـک خـط افقـی قـرار گرفته اند لـذا فاصلۀ 
بیـن مرکـز سـطح تیرآهـن بـا مرکز سـطح کل شـکل در جهـت قائـم )dy=0( برابر صفـر و فاصله بیـن مرکز 

سـطح پلیـت با مرکز سـطح کل شـکل در جهـت افقـی )dx=0( برابر صفر می باشـد.

٣٣ 
 

  محاسبه ممان اینرسی و اساس مقطع مقاطع دوبل فولادي 4-7

 Iyو  Ixدو عدد تیرآهن را به دست بیاوریم ابتدا ممان اینرسی ) گذرنده از مرکز سطح(  yو  xاگر بخواهیم ممان اینرسی حول محور  

  .خواهیم کرد که در نهایت ممان اینرسی جفت تیرآهن به دست می آید) (A . d2به اضافه تک پروفیل را از جدول استخراج کرده و 

  

   :مطلوب است. دو تیرآهن مطابق شکل زیر به هم چسپیده اند :8 مثال

  ).گذرنده از مرکز سطح کل شکل( YGو  XGممان اینرسی مقطع مرکب حول محور ) الف

  ).گذرنده از مرکز سطح کل شکل( YGو  XGاساس مقطع مرکب حول حول محور ) ب

  

  

  

  :را از جدول اشتال استخراج می کنیم IPE 18مشخصات هندسی مقطع تک تیرآهن ابتدا : حل

cm          18    h=  وcm    9.1    b=  2   وcm  23.9 A=     4  وcm  101 Iy=          4وcm  1320 Ix=  

در ) Gنقطه ( معلوم کرده و فاصله آنها را تا مرکز سطح کل شکل  2Gو  1G را با نقطهو پلیت ها مرکز سطح هر کدام از تیرآهن ها 

  :نشان می دهیم dyو  dxبا علامت  yو  xجهت 

  

  

  



128

بـرای درک بیشـتر در مـورد dy، اگـر در نکته
شـکل روبه رو نقطۀ G، مرکز سـطح کل 
را بـه طـرف بـالا حرکـت دهیـم، در این 
حالـت dy برابـر صفـر نیسـت کـه مقدار 

آن در شـکل نشـان داده شـده است:

حـال بـرای ممان اینرسـی جسـم مرکـب حول محـور XG و YG، با اسـتفاده از قضیه محورهای مـوازی آن را 
نسـبت بـه محورهـای گذرنده از نقطۀ G )مرکز سـطح کل شـکل( انتقـال می دهیم:

بـه دلیـل اینکـه شـکل نسـبت بـه هـر دو محـور XG و YG متقـارن می باشـد، پـس بـا اسـتفاده از قضیـه 
محورهـای مـوازی بـرای یکـی از تیرآهن هـا و پلیت ها ممان اینرسـی را حسـاب کرده و در تعدادشـان ضرب 

می کنیـم:

٣۴ 
 

مرکز سطح کل شکل می  Gمرکز سطح یک پلیت و 2G مرکز سطح یک تیرآهن، 1Gهمانطور که از شکل فوق معلوم است نقطه 

فاصله مرکز سطح پلیت با مرکز سطح کل شکل در و dx 1با مرکز سطح کل شکل در جهت افقی را با  تیرآهنفاصله مرکز سطح . باشد

قرار گرفته اند  افقی بر روي یک خط  1Gو  نقطه  Gچون نقطه  همانطور که از شکل معلوم است. دادیمنشان dy 2جهت قائم را با 

پلیت با مرکز سطح فاصله بین مرکز سطح  و برابر صفر ) 1dy=0(با مرکز سطح کل شکل در جهت قائم تیرآهنفاصله بین مرکز سطح 

  .می باشدبرابر صفر )  2dx=0(کل شکل در جهت افقی 

dx1=
b

2
=	

9.1

2
= 	4.55	cm																									dy1=	   0  

dx2=	   0 											dy2	=
h

2
+

1

2
=	

18

2
+

1

2
= 	9.5	cm 

  

  

  

  

  

  

  

  

  

با استفاده از قضیه محورهاي موازي آن را نسبت به محورهاي گذرنده از ، YGو  XGجسم مرکب حول محور حال براي ممان اینرسی 

  :انتقال می دهیم) مرکز سطح کل شکل(Gنقطه 

متقارن می باشد، پس با استفاده از قضیه محورهاي موازي براي یکی از تیرآهن  YGو  XGبه دلیل اینکه شکل نسبت به هر دو محور 

  :ضرب می کنیم اینرسی را حساب کرده و در تعدادشانممان  و پلیت ها ها

IX=	2		.		 �IXG+ �A			.		dy1
2�� 			+ 			2		.		 �

b	.		h3

12
+�A			.		dy2

2��					 

IX=	2		x		 �1320	+ �23.9			.		0
2
�� 			+ 			2		x		 �

14	.		1
3

12
+� )1  .14( 			.		9.5

2
�� 					⇒ 				 	IX=		5169.33	  	cm4 	  

 

، مرکز سطح کل را به طرف G، اگر در شکل زیر نقطه dyبراي درك بیشتر در مورد  ):خارج از مثال( نکته

  :برابر صفر نیست که مقدار آن در شکل نشان داده شده است dyبالا حرکت دهیم در این حالت 

X XG y y

X X

b.hI . I (A.d ) . (A.d )

I ( / ) ( / / ) I / cm

3
2 2

1 2

3
2 2 4

2 2
12

14 12 1320 23 9 0 2 14 1 9 5 5169 33
12

  = + + +    
 × = × + × + × + × ⇒ =    

Y YG x x

Y Y

h .bI . I (A.d ) . (A.d )

I ( / / ) ( / ) I / cm

3
2 2

1 2

3
2 2 4

2 2
12

1 142 101 23 9 4 55 2 14 1 0 1648 91
12

  = + + +    
 × = × + × + × + × ⇒ =    

نکات مهم واحد یادگیری 8 )گشتاور دوم سطح(:نکته
• ممان اینرسی عامل مقاوم در مقابل خمش است.

• اگـر تعـداد مقاطـع روی یـک محور n برابر شـود درصورتی که مرکز سـطح آنهـا روی آن محور قـرار گیرد.
در ایـن حالـت ممان اینرسـی کل نیز n برابر خواهد شـد.

• ممان اینرسی یک سطح نسبت به محورهای موازی محور مرکزی آن با روابط زیر تعیین می شود:

G

G

x x

y y

I I Ad

I I Ad

2
1

2
2

= +

= +

d1 : فاصله دو محور xG و X می باشد.

d2 : فاصله دو محور yG و Y می باشد.
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.Iy و Ix در هر مقطع مطلوب است محاسبة

در هر کدام از مقاطع زیر مطلوب است محاسبة:
الف( مختصات مرکز سطح

از  اینرسـی حـول محورهـای گذرنـده  ب( ممـان 
مرکـز سـطح

فعالیت 
کلاسی1

فعالیت 
کلاسی2

294  Distributed Forces: Moments of Inertia of Areas  7.42 Two 6 3 4 3 1
2-in. angles are welded together to form the section 

shown. Determine the moments of inertia and the radii of gyration 
of the section with respect to the centroidal axes shown.

 7.43 Two channels and two plates are used to form the column section 
shown. For b 5 200 mm, determine the moments of inertia and 
the radii of gyration of the combined section with respect to the 
centroidal axes.

 7.44 In Prob. 7.43, determine the distance b for which the centroidal 
moments of inertia Ix and Iy of the column section are equal.

 7.45 The strength of the rolled S section shown is increased by welding 
a channel to its upper flange. Determine the moments of inertia of 
the combined section with respect to its centroidal x and y axes.

 7.46 A channel and a plate are welded together as shown to form a 
section that is symmetrical with respect to the y axis. Determine 
the moments of inertia of the section with respect to its centroidal 
x and y axes.

 7.47 Two L102 3 102 3 12.7-mm angles are welded to a 12-mm steel 
plate as shown. For b 5 250 mm, determine the moments of iner-
tia of the combined section with respect to centroidal axes that are 
respectively parallel and perpendicular to the plate.

 7.48 Solve Prob. 7.47 assuming that b 5 300 mm.
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294  Distributed Forces: Moments of Inertia of Areas  7.42 Two 6 3 4 3 1
2-in. angles are welded together to form the section 

shown. Determine the moments of inertia and the radii of gyration 
of the section with respect to the centroidal axes shown.

 7.43 Two channels and two plates are used to form the column section 
shown. For b 5 200 mm, determine the moments of inertia and 
the radii of gyration of the combined section with respect to the 
centroidal axes.

 7.44 In Prob. 7.43, determine the distance b for which the centroidal 
moments of inertia Ix and Iy of the column section are equal.

 7.45 The strength of the rolled S section shown is increased by welding 
a channel to its upper flange. Determine the moments of inertia of 
the combined section with respect to its centroidal x and y axes.

 7.46 A channel and a plate are welded together as shown to form a 
section that is symmetrical with respect to the y axis. Determine 
the moments of inertia of the section with respect to its centroidal 
x and y axes.

 7.47 Two L102 3 102 3 12.7-mm angles are welded to a 12-mm steel 
plate as shown. For b 5 250 mm, determine the moments of iner-
tia of the combined section with respect to centroidal axes that are 
respectively parallel and perpendicular to the plate.

 7.48 Solve Prob. 7.47 assuming that b 5 300 mm.

10 mm

C250 × 22.8

C

b

y

x

375 mm

Fig. P7.43

C

y

x
6 in.

4 in.in.1
2

Fig. P7.42

12 in.

0.5 in.

y

x

C8 × 11.5

C

Fig. P7.46

b12 mm

102 mm

L102 × 102 × 12.7

Fig. P7.47

S12 × 31.8

C8 × 11.5

C

y

x

Fig. P7.45
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shown. Determine the moments of inertia and the radii of gyration 
of the section with respect to the centroidal axes shown.

 7.43 Two channels and two plates are used to form the column section 
shown. For b 5 200 mm, determine the moments of inertia and 
the radii of gyration of the combined section with respect to the 
centroidal axes.

 7.44 In Prob. 7.43, determine the distance b for which the centroidal 
moments of inertia Ix and Iy of the column section are equal.

 7.45 The strength of the rolled S section shown is increased by welding 
a channel to its upper flange. Determine the moments of inertia of 
the combined section with respect to its centroidal x and y axes.

 7.46 A channel and a plate are welded together as shown to form a 
section that is symmetrical with respect to the y axis. Determine 
the moments of inertia of the section with respect to its centroidal 
x and y axes.

 7.47 Two L102 3 102 3 12.7-mm angles are welded to a 12-mm steel 
plate as shown. For b 5 250 mm, determine the moments of iner-
tia of the combined section with respect to centroidal axes that are 
respectively parallel and perpendicular to the plate.

 7.48 Solve Prob. 7.47 assuming that b 5 300 mm.
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the radii of gyration of the combined section with respect to the 
centroidal axes.

 7.44 In Prob. 7.43, determine the distance b for which the centroidal 
moments of inertia Ix and Iy of the column section are equal.

 7.45 The strength of the rolled S section shown is increased by welding 
a channel to its upper flange. Determine the moments of inertia of 
the combined section with respect to its centroidal x and y axes.

 7.46 A channel and a plate are welded together as shown to form a 
section that is symmetrical with respect to the y axis. Determine 
the moments of inertia of the section with respect to its centroidal 
x and y axes.

 7.47 Two L102 3 102 3 12.7-mm angles are welded to a 12-mm steel 
plate as shown. For b 5 250 mm, determine the moments of iner-
tia of the combined section with respect to centroidal axes that are 
respectively parallel and perpendicular to the plate.
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10 mm

C250 × 22.8

C

b

y

x

375 mm

Fig. P7.43

C

y

x
6 in.

4 in.in.1
2

Fig. P7.42

12 in.

0.5 in.

y

x

C8 × 11.5

C

Fig. P7.46

b12 mm

102 mm

L102 × 102 × 12.7

Fig. P7.47

S12 × 31.8

C8 × 11.5

C

y

x

Fig. P7.45

bee80156_ch07_276-299.indd Page 294  10/16/09  12:03:44 PM user-s173 /Volumes/MHDQ-New/MHDQ152/MHDQ152-07

294  Distributed Forces: Moments of Inertia of Areas  7.42 Two 6 3 4 3 1
2-in. angles are welded together to form the section 
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shown. For b 5 200 mm, determine the moments of inertia and 
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moments of inertia Ix and Iy of the column section are equal.

 7.45 The strength of the rolled S section shown is increased by welding 
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shown. Determine the moments of inertia and the radii of gyration 
of the section with respect to the centroidal axes shown.

 7.43 Two channels and two plates are used to form the column section 
shown. For b 5 200 mm, determine the moments of inertia and 
the radii of gyration of the combined section with respect to the 
centroidal axes.

 7.44 In Prob. 7.43, determine the distance b for which the centroidal 
moments of inertia Ix and Iy of the column section are equal.

 7.45 The strength of the rolled S section shown is increased by welding 
a channel to its upper flange. Determine the moments of inertia of 
the combined section with respect to its centroidal x and y axes.

 7.46 A channel and a plate are welded together as shown to form a 
section that is symmetrical with respect to the y axis. Determine 
the moments of inertia of the section with respect to its centroidal 
x and y axes.

 7.47 Two L102 3 102 3 12.7-mm angles are welded to a 12-mm steel 
plate as shown. For b 5 250 mm, determine the moments of iner-
tia of the combined section with respect to centroidal axes that are 
respectively parallel and perpendicular to the plate.
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4cm

293Problems 7.35 and 7.36 Determine the moments of inertia Ix and Iy of the 
area shown with respect to centroidal axes that are respectively 
parallel and perpendicular to the side AB.

 7.37 Determine the moments of inertia Ix and Iy of the area shown with 
respect to centroidal axes that are respectively parallel and perpen-
dicular to the side AB.

 7.38 Determine the centroidal polar moment of inertia of the area 
shown.

 7.39 and 7.40 Determine the polar moment of inertia of the area 
shown with respect to (a) point O, (b) the centroid of the area.

 7.41 Two W8 3 31 rolled sections can be welded at A and B in either 
of the two ways shown. For each arrangement, determine the 
moment of inertia of the section with respect to the horizontal 
centroidal axis.

A B

2 in.

3 in.

6 in.

3 in. 3 in.

Fig. P7.35

A B

60 mm
20 mm20 mm

20 mm

20 mm

60 mm

Fig. P7.36

1.5 in.

1.5 in.

2 in.

A B
6 in.

9 in.

Fig. P7.37 and P7.38

O

40

Dimensions in mm

4040 40

60
80

Fig. P7.39

3 in.
4.5 in.

O

Fig. P7.40

A AB B

(a) (b)

Fig. P7.41
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 7.25 through 7.28 Determine the moment of inertia and the radius 
of gyration of the shaded area with respect to the x axis.

7.29 through 7.32 Determine the moment of inertia and the radius 
of gyration of the shaded area with respect to the y axis.

7.33 Determine the shaded area and its moment of inertia with respect 
to a centroidal axis parallel to AA9, knowing that its moments 
of inertia with respect to AA9 and BB9 are, respectively, 2.2 3
106 mm4 and 4 3 106 mm4, and that d1 5 25 mm and d2 5 10 mm.

7.34 Knowing that the shaded area is equal to 6000 mm2 and that its 
moment of inertia with respect to AA9 is 18 3 106 mm4, deter-
mine its moment of inertia with respect to BB9 for d1 5 50 mm 
and d2 5 10 mm.

10 mm

90 mm

10 mm

50 mm

50 mm

10 mm

y

xC

Fig. P7.25 and P7.29
y

x

125 mm

250 mm

125 mm

75 mm

Fig. P7.27 and P7.31

6 in.

4 in.

6 in.

y

x

Fig. P7.28 and P7.32

x

y

6 in.

3 in.

C

3 in.

1
2

in.

1
2

in.

1
2

in.

3 in.

Fig. P7.26 and P7.30

C

A'

d1

d2
A

B'B

Fig. P7.33 and P7.34
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298  Distributed Forces: Moments of Inertia of Areas

y

x
C D

BA

d

60 mm

Fig. P7.57

 7.56 Determine the moment of inertia of the shaded area shown with 
respect to the y axis.

 7.57 The shaded area is equal to 5000 mm2. Determine its centroi-
dal moments of inertia Ix and Iy, knowing that Iy 5 2Ix and that 
the polar moment of inertia of the area about point A is JA 5 
22.5 3 106 mm4.

12 in.

b
O

2 in.

y

x
1 in.
1 in.

Fig. P7.55

 7.54 Determine the moments of inertia of the shaded area shown with 
respect to the x and y axes when a 5 20 mm.

y

x
a

a

C

a

a

Fig. P7.54

y

x

120 mm

r = 120 mm

O

Fig. P7.56

 7.55 (a) Determine Ix and Iy if b 5 10 in. (b) Determine the dimension 
b for which Ix 5 Iy.
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298  Distributed Forces: Moments of Inertia of Areas

y

x
C D

BA

d

60 mm

Fig. P7.57

 7.56 Determine the moment of inertia of the shaded area shown with 
respect to the y axis.

 7.57 The shaded area is equal to 5000 mm
2
. Determine its centroi-

dal moments of inertia Ix and Iy, knowing that Iy 5 2Ix and that 
the polar moment of inertia of the area about point A is JA 5 
22.5 3 10

6
 mm

4
.

12 in.

b
O

2 in.

y

x
1 in.
1 in.

Fig. P7.55

 7.54 Determine the moments of inertia of the shaded area shown with 
respect to the x and y axes when a 5 20 mm.

y

x
a

a

C

a

a

Fig. P7.54

y

x

120 mm

r = 120 mm

O

Fig. P7.56

 7.55 (a) Determine Ix and Iy if b 5 10 in. (b) Determine the dimension 
b for which Ix 5 Iy.
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y

x
C D

BA

d

60 mm

Fig. P7.57

 7.56 Determine the moment of inertia of the shaded area shown with 
respect to the y axis.

 7.57 The shaded area is equal to 5000 mm2. Determine its centroi-
dal moments of inertia Ix and Iy, knowing that Iy 5 2Ix and that 
the polar moment of inertia of the area about point A is JA 5 
22.5 3 106 mm4.

12 in.

b
O

2 in.

y

x
1 in.
1 in.

Fig. P7.55

 7.54 Determine the moments of inertia of the shaded area shown with 
respect to the x and y axes when a 5 20 mm.

y

x
a

a

C

a

a

Fig. P7.54

y

x

120 mm

r = 120 mm

O

Fig. P7.56

 7.55 (a) Determine Ix and Iy if b 5 10 in. (b) Determine the dimension 
b for which Ix 5 Iy.
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294  Distributed Forces: Moments of Inertia of Areas  7.42 Two 6 3 4 3 1
2-in. angles are welded together to form the section 

shown. Determine the moments of inertia and the radii of gyration 
of the section with respect to the centroidal axes shown.

 7.43 Two channels and two plates are used to form the column section 
shown. For b 5 200 mm, determine the moments of inertia and 
the radii of gyration of the combined section with respect to the 
centroidal axes.

 7.44 In Prob. 7.43, determine the distance b for which the centroidal 
moments of inertia Ix and Iy of the column section are equal.

 7.45 The strength of the rolled S section shown is increased by welding 
a channel to its upper flange. Determine the moments of inertia of 
the combined section with respect to its centroidal x and y axes.

 7.46 A channel and a plate are welded together as shown to form a 
section that is symmetrical with respect to the y axis. Determine 
the moments of inertia of the section with respect to its centroidal 
x and y axes.

 7.47 Two L102 3 102 3 12.7-mm angles are welded to a 12-mm steel 
plate as shown. For b 5 250 mm, determine the moments of iner-
tia of the combined section with respect to centroidal axes that are 
respectively parallel and perpendicular to the plate.

 7.48 Solve Prob. 7.47 assuming that b 5 300 mm.

10 mm

C250 × 22.8

C

b

y

x

375 mm

Fig. P7.43

C

y

x
6 in.

4 in.in.1
2

Fig. P7.42

12 in.

0.5 in.

y

x

C8 × 11.5

C

Fig. P7.46

b12 mm

102 mm

L102 × 102 × 12.7

Fig. P7.47

S12 × 31.8

C8 × 11.5

C

y

x

Fig. P7.45
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shown. Determine the moments of inertia and the radii of gyration 
of the section with respect to the centroidal axes shown.

 7.43 Two channels and two plates are used to form the column section 
shown. For b 5 200 mm, determine the moments of inertia and 
the radii of gyration of the combined section with respect to the 
centroidal axes.

 7.44 In Prob. 7.43, determine the distance b for which the centroidal 
moments of inertia Ix and Iy of the column section are equal.

 7.45 The strength of the rolled S section shown is increased by welding 
a channel to its upper flange. Determine the moments of inertia of 
the combined section with respect to its centroidal x and y axes.

 7.46 A channel and a plate are welded together as shown to form a 
section that is symmetrical with respect to the y axis. Determine 
the moments of inertia of the section with respect to its centroidal 
x and y axes.

 7.47 Two L102 3 102 3 12.7-mm angles are welded to a 12-mm steel 
plate as shown. For b 5 250 mm, determine the moments of iner-
tia of the combined section with respect to centroidal axes that are 
respectively parallel and perpendicular to the plate.

 7.48 Solve Prob. 7.47 assuming that b 5 300 mm.

10 mm

C250 × 22.8

C

b

y

x

375 mm

Fig. P7.43

C

y

x
6 in.

4 in. in. 1
2

Fig. P7.42

12 in.

0.5 in.

y

x

C8 × 11.5

C

Fig. P7.46

b 12 mm

102 mm

L102 × 102 × 12.7

Fig. P7.47

S12 × 31.8

C8 × 11.5

C

y

x

Fig. P7.45
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shown. Determine the moments of inertia and the radii of gyration 
of the section with respect to the centroidal axes shown.

 7.43 Two channels and two plates are used to form the column section 
shown. For b 5 200 mm, determine the moments of inertia and 
the radii of gyration of the combined section with respect to the 
centroidal axes.

 7.44 In Prob. 7.43, determine the distance b for which the centroidal 
moments of inertia Ix and Iy of the column section are equal.

 7.45 The strength of the rolled S section shown is increased by welding 
a channel to its upper flange. Determine the moments of inertia of 
the combined section with respect to its centroidal x and y axes.

 7.46 A channel and a plate are welded together as shown to form a 
section that is symmetrical with respect to the y axis. Determine 
the moments of inertia of the section with respect to its centroidal 
x and y axes.

 7.47 Two L102 3 102 3 12.7-mm angles are welded to a 12-mm steel 
plate as shown. For b 5 250 mm, determine the moments of iner-
tia of the combined section with respect to centroidal axes that are 
respectively parallel and perpendicular to the plate.

 7.48 Solve Prob. 7.47 assuming that b 5 300 mm.

10 mm

C250 × 22.8

C

b

y

x

375 mm

Fig. P7.43

C

y

x
6 in.

4 in.in.1
2

Fig. P7.42

12 in.

0.5 in.

y

x

C8 × 11.5

C

Fig. P7.46

b12 mm

102 mm

L102 × 102 × 12.7

Fig. P7.47

S12 × 31.8

C8 × 11.5

C

y

x

Fig. P7.45
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shown. Determine the moments of inertia and the radii of gyration 
of the section with respect to the centroidal axes shown.

 7.43 Two channels and two plates are used to form the column section 
shown. For b 5 200 mm, determine the moments of inertia and 
the radii of gyration of the combined section with respect to the 
centroidal axes.

 7.44 In Prob. 7.43, determine the distance b for which the centroidal 
moments of inertia Ix and Iy of the column section are equal.

 7.45 The strength of the rolled S section shown is increased by welding 
a channel to its upper flange. Determine the moments of inertia of 
the combined section with respect to its centroidal x and y axes.

 7.46 A channel and a plate are welded together as shown to form a 
section that is symmetrical with respect to the y axis. Determine 
the moments of inertia of the section with respect to its centroidal 
x and y axes.

 7.47 Two L102 3 102 3 12.7-mm angles are welded to a 12-mm steel 
plate as shown. For b 5 250 mm, determine the moments of iner-
tia of the combined section with respect to centroidal axes that are 
respectively parallel and perpendicular to the plate.

 7.48 Solve Prob. 7.47 assuming that b 5 300 mm.

10 mm

C250 × 22.8

C

b

y
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375 mm

Fig. P7.43

C
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Fig. P7.42
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C8 × 11.5
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Fig. P7.46
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Fig. P7.47

S12 × 31.8

C8 × 11.5
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Fig. P7.45
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shown. Determine the moments of inertia and the radii of gyration 
of the section with respect to the centroidal axes shown.

 7.43 Two channels and two plates are used to form the column section 
shown. For b 5 200 mm, determine the moments of inertia and 
the radii of gyration of the combined section with respect to the 
centroidal axes.

 7.44 In Prob. 7.43, determine the distance b for which the centroidal 
moments of inertia Ix and Iy of the column section are equal.

 7.45 The strength of the rolled S section shown is increased by welding 
a channel to its upper flange. Determine the moments of inertia of 
the combined section with respect to its centroidal x and y axes.

 7.46 A channel and a plate are welded together as shown to form a 
section that is symmetrical with respect to the y axis. Determine 
the moments of inertia of the section with respect to its centroidal 
x and y axes.

 7.47 Two L102 3 102 3 12.7-mm angles are welded to a 12-mm steel 
plate as shown. For b 5 250 mm, determine the moments of iner-
tia of the combined section with respect to centroidal axes that are 
respectively parallel and perpendicular to the plate.

 7.48 Solve Prob. 7.47 assuming that b 5 300 mm.

10 mm

C250 × 22.8

C

b

y

x

375 mm

Fig. P7.43

C
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4 in.in.1
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Fig. P7.42
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x

C8 × 11.5

C

Fig. P7.46
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Fig. P7.47
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C8 × 11.5
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Fig. P7.45
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shown. Determine the moments of inertia and the radii of gyration 
of the section with respect to the centroidal axes shown.

 7.43 Two channels and two plates are used to form the column section 
shown. For b 5 200 mm, determine the moments of inertia and 
the radii of gyration of the combined section with respect to the 
centroidal axes.

 7.44 In Prob. 7.43, determine the distance b for which the centroidal 
moments of inertia Ix and Iy of the column section are equal.

 7.45 The strength of the rolled S section shown is increased by welding 
a channel to its upper flange. Determine the moments of inertia of 
the combined section with respect to its centroidal x and y axes.

 7.46 A channel and a plate are welded together as shown to form a 
section that is symmetrical with respect to the y axis. Determine 
the moments of inertia of the section with respect to its centroidal 
x and y axes.

 7.47 Two L102 3 102 3 12.7-mm angles are welded to a 12-mm steel 
plate as shown. For b 5 250 mm, determine the moments of iner-
tia of the combined section with respect to centroidal axes that are 
respectively parallel and perpendicular to the plate.

 7.48 Solve Prob. 7.47 assuming that b 5 300 mm.

10 mm

C250 × 22.8

C

b

y

x

375 mm

Fig. P7.43

C

y

x
6 in.

4 in. in. 1
2

Fig. P7.42

12 in.

0.5 in.

y

x

C8 × 11.5

C

Fig. P7.46

b 12 mm

102 mm

L102 × 102 × 12.7

Fig. P7.47

S12 × 31.8

C8 × 11.5

C

y

x

Fig. P7.45
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shown. Determine the moments of inertia and the radii of gyration 
of the section with respect to the centroidal axes shown.

 7.43 Two channels and two plates are used to form the column section 
shown. For b 5 200 mm, determine the moments of inertia and 
the radii of gyration of the combined section with respect to the 
centroidal axes.

 7.44 In Prob. 7.43, determine the distance b for which the centroidal 
moments of inertia Ix and Iy of the column section are equal.

 7.45 The strength of the rolled S section shown is increased by welding 
a channel to its upper flange. Determine the moments of inertia of 
the combined section with respect to its centroidal x and y axes.

 7.46 A channel and a plate are welded together as shown to form a 
section that is symmetrical with respect to the y axis. Determine 
the moments of inertia of the section with respect to its centroidal 
x and y axes.

 7.47 Two L102 3 102 3 12.7-mm angles are welded to a 12-mm steel 
plate as shown. For b 5 250 mm, determine the moments of iner-
tia of the combined section with respect to centroidal axes that are 
respectively parallel and perpendicular to the plate.

 7.48 Solve Prob. 7.47 assuming that b 5 300 mm.

10 mm

C250 × 22.8

C

b

y

x

375 mm

Fig. P7.43

C

y

x
6 in.

4 in.in.1
2

Fig. P7.42

12 in.
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C8 × 11.5

C

Fig. P7.46

b12 mm

102 mm
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Fig. P7.47

S12 × 31.8

C8 × 11.5
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y
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Fig. P7.45
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shown. Determine the moments of inertia and the radii of gyration 
of the section with respect to the centroidal axes shown.

 7.43 Two channels and two plates are used to form the column section 
shown. For b 5 200 mm, determine the moments of inertia and 
the radii of gyration of the combined section with respect to the 
centroidal axes.

 7.44 In Prob. 7.43, determine the distance b for which the centroidal 
moments of inertia Ix and Iy of the column section are equal.

 7.45 The strength of the rolled S section shown is increased by welding 
a channel to its upper flange. Determine the moments of inertia of 
the combined section with respect to its centroidal x and y axes.

 7.46 A channel and a plate are welded together as shown to form a 
section that is symmetrical with respect to the y axis. Determine 
the moments of inertia of the section with respect to its centroidal 
x and y axes.

 7.47 Two L102 3 102 3 12.7-mm angles are welded to a 12-mm steel 
plate as shown. For b 5 250 mm, determine the moments of iner-
tia of the combined section with respect to centroidal axes that are 
respectively parallel and perpendicular to the plate.

 7.48 Solve Prob. 7.47 assuming that b 5 300 mm.

10 mm

C250 × 22.8

C

b

y
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375 mm

Fig. P7.43

C

y
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6 in.
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Fig. P7.42
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y

x

C8 × 11.5

C

Fig. P7.46

b 12 mm

102 mm

L102 × 102 × 12.7

Fig. P7.47
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C8 × 11.5
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y
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Fig. P7.45
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294  Distributed Forces: Moments of Inertia of Areas  7.42 Two 6 3 4 3 1
2-in. angles are welded together to form the section 

shown. Determine the moments of inertia and the radii of gyration 
of the section with respect to the centroidal axes shown.

 7.43 Two channels and two plates are used to form the column section 
shown. For b 5 200 mm, determine the moments of inertia and 
the radii of gyration of the combined section with respect to the 
centroidal axes.

 7.44 In Prob. 7.43, determine the distance b for which the centroidal 
moments of inertia Ix and Iy of the column section are equal.

 7.45 The strength of the rolled S section shown is increased by welding 
a channel to its upper flange. Determine the moments of inertia of 
the combined section with respect to its centroidal x and y axes.

 7.46 A channel and a plate are welded together as shown to form a 
section that is symmetrical with respect to the y axis. Determine 
the moments of inertia of the section with respect to its centroidal 
x and y axes.

 7.47 Two L102 3 102 3 12.7-mm angles are welded to a 12-mm steel 
plate as shown. For b 5 250 mm, determine the moments of iner-
tia of the combined section with respect to centroidal axes that are 
respectively parallel and perpendicular to the plate.

 7.48 Solve Prob. 7.47 assuming that b 5 300 mm.

10 mm

C250 × 22.8

C

b

y
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375 mm

Fig. P7.43
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shown. Determine the moments of inertia and the radii of gyration 
of the section with respect to the centroidal axes shown.

 7.43 Two channels and two plates are used to form the column section 
shown. For b 5 200 mm, determine the moments of inertia and 
the radii of gyration of the combined section with respect to the 
centroidal axes.

 7.44 In Prob. 7.43, determine the distance b for which the centroidal 
moments of inertia Ix and Iy of the column section are equal.

 7.45 The strength of the rolled S section shown is increased by welding 
a channel to its upper flange. Determine the moments of inertia of 
the combined section with respect to its centroidal x and y axes.

 7.46 A channel and a plate are welded together as shown to form a 
section that is symmetrical with respect to the y axis. Determine 
the moments of inertia of the section with respect to its centroidal 
x and y axes.

 7.47 Two L102 3 102 3 12.7-mm angles are welded to a 12-mm steel 
plate as shown. For b 5 250 mm, determine the moments of iner-
tia of the combined section with respect to centroidal axes that are 
respectively parallel and perpendicular to the plate.

 7.48 Solve Prob. 7.47 assuming that b 5 300 mm.

10 mm

C250 × 22.8

C

b
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Fig. P7.43
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ارزشیابی

الگوی ارزشیابی پودمان خواص هندسی سطوح
تکالیف عملکردی

استانداردنتایجاستاندارد عملکرد)شایستگی ها(
نمره)شاخص ها، داوری، نمره دهی(

به کمک روابط برداری گشتاور اول سطح
مرکز سطح و اساس 

مقطع سطوح هندسی را 
با ماشین حساب به دست 

آورد.

تعیین مرکز سطح و ممان اینرسی بالاتر از حد انتظار
3سطوح هندسی مرکب

در حد انتظار
)کسب شایستگی(

تعیین مرکز سطح و ممان اینرسی 
2سطوح هندسی ساده

پایین تر از انتظارگشتاور دوم سطح
)عدم احراز شایستگی(

تعیین مرکز سطح و ممان اینرسی 
1سطوح هندسی ساده

نمره مستمر از 5

نمره شایستگی پودمان از 3

نمره پودمان از 20

ارزشـیابی در ایـن درس براسـاس شایسـتگی اسـت. برای هـر پودمان یك نمره مسـتمر )از 5 نمـره( و یك نمره 
شایسـتگی پودمـان )نمـرات 1، 2 یـا 3( بـا توجـه به اسـتاندارد های عملكرد جـداول ذیل برای هـر هنرجو ثبت 
مـی گـردد. امـكان جبـران پودمـان هـای در طـول سـال تحصیلـی بـرای هنرجویـان و بر اسـاس برنامـه ریزی 

هنرسـتان وجود دارد.
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مقدمه

کسب اطلاعات فنّی واحد یادگیری     9

با پيشـرفت و گسـترش و تنوع منابع ضروری اسـت كه 
بـراي تحقـق اهـداف و توسـعه شايسـتگي هاي خود به 
منابـع و مراجـع غير فارسـي نيز مراجعه كنيـم. در اين 
راسـتا پودمان حاضـر به همين منظـور در كتاب دانش 
فنـي تخصصـي طراحـي و تأليـف شـده اسـت. پودمان 
"کسـب اطلاعات فنـی" با هـدف یادگیـری مادام العمر 
از دنیـای  بعـد  و توسـعه شایسـتگی های هنرجویـان 
آمـوزش و ورود بـه بـازار کار، سـازماندهی محتوایـی 
شـده اسـت. ایـن امـر بـا آمـوزش چگونگـی اسـتخراج 
اطلاعـات  فنـی مـورد نیـاز از متـون فنـی غیر فارسـی 
و جـداول، راهنمـای  ماشـین آلات و تجهیزات صنعتی، 
دسـتگاه های اداری، خانگـی و تجـاری و  درک مطلـب 
حرفـه ای  شایسـتگی های  توسـعه  راسـتای  در  آنهـا 

محقـق خواهد شـد.
بديهـي اسـت هـدف از ارايـه ايـن پودمـان، تدريـس 
زبـان انگليسـي نمي باشـد بلكـه كسـب اطلاعـات فني 
وتخصصـي، حرفـه خـود مي باشـد. از طريـق خوانـدن 
منابـع ذكـر شـده مي تـوان به ايـن هدف دسـت يافت.
توضیح بیشتر آنکه برای بیان طرح و نقشه های ساختمانی 
بـه زبـان مشـترک بین المللـی از زبـان تخصصی یـا زبان 
فنـی سـاختمان  اسـتفاده مـی شـود و هـدف از یادگیری 
زبـان فنی آشـنایی بـا لغـات Vocabularies، اصطلاحات 
Terms، و متون انگلیسـی Context، در رشـته ساختمان 

به زبان انگلیسـی اسـت. 

تفـاوت بیـن زبـان عمومـی ‘General English’ و زبـان 
فنـی ‘Technical English’ در ایـن اسـت کـه متـون 
آورده شـده در زبان عمومی اغلب متون سـاده شـده اسـت 
‘Simplified Texts’، امـا در زبـان فنـی بیشـتر از متون 
اصلـی انگلیسـی ‘Original Texts’ اسـتفاده می شـود. 

در ايـن پودمـان اطلاعات فني راجع به انواع نقشـه های 
سـاختمانی، اجـزای سـاختمان، انـواع بناها، آشـنایی با 
مصالـح پرکاربـرد، افراد مرتبـط با کارگاه سـاختمانی و 
تنش های وارد بر اجزای سـاختمان را كسـب مي كنيم.
البتـه براي پشـتيباني ايـن امر در كتاب همـراه هنرجو، 
كـه خود نيز عملًا يك دانشـنامه ويژه اسـت، بيشـتر به 
خوانـدن درسـت لغـات، جمالت و درك مطالـب ارايه 
شـده در كاتالوگ هـا، بروشـورها و كتاب هـاي راهنماي 

كاربـري تأكيد دارد.
پودمـان حاضر حاوي يك لوح فشـرده )CD( آموزشـي 
نيـز مي باشـد. در ايـن لـوح مطالب ارايه شـده در درس 
بـه زبـان اصلي بيان مي شـود تـا راهنمايـي در خواندن 

و نوشـتن باشد. 

هنرجویـان عزیـز شـما می توانیـد عالوه بـر 
کتـاب همـراه هنرجـو ، فرهنگ تخصصـی لغات 
رشـتۀ خـود را در فراینـد یادگیری و ارزشـیابی 

بـه همراه داشـته باشـید.
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Architectural Drawings 9-1- نقشه های معماری

فعالیت 
کلاسی1

نقشـه هـای معمـاری عمومـاً شـامل: پالن Plan، بـرش Section، و نمـا Elevation، ترسـیمات سـه بعـدی 
Isometric and axonometric مـی باشـند. بـا توجـه به اهمیت پـروژه پلان های معماری تنوع و گسـتردگی 

زیـادی دارنـد، در اینجـا بـا چنـد نمونـه از این پلان ها آشـنا می شـویم:
Typical Plan پلان تیپ          	Ground Floor Plan پلان طبقه همکف

                                                                    Site Plan پلان موقعیت ساختمان          		 First Floor Plan پلان طبقه اول
Parking Plan پلان پاریکنگ          	Second Floor Plan پلان طبقه دوم

Decoration / Furniture Plan پلان مبلمان          		 Third Floor Plan پلان طبقه سوم
Roofing Plan پلان شیب بندی بام          		 Basement Plan پلان زیر زمین

Match the words and the pictures (لغات داده شده را با شکل مناسب آن ارتباط دهید)

�- Kitchen

�- Living room

�- Porch

�- Rest room / Toilet

�- Lavatory

�- Mechanical room

�- Utility

�- Dining room

�- Kid’s room

��- Study / Office room

��- Bedroom

��- Balcony 

��- Stairway
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Translate the following words into Persian. (By using an English Dictionary)
(با استفاده از فرهنگ لغات انگلیسی معنی کلمات زیر را به فارسی ترجمه کنید)

Duct .......................................			  Garage / Parking ............................
Chimney ................................			  Yard / Court ...................................
Wall .......................................			   Landscape ......................................
Cloak room ...........................			   Pool ................................................
Terrace ..................................			   Bower ............................................
Patio ......................................			   Pond ...............................................
Media room ...........................			  Mud's room.....................................
Light well ..............................			  Passage ..........................................
Lobby ....................................			   Fountain ........................................

فعالیت 
کلاسی2

 Different Spaces of A House فضاهای مختلف یک خانه
The spaces of a house can be divided into two parts, outdoor and indoor. Yard, back yard, 
front yard, gardens, bowers and barbeque areas are in the category of outdoor space. They 
are also called landscape. Indoor spaces of a building are consists of rooms with different 
purposes, such as: living room, bedroom, kitchen, dining room, bathroom, and etc.

Outdoor فضاهای بیرون
Yard: It is a paved area open to the sky and adjacent to a building. There are two types of 
yards; Enclosed, and open. Open yards are usually walled or fenced.
Back Yard: It is a yard at the back of a house.
Front Yard: It is a place between the street and the front of the house.

Garden

Garden

Entrance

Front yard

BuildingBack
Yard

Side yards

Property line

Side yards

Bower

Neighbouring

Neighbouring

Neighbouring

G
ol

ha
 A

lle
y

Sc. 1:200
Yard Plan / Landscape Plan

Yard / Landscape Plan 
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Indoor فضاهای داخل
Bedroom: A bedroom is used primarily for resting or sleeping. It is made up with a bed, 
wardrobe, carpet, chair etc. There are three types of bedrooms in the modern houses or 
buildings, a big size room which is called Master room.That is the biggest bedroom of 
the house. Also there is a middle size room which is called Middle room, and the smallest 
room which is called Small room or Kids’ room. 
Sitting room / living room: It is a room in a house where people can sit and talk and 
relax. It is made up of chairs, TV set, sofa, curtains, etc. 
Bath room: A room with a toilet and a place to wash your hands, there is often a bathtub 
and a shower. 
Rest room / Men’s room VS Women’s room: It is a more polite term for the word 
‘toilet’.
Kitchen: Is a room for cooking and food preparation. It is where all meals of the family 
are prepared. 
Dining room: It is where the meal is served. It contains chairs, table, and sometimes 
refrigerator, and etc.
Study room / Office room: A room where people work or study.
Library: A room where the books are kept.
Cellar: A room underneath the house.
Corridor / Hallway: A passage connecting parts of a building.
Pantry: A small room used to store kitchen and dining items.

Match the words with the numbers in the picture
)باتوجه به پلان شکل زیر شماره های مربوط به هر لغت را روبروی آن بنویسید(

فعالیت 
کلاسی3

� � �

�

�

��

�

��

� �

��
��

�� ��

�
�

Living room.......................... 	
Duct......................................
Bath room.............................
Private hall...........................
Middle room.........................
Hall.......................................
Dining room.........................
Small room...........................
Porch....................................
Master room.........................
Balcony................................
Kitchen.................................
Staircase...............................
Closet...................................
Toilet....................................
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Floor Plan: It is a top or horizontal view of an object that shows the relationships between 
the rooms, spaces and other physical features. Dimensions are usually drawn between the 
walls to specify room sizes and wall lengths.

Site plan: A site plan usually shows the location of buildings, building property line, 
walls, neighbourings, and etc.

Section: A section is a view used to show an area or hidden part of an object by cutting 
away or removing some of that object.

Elevation: An elevation is the outside view of a building. There are � vertical views or 
elevations for a building. For example: West View, East View, South View, North view, or 
North elevation, South Elevation, and etc.

Isometric and axonometric drawing: Isometric and axonometric drawings are a simple 
way of representing a three dimensional object.

` 
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Floor Plan: is a top or horizontal view of an object that shows the relationships between the 
rooms, spaces and other physical features. Dimensions are usually drawn between the walls to 
specify room sizes and wall lengths. 
 
Site plan: A site plan usually shows the location of buildings, building property line, walls, 
pools, parking, terraces, landscaping, neighbourings, and etc. 

 
Section: A section is a view used to show an area or hidden part of an object by cutting away or 
removing some of that object. 

Elevation: An elevation is the outside view of a building. There are 4 vertical views or 
elevations for a building. For example: West View, East View, South View, North view, or 
North elevation, South Elevation, and etc. 

Isometric and axonometric drawing: Isometric and axonometric drawings are a simple way of 
representing a three dimensional object. 

Architectural drawings 
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Match the words with the numbers in the picture 

 )باتوجه به برش شکل زیر شماره های مربوط به هر لغت را روبروی آن بنویسید(
 

floor) ……… stFirst floor (1 

floor) ……….. ndSecond floor (2 

floor) ……….. rdThird floor (3 

floor) ………. thFourth floor (4 

Basement ………. 

Subbasements ………… 

Roof ………. 

Ceiling ………… 

Ground floor ………. 

Ground ………. 

Elevator ………… 

 

 

طبقه با زیر زمین و جای اسانسور و یا راه پله 4شکل برش یک ساختمان   

 

 نشان دادن اجزای راه پله در برش )راه پله، پاگرد، رمپ پله، یک عدد پله(

 

 

 

Section “A-A”       or       Sec. A-A 

Match the words with the numbers in the picture
)باتوجه به برش شکل زیر شماره های مربوط به هر لغت را روبه روی آن بنویسید(

First floor (�st floor) ...............
Second floor (�nd floor) .........
Steps .......................................
Stair Ramp .............................
Basement ...............................
Ramp .....................................
Roof .......................................
Ceiling ...................................
Ground floor ..........................
Landing ..................................
Elevator well ..........................
Parapet ...................................

فعالیت 
کلاسی4

Different elevation of a house 
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بـرای نوشـتن آدرس محـل پـروژه در ذیـل نقشـه هـای سـاختمانی، و یـا ترسـیم نقشـه هـای کروکـی نیـاز به 
آشـنایی بـا برخـی لغـات و اصـول نوشـتن آدرس داریم. 

)Writing Addresses( 9-1-1- آدرس نویسی

Azadegan HWY

Azadi, St.
M

ar
ty

r R
aj

ae
i, 

S
t.

G
ol

ha
 A

lle
y

Yas, Sq.

Site Plan
Sc. 1:1000

To The North

The property

Schematic Map 

در این بخش با قواعد کلی آدرس نویسی به زبان انگلیسی آشنا می شویم:
1- نوشـتن آدرس در زبـان انگلیسـی بـر عکـس قواعـد نوشـتن آدرس در زبـان فارسـی اسـت. یعنـی آدرس از 

شـماره واحـد یـا شـماره پالک شـروع، و بـه نـام کشـور ختـم می شـود. و ترتیـب آن به صـورت زیر اسـت:
شمارۀ واحد - پلاک - کوچه - خیابان - منطقه - نام شهر - نام استان - نام کشور- کدپستی

2- در نوشـتن اسـامی خـاص دقـت شـود که این اسـامی ترجمه نمی شـوند. به طـور مثال عبارت بـرج آزادی را 
بـه صـورت Freedom Square ترجمـه نمیک نند، بلکه به صـورت Azadi Square ترجمه می شـود. 

3- بـرای نوشـتن آدرس بـه زبان انگلیسـی معمولاً از کلمـات اختصاری نظیر St, Ave, Sq, Fwy  و ... اسـتفاده 
می شـود و از نوشـتن کلمـات کامـل Street, Avenue, Square, Freeway و ... خودداری می گردد. 

4- برای نوشـتن اسـامی اشـخاص، نام محله، منطقه، شـهر، کشـور، و به طور کلی برای نوشـتن تمامی اسـامی 
در آدرس هـا حتمـاً باید حـرف اول آن حرف بزرگ )Capital Letter( باشـد.

5- در خصـوص کامـا و نقطـه دقـت شـود کـه کامـا، ویرگول و یـا نقطه بـه آخرین حرف کلمه چسـبیده باشـد 
و پـس از آن بـا یـک فاصلـه )space(، کلمـه بعدی آورده می شـود.
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جدول )1-5( لغات مهمی که در آدرس نویسی باید بدانیم:
معادل انگلیسی کلمه فارسی معادل انگلیسی کلمه فارسی

Freeway / FWY آزاد راه )اتوبان بین شهری(   Unit واحد

First / �st
Plate Number / No  اول شماره پلاک

Second / �nd
دوم Floor طبقه

Third / �rd
سوم Alley کوچه

Fourth / �th
چهارم Dead end / Blinded Alley کوچه بن بست

�th ..پنجم به بعد Street / St خیابان

Basement زیر زمین Road  جاده

Apartment / Block آپارتمان Belt Road جاده کمربندی
Residential Complex مجتمع مسکونی Avenue / Ave جاده اصلی

Before قبل از District  محله

After بعد از  Boulevard / Blvd بلوار

In front of روبروی Square میدان

Next to جنب Roundabout میدان محلی

In the corner of نبش Junction تقاطع

Near to نزدکی Crossroad چهار راه

First of ابتدای T-Junction سه راه

End of انتهای Highway / HWY بزرگراه )اتوبان داخل شهری(

1- تهران - میدان فردوسـی - خیابان شـهید سـپهبد قرنی - نرسـیده به خیابان سـمیه - سـاختمان شـهید 
رجایـی - وزارت آموزش و پرورش 

Ministry of Education, Before Somayeh St, Shahid Sepahbod Gharani St, Ferdowsi Sq, 
Enghelab Ave, Tehran, Iran.

2- تهـران - خیابـان انقالب - میـدان فردوسـی - خیابـان شـهید سـپهبد قرنی - نرسـیده به پـل کریمخان 
- روبـروی اداره بیمـه -  نبـش کوچـه شـهید باقری قصرالدشـتی - پلاک 181 -   سـازمان پژوهـش و برنامه 

ریـزی کتب درسـی  آمـوزش و پـرورش - طبقه دوم
Room ���, Level �, The Organisation for Educational Reaserch and Planning, In the 
corner of Shahid Bagheri Ghasrodashti Alley, In front of the Insurance Company, Before 
Karimkhan Zand Bridge, Shahid Sepahbod Gharani St, Enghelab Ave, Tehran, Iran.

با کمک هنرآموز خود آدرس هنرستان، مسجد محل، و کی واحد آپارتمانی را بنویسید. فعالیت 
کلاسی5

مثال 1
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سـازه سـاختمان )ابعاد، شـکل، و نوع اجزای سـازه ای( توسـط مهندسـین سـازه محاسبه شـده و سپس بصورت 
نقشـه در می آینـد. کـه در ادامـه با لغات و اصطلاحات انگلیسـی در چند نمونه از این نقشـه ها آشـنا می شـویم:

Foundation plan پلان فونداسیون
 Column plan پلان ستون گذاری 

 Axis plan پلان آکس بندی
	 Beam plan پلان تیرریزی

Foundation Plan: It is a top view of the footings or foundation, showing their area and 
their locations.
Column Plan: It is a plan to show the position and properties of the columns in the 
structure. These three factors are essential to be concerned:  �. Size of the Columns �. 
Distance between the columns �. Alignment of Columns
Beam Plan: It shows the size and spacing of joists, girders, tie beams, and columns which 
used to support the floor.  

Structural Drawings 9-2- نقشه های سازه ای

Column & Baseplate Plan  Beam Plan 
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Detail Drawings 9-3- دیتایل های ساختمانی
Generally there are two categories for the building details, Architectural details and 
Structural details. Detail drawings show a small part of the construction at a larger scale. 
Typical scales for the details are from �/�� to �/�. 

Ground Floor Detail 

Foundation & Column Connection Detail 

Ceiling Detail 

Detail of a Composite Column Stirrup VS Spiral 

` 
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 Building componentsاجزای مختلف یک ساختمان  -4
 
Generally buildings are constructed from Architectural elements, Structural elements, and 
Technical equipment.  

Structural elements are known as ‘skeleton’. They ensure the stability of a building. Columns, 
Beams, Foundations, are some examples of the structural elements in a building. They are the 
‘bearing elements’ of the building.  

Architectural elements ensure the functionality and provide welfare for its users. For example: 
Interior walls, windows, doors, finishing, and etc. are kinds of non-bearing elements or 
architectural elements of a building.  

Technical equipments elements are meant to ensure comfort for people who live in the 
building. 
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‘bearing elements’ of the building.  

Architectural elements ensure the functionality and provide welfare for its users. For example: 
Interior walls, windows, doors, finishing, and etc. are kinds of non-bearing elements or 
architectural elements of a building.  

Technical equipments elements are meant to ensure comfort for people who live in the 
building. 

 

 

 

زمین طبیعى

پوشش (سنگ - موزاییک

قلوه سنگ (بلوکاژ

(

(

ملاط ماسه سیمان

ملاط ماسه سیمان

200Kg/m3بتن

زمین طبیعى

پوشش (سنگ - موزاییک
ماسه نرم

قلوه سنگ (بلوکاژ

عایق رطوبتى

(

(

200Kg/m3بتن

final cover (mosaic, ceramic, ...)
fine sand

��� kg cement per cubic meter concrete

bituminous water proofing

crushed stone layer

compacted earth

sand & cement mortar
پوشش

بتن سبک
ملاط ماسه سیمان

سقف (بتن آرمه - تیرچه بلوك و یا طاق ضربى)

final cover (mosaic, ceramic, ...)
sand & cement mortar

lightweight concrete
concrete slab

Steel Column

Base plate

Nut

Grout

Anchor Bolt

Welding
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Construction classifications 9-4- انواع مختلف بناها
Generally there are two main types of constructions; buildings and engineering 
constructions.  
Buildings are the type of construction which are used to shelter people, animals, materials, 
machines, human activity, and products, in a generally enclosed space. Depending on their 
purpose there are several types of subcategories such as; civic, industrial, agricultural, 
transportation building, and etc.
Engineering constructions refer to all the other types of constructions that we didn’t 
mention it in the above (building) category. (There are often no special enclosed spaces in 
these constructions). Engineering constructions such as; The constructions related to the 
various means of communications (roads, railways, etc), communicational constructions 
(bridges, tunnels, etc), hydro technical constructions (dams, canals, etc), pipe lines (for 
gas, water, fuel, electricity, drainages, etc), and special constructions (chimneys, television 
towers, antennas, tanks, etc).

Match the words and the pictures (شمارۀ لغات مربوط به هر شکل را در زیر آن بنویسید)
�- Duplex house
�- Tower
�- Mosque
�- Sport Complex
�- Road
�- Airport
�- Bridge
�- Tunnel
�- Six-storey Apartment

فعالیت 
کلاسی6
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CONSTRUCTIONS:
The following chart represents some examples of different types and categories of 
constructions.

  �. BUILDINGS
     ➢ CIVIL BUILDINGS
       - Homes
	 • Individual
	      ◦ Villa
	      ◦ House
	      ◦ Flat house
	      ◦ Duplex house
	      ◦ Triplex house
	 • Collective
	      ◦ Apartment / block
	      ◦ Skyscraper
	      ◦ Multi-Storey Building
       - Social, cultural and touristic
	 • Hospital, Clinic
	 • Cinema, Theater
	 • Masque, Praying Room, Church
	 • School, kindergarten, College, University, Library
	 • Museum, Convention Center/hall
	 • Sports Hall / Sport Complex, Gym
	 • Hotel, Hostel, Motel, Inn, Guest house

     ➢ INDUSTRIAL BUILDINGS
       - Production
	 • Factories 
	 • Workshops
       - For production supplies
	 • Warehouses, silos
	 • Reservoirs

     ➢ AGRICULTURAL & ZOOTECHNICAL BUILDINGS
       - Animal shelters
	 • Stables
       - Vegetable production rooms
	 • Greenhouses
       - Storage rooms for agricultural equipments
	 • Shed

Bazar of Tabriz 

Jame Mosque of Isfahan 

Gonbad-e Qabus Tower 

Naaseri Castle in Sistan and 
Baluchestan Province 
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     ➢ TRANSPORTATION AND TELECOMMUNICATION BUILDINGS
       - For transports
	 • Terminals (rails, roads)
	 • Airport
	 • Naval station
       - For telecommunications
	 • Postal, telegraphic and telephonic buildings
	 • Radio – TV
 �. ENGINEERING CONSTRUCTIONS
     ➢ Communicational
       -bridges
       -tunnels
       -Road
       -Rail
     ➢ Hydro technical constructions
       - Dam
       - Cannel
       - Wharf
     ➢ Special constructions
       -Chimney
       - Tower
       - And etc.

Tick the appropriate answers:
�- Which ones are in the category of the ‘Engineering Constructions’?
a) Bridge		  c)Tunnel		  e) Mosque		  g) School                                           
b) Villa		  d) Hospital		  f) Cinema		  h) Factory        
            
�- Which ones are in the category of ‘Civil / Civic Buildings’?
a) Skyscraper		 c) Terminal		  e) Villa			  g) Duplex house
b)  Airport		  d) Greenhouse		 f) Penthouse		  h) Three –storey 
apartment

Determine the appropriate construction category for each given word:
Residential Building ........................		 Mega Mall ......................................   	
Pedestrian Bridge ............................		 Overpass / Underpass .....................	
Sport Complex ................................		 Supermarket....................................                         

فعالیت 
کلاسی7

Shushtar Historical Hydraulic System 

Jame Mosque of Sanandaj 
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Persepolis

Persepolis is the Greek name meaning 'Persian City', for the ancient city of Parsa, 
located seventy miles northeast of Shiraz in present-day Iran. The name Parsa meant 
'City of The Persians' and construction began at the site in ��� BC under the rule of king 
Darius. He made Parsa the new capital of the Persian Empire, instead of Pasargadae, the 
old capital and burial place of Cyrus the Great.
The city of Persepolis was built in terraces up from the river Pulwar to rise on a larger 
terrace of over ���,��� square feet, partly cut out of the Mountain Kuh-e Rahmet ("the 
Mountain of Mercy"). To create the level terrace, large depressions were filled with soil 
and heavy rocks which were then fastened together with metal clips; upon this ground 
the first palace at Persepolis slowly grew. Around ��� BC, construction of a broad 
stairway was begun up to the palace doors. This grand, dual entrance to the palace, 
known as the Persepolitan stairway, was a masterpiece of symmetry on the western side 
of the building and the steps were so wide that users could ascend or descend the stairs 
by horseback. The top of the stairways led to a small yard in the north-eastern side of 
the terrace, opposite the ‘Gate of all Nations’.

بیشتر 
بدانیم 
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Dome of Soltaniyeh: Symbol of Islamic Architecture and Art in Iranian History

The Dome of Soltaniyeh is one of the largest brick domes in the world. The structure 
is a very exquisite mosque which is well-known in the world from the viewpoint of 
architecture, interior design and space.
The dome is located �� km east of Zanjan inside the rampart of the old city of 
Soltaniyeh. It is an octagonal building, each side of which is almost �� meters. The 
Soltaniyeh Dome is built in the Arg city or old fortification of Sultaniyeh. The old 
fortification was a plot of land with an area of �� hectares, encircled by a wall which 
was the characteristic of old cities. It is interesting to mention that the dome was used 
as a template in construction of the big dome of Florence, Italy. 
The structure is the oldest double-shell dome in Iran. The dome is blue and is covered in 
turquoise blue faience. The inside roof of the rooms are decorated with colored bricks 
and plasterwork. There is a tall dome on each sides of the building which are about ��� 
meters each. There are eight minarets around the dome. 
On the upper part of the building, pavilions and rooms have been constructed. On the 
sides of the ceiling, Quranic verses and names of God have been written in beautiful 
manifest handwriting, which is a symbol of Iranian art.
Construction of the dome started in ���� and was completed in ���� that is construction 
of the building took almost �� years, ranking the structure among the biggest brick 
domes in the world.
The dome, which is the largest in the world after Santa Maria and Hagia Sophia, has 
three sections of the main entrance, mausoleum and crypt. The decoration and structure 
of the mausoleum is in fact a turning point in the architecture of that era, creating a new 
style in architecture.

بیشتر 
بدانیم 
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Building components 9-5- اجزای مختلف یک ساختمان
Generally buildings are constructed from Structural elements, Architectural elements, 
and Technical equipment. 
Structural elements are known as ‘skeleton’. They ensure the stability of a building. 
Columns, Beams, Foundations, are some examples of the structural elements in a building. 
They are the ‘bearing elements’ of the building. 
Architectural elements ensure the functionality and provide welfare for its users. For 
example: Interior walls, windows, doors, finishing, and etc. are kinds of non-bearing 
elements or architectural elements of a building. 
Technical equipments elements are meant to ensure comfort for people who live in the 
building.
The following chart indicates some notable 
examples of these buildings:

BUILDING COMPONENTS
     ➢ STRUCTURAL ELEMENTS
       -Foundations /Base
	 • Single footing
	 • Strip footing
	 • Combined footing
	 • Mat
	 • Pile

       - Vertical elements
	 • Column / Pillar
	 • Pedestal
	 • Bearing wall

       - Horizontal elements
	 • Beam
	 • Joist
	 • Slab

       - Special elements
	 • Bracing
	 • Shear wall
	 • Dome
	 • Cable
	 • Arch 

` 

14 
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       - Truss
       - Staircase
       - Roof
       - And etc.
     ➢ Architectural elements
       - Walls
	 • Interior wall
	 • Exterior wall
	 • Partition

       - Finishings                             
       - Door
       - Window
       - Chimney
       - Etc

     ➢ Technical equipment elements
       - Water supplying
       - Used water disposal
       - Heating
       - Ventilation
       - Electricity
       - Gas
       - Warning, telecommunication
       - Garbage disposal
       - And etc.

Architectural Elements 

)به انگلیسی پاسخ دهید(

1- چند نمونه از اجزای سازه ای ساختمان را نام ببرید.

2- چند نمونه از فونداسیون ها را نام ببرید.

3- کدام فونداسیون قدرت باربری بیشتری نسبت به دیگر انواع فونداسیون ها دارد؟

4- چند نمونه از اجزای معماری )غیر باربر( در ساختمان را نام ببرید.

5- چند نمونه از تجهیزات فنی ساختمان را نام ببرید.

فعالیت 
کلاسی8
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 Architectural elements 

- Walls 

 Interior wall 
 Exterior wall 
 Partition 

 
- Finishings                              

- Door 

- Window 

- Chimney 

- Etc 

 

 Technical equipment elements 

- Water supplying 

- Used water disposal 

- Heating 

- Ventilation 

- Electricity 

- Gas 

- Warning, telecommunication 

- Garbage disposal 

- And etc. 

-  

 تمرین: )به انگلیسی پاسخ دهید(

 چند نمونه از اجزای سازه ای ساختمان را نام ببرید؟ -0

 چند نمونه از فندانسیون ها را نام ببرید؟ -2

 کدام فندانسیون قدرت باربری بیشتری نسبت به دیگر انواع فندانسیون ها دارد؟ -3

 در ساختمان را نام ببرید؟)غیر باربر( چند نمونه از اجزای معماری  -4

 .چند نمونه از تجهیزات فنی ساختمان را نام ببرید -5

Window 

Exterior wall 

Floor Balustrade Steps 

Roof Chimney 

تحقیق 
کنید

 بـا مراجعـه بـه منابـع مختلـف معادل کلمـات انگلیسـی »تیـر لانه زنبـوری«، »کرسـی چینی« و »شـناژ« را 
پیـدا کـرده و در مـورد آنهـا مطالبـی را به انگلیسـی و فارسـی جمـع آوری و ارائـه نمایید.
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Building Materials 9-6- مصالح ساختمانی
 Traditional مصالـح سـاختمانی عبارت انـد از موادی که برای ساخت و سـاز اسـتفاده می شـوند. مصالح سـنتی
 Tree و حتی شـاخ و برگ گیاهان ،Stone سـنگ ،Wood چـوب ،Sand ماسـه ،Soil شـامل: خـاک materials

branches، می باشـند.
امـروزه کاربـرد مصالـح سـنتی در ساختمان سـازی ها محدودتر شـده اسـت، زیرا مصالح سـاختمانی جدید بـا خصوصیات 
و ویژگی هـای متنوع تـری قابـل دسـترس هسـتند. از بتـن Concrete، فـولاد Steel، شیشـه Glass و آلومینیـوم 

Aluminum می تـوان بـه عنـوان مصالـح جدیـد Modern materials نـام بـرد.

Match the words and the pictures.
(لغات داده شده را به شکل مناسب آن ارتباط دهید)

�- Cement
�- Concrete
�- Reinforced concrete
�- Soil
�- Sand
�- Gravel
�- Marble
�- Granite
�- Asphalt
��- Bitumen
��- Lime
��- Mosaic
��- Ceramic
��- Brick
��- Steel bar
��- Sand-cement Mortar
��- Cement Block

فعالیت 
کلاسی9
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Building Crew 9-7- افراد شاغل در پروژه های ساختمانی
There are many people with exclusive responsibilities in the construction site or design 
office. The following list represents some common titles of these people:

Engineers

Civil Engineer

Consulting Engineer

Operating Engineer

Supervisor Engineer

Project Manager

Safety Officer

Site Superintendent

Architect

Contractor

Employer

Surveyor

Electrician

Plumber

Foreman

Welder

Laborer / Worker

And etc.

Different Colours of Safety Helmets / Hard Hats 

WHITE: For High-Level employees, 
such as: Engineers, Project Manager, 
Site Supertiment, Supervisors, and 
etc.

RED: For Fire Fighters.

GRAY: For Site Visitors.

BLUE: For Staff of Technical 
Services, such as: Repearers, 
Electricians, Carpentars and 
Other Techinical Operators.

GREEN: For Safety Officers, such 
as: HSE team.

YELLOW: For Labourers. BROWN: For Welders.
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بارهـای وارد بـر سـاختمان به طـور کلـی بـه دو دسـتۀ ثقلـی یـا قائـم Vertical Loads و افقـی یـا جانبـی 
 Live بـار زنـده Dead Load تقسـیم بندی می شـوند. بارهـای قائـم شـامل: بـار مـرده Horizontal Loads

Load، بـار بـرف Snow Load و ... ، همچنیـن بارهـای افقـی شـامل: بـار بـاد، بـار زلزلـه و ... می باشـند. 
اثـر ایـن بارهـا )نیروهـا( بـه اجـزای سـاختمان می توانـد بـه کیـی از اشـکال زیـر باشـد: 1- نیروهـای محـوری 

)شـامل نیـروی فشـاری و کششـی(، 2- نیـروی برشـی، 3- نیـروی خمشـی، و 4- نیـروی پیچشـی.

چگونگی اثر نیروهای مختلف به ساختمان
Shear Force 2- نیروی برشی 			  Axial Force 1- نیروی محوری

Primary Loads 9-8- بارهای اصلی وارد بر ساختمان

P=

�- When there are no great loads imposed to a building …………..….. can be used.
a)Mat foundation with piles			   b) strip footings
c) single footings				    d) mat foundation

�- ……………..….is due to a sudden application of a load on the structure.
a) impact load	 b) live load		  c) dead load		  d) snow load

�- Columns are mainly under the ………… force in buildings.
a) Axial		  b) Shear		  c) Torsion		  d) Bending

�- …………… and ……………. are the most critical force in beams.
a) Axial		  b) Shear		  c) Torsional		  d) Bending

�- The snow load is mainly in the category of ………… loads.
a) Vertical		  b)Horizontal		  c) Oblique 		  d) None

فعالیت 
کلاسی10

Torsion Force 4- نیروی پیچشی 			  Bending Force 3- نیروی خمشی

2/4 Moment
In addition to the tendency to move a body in the direction of its ap-

plication, a force can also tend to rotate a body about an axis. The axis
may be any line which neither intersects nor is parallel to the line of ac-
tion of the force. This rotational tendency is known as the moment M of
the force. Moment is also referred to as torque.

As a familiar example of the concept of moment, consider the pipe
wrench of Fig. 2/8a. One effect of the force applied perpendicular to
the handle of the wrench is the tendency to rotate the pipe about its
vertical axis. The magnitude of this tendency depends on both the
magnitude F of the force and the effective length d of the wrench
handle. Common experience shows that a pull which is not perpendic-
ular to the wrench handle is less effective than the right-angle pull
shown.

Moment about a Point
Figure 2/8b shows a two-dimensional body acted on by a force F in

its plane. The magnitude of the moment or tendency of the force to ro-
tate the body about the axis O-O perpendicular to the plane of the
body is proportional both to the magnitude of the force and to the mo-
ment arm d, which is the perpendicular distance from the axis to the
line of action of the force. Therefore, the magnitude of the moment is
defined as

(2/5)

The moment is a vector M perpendicular to the plane of the body. The
sense of M depends on the direction in which F tends to rotate the
body. The right-hand rule, Fig. 2/8c, is used to identify this sense. We
represent the moment of F about O-O as a vector pointing in the direc-
tion of the thumb, with the fingers curled in the direction of the rota-
tional tendency.

The moment M obeys all the rules of vector combination and may
be considered a sliding vector with a line of action coinciding with the
moment axis. The basic units of moment in SI units are newton-meters

and in the U.S. customary system are pound-feet (lb-ft).
When dealing with forces which all act in a given plane, we custom-

arily speak of the moment about a point. By this we mean the moment
with respect to an axis normal to the plane and passing through the
point. Thus, the moment of force F about point A in Fig. 2/8d has the
magnitude M � Fd and is counterclockwise.

Moment directions may be accounted for by using a stated sign con-
vention, such as a plus sign (�) for counterclockwise moments and a
minus sign (�) for clockwise moments, or vice versa. Sign consistency
within a given problem is essential. For the sign convention of Fig. 2/8d,
the moment of F about point A (or about the z-axis passing through
point A) is positive. The curved arrow of the figure is a convenient way
to represent moments in two-dimensional analysis.

(N � m),

M � Fd

38 Chapter 2 Force Systems
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Axial Stress & Strain 9-9- تنش و کرنش محوری
Types of stresses imposed to a structure
Same as the different types of the forces, there are four types of stresses imposed to a 
structure. They are Axial stress, shear stress, bending stress, and torsional stress. In this 
part we will discuss about the Axial stress. For more information about the other stresses 
students can refer to the sources recommended at the end of this book. 

Axial Stress
The force per unit area, or intensity of the forces distributed over a given section, is called 
stress, and is denoted by the Greek letter σ (sigma). Stress is obtained by dividing the force 
F by the area A. There are two types of Axial stresses, Compressive and tensile stress.

F
A
±σ =Stress (N/mm�)

Force (N)

Area (mm�)

Change in Length LStrain or
Original Length L

∆= ε =

 The shown schematics are twoمثال 2
columns with the same amount 
of loads and different area. 
Which one is imposed to more 
stresses than the other one?

2 2
A B

Stress in Column A Stress in Column B
F 50000 F 5000055.5 kg / cm 31.25 kg / cm
A 30 30 A 40 40

σ = ⇒ = σ = ⇒ =
× ×

Solution: 

The answers indicate that the column A imposes more stresses than column B.

  
Axial Strain
Strain is the response of a system to an applied stress. When a material is loaded with a 
force, it produces a stress, which then causes a material to deform. Strain is defined as the 
amount of deformation in the direction of the applied force divided by the initial length 
of the material.

` 
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Question 1 
The shown schematics are two columns 
with the same amount of loads and 
different area. Which one is imposed to 
more stresses than the other one? 
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Stress- strain Diagram
The relationship between 
the stress and strain that a 
particular material displays 
is known as that particular 
material's stress–strain curve. 
It is unique for each material 
and is found by recording the 
amount of deformation (strain) 
at distinct intervals of tensile or 
compressive loading (stress). 
These curves reveal many of 
the properties of a material, including data to establish the Modulus of Elasticity, E.
If tensile force is applied to a steel bar, it will have some elongation. If the force is small 
enough, the ratio of the stress and strain will remain proportional. This can be seen in the 
graph as a straight line between zero and point A, which is called elastic limit or yield 
point.
Beyond the elastic limit, the material will experience plastic deformation. The plastic 
deformation continues to the point B which is the ultimate strength of the bar. Finally the 
point C is where the bar tore’s apart, and the test is over.

Suppose that the original length of the given column in previous example be �m, after 
imposing load, the length shortened to ��cm. Calculate the strain of the column.

فعالیت 
کلاسی11

The definitions below are important for understanding the Stress-Strain interactions: 
Elasticity: Elasticity is the property of the material which enables the material to return 
to its original form after the external force is removed.
Plasticity: Plasticity is a property that allows the material to remain deformed without 
fracture even after the force is removed.
Hooke’s Law: Within the elastic range of the curve strain is proportionate to stress. 

E.σ = ε

Young’s modulus of elasticity: Young’s modulus is a measure of the ability of a material 
to withstand changes in length when it is under tension or compression. It is shown by the 
word E. It has the same unit as the stress.
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E.
F F.LL
A E.A
L

L


σ = ε
σ = ⇒ ∆ =


∆ ε = 

The amount of ‘elongation’ which is denoted 
by ΔL, obtains from the following equation, 
where the F is force, L is the original length, 
E is the modulus of elasticity, and A is the 
cross-sectional area of the material.

A) Determine the diameter of the steel 
bar with the original length of � meters, 
which imposes maximum tensional 
force of F= � ton. (If the allowable stress 
be equal to ����  kg/cm�, and Young’s 
Modulus E = �×���  kg/cm�). 

B) Determine the total elongation of the 
steel bar. 

Determine the total elongation of the BC 
bar shown in the below picture (Where 
the Young’s Modulus is 
E = �×��� kg/cm�, 
diameter of the bar is ��mm). 

The below picture shows two circular 
bars with various diameters and different 
materials, the top one is a steel bar of 
��mm diameters. And the other one is an 
aluminum bar of ��mm diameters. 

If:
Esteel = �×��� kg/cm�, and 
Ealuminium = �.� ×��� kg/cm�,
determine the total elongation of the 
bars. 
	

فعالیت 
کلاسی13

فعالیت 
کلاسی12

فعالیت 
کلاسی14
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Exercise 3 

A) Determine the diameter of the steel bar with the original length of 2 meters, which imposes 
maximum tensional force of P= 1 ton. (If the allowable stress be equal to 1440  kg𝑐𝑐𝑐𝑐2 , and 

Young’s Modulus E = 2×105  kg𝑐𝑐𝑐𝑐2 ).  

B) Determine to total elongation of the steel bar.  

 

 

Exercise 4 

The below picture shows two cylindrical bars with various diameters and different materials, the 
top one is a steel bar of 50mm diameters. And the other one is an aluminum bar of 30mm 
diameters. If Esteel = 2×105 kg

𝑐𝑐𝑐𝑐2 , and Ealuminium=7.5 ×104 kg𝑐𝑐𝑐𝑐2, determine the total elongation of the 
cylinder.  

  

 

 

 

 

Exercise 5 

Determine the total elongation of the BC bar shown in the below picture (Where the Young’s 

Modulus is E = 2×105  kg𝑐𝑐𝑐𝑐2 , diameter of the bar is 20mm).  
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Determine the allowable tensile force for a circular steel bar of ��mm diameters, if the 
allowable stress be equal to ���� kg/cm�. 

فعالیت 
کلاسی15

Other Essential Vocabularies (لغات مکمل این پودمان )
 )صرفاً جهت مطالعه بیشتر(

معادل انگلیسی کلمه فارسی معادل انگلیسی کلمه فارسی

Vector بردار   Metal فلز

Stability Iron  پایداری آهن

Concentrated load بار متمرکز Aluminum آلومینیوم

Distributed load بار گسترده IPE profile پروفیل I شکل

Cable support تیکه گاه کابلی Equal leg angle / L profile نبشی بال مساوی

Roller support تیکه گاه غلتکی Unequal leg angle / L نبشی با بال نامساوی

Hinge support تیکه گاه مفصلی HEB profile پروفیل H شکل

Fixed support تیکه گاه گیردار / صلب Standard channel /UNP profile پروفیل ناودانی

Capital سرستون Zee پروفیل Z شکل

Base پا ستون Welding جوشکاری

Primary beam شاه تیر )تیر اصلی( Weld جوش

Secondary beam تیر فرعی Formwork قالب بندی

Tertiary beam تیرچه Form قالب

Steel column ستون فولادی Reinforcement آرماتوربندی

Concrete column ستون بتنی Bar آرماتور

Composite column ستون مرکب Longitudinal reinforcement آرماتورهای طولی

Castellated beam تیرچه مشبک Lateral reinforcement آرماتورهای عرضی

Straight stair پله مستقیم Stirrup خاموت

Quarter-turn stair پله 90 درجه گردش Spiral خاموت دورپیچ

Half-turn stair پله دوطرفه Mesh / Web شبکه میلگرد

Escalator پله برقی Screw پیچ

Ramp رمپ Bolt مهره

تحقیق 
کنید

By using various sources find the impact of the amount of carbon in different types 
of steel, on its strength , ductility, and weldability. Then write and offer it as a short 
research.
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Elevator آسانسور Washer واشر

Linter نعل درگاه Tool ابزار

Partition دیوار غیرباربر Trowel ماله بنایی

Course کی رج دیوار چینی Bricklayer’s trowel کمچه بنایی

Stretcher course کی رج راسته Sieve الک

Header course کی رج کله Buggy فرغون

Flemish bond پیوند کله و راسته Shovel بیل

Stretcher bond پیوند راسته چینی Safety ایمنی

Header bond پیوند کله چینی Fire safety ایمنی حریق

Thermal insulation عایق کاری حرارتی HVAC گرمایش-هوارسانی- تهویه مطبوع

Damp proofing عایق کاری رطوبتی Heating system سیستم گرمایش

High-rise building ساختمان بلند مرتبه Ventilation system سیستم هوارسانی

Mid-rise building ساختمان متوسط Air conditioning سیستم تهویه مطبوع

Low-rise building ساختمان کوتاه مرتبه Electricity system سیستم برق

Residential building ساختمان مسکونی Pluming system سیستم لوله کشی

Official building ساختمان اداری Lighting system سیستم روشنایی

Commercial building ساختمان تجاری Drainage system سیستم دفع فاضلاب

Residential Complex مجتمع مسکونی Well چاه

Sport Complex مجموعه ورزشی Installations تأسیسات

Perspective ترسیمات پرسپکتیو Vent دریچه هواکش

Sketch اسیکس Duct محل عبور لوله های تاسیسات

Cavalier drawing ترسیمات کاوالیر Surface سطح

Cabinet drawing ترسیمات کابینت Triangle مثلث

� dimensional drawing ترسیمات سه بعدی Square مربع

Section برش )مقطع( Rectangular مستطیل

Longitudinal section برش طولی Circle دایره

Oblique section برش مایل Polygon چند ضلعی

Cross section برش عرضی Scale مقیاس

North direction جهت شمال Survey نقشه برداری

Line خط Leveling ترازیابی

Dashed line خط چین Turning point نقطه برگشت

Contentious line خط ممتد Station ایستگاه

Dotted line خط نقطه Bench mark بنچ مارک )نقطه نشانه(

Section line خط برش )مقطع( Stadia میر )شاخص(

Dimension line خط اندازه Theodolite دوربین ترازیاب
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الگوی ارزشیابی پودمان کسب اطلاعات فنی
تکالیف عملکردی

استانداردنتایجاستاندارد عملکرد)شایستگی ها(
نمره)شاخص ها، داوری، نمره دهی(

درك مفاهيم و 
به كارگيري لغات، 

اصطلاحات و متون فني 
و تخصصي ساده

با استفاده از لغات، 
اصطلاحات، متن يا نقشه 
آماده و واژه نامه و کتاب 
همراه هنرجو، برداشت 
محتوايي لازم را ارائه 

نمايد.

بالاتر از حد انتظار
توانايي درك مفاهيم و به كار گيري  

لغات، اصطلاحات و متون ساده خارج از 
كتاب و در حد كتاب 

3

در حد انتظار
)کسب شایستگی(

توانايي درك مفاهيم و به كار گيري  
لغات، اصطلاحات و متون ساده در حد 

كتاب
2

پایین تر از انتظار
)عدم احراز شایستگی(

عدم توانايي در درك مفاهيم و 
به كار گيري  لغات، اصطلاحات و متون 

سادۀ درون كتاب
1

نمره مستمر از 5

نمره شایستگی پودمان از 3

نمره پودمان از 20

ارزشـیابی در ایـن درس براسـاس شایسـتگی اسـت. برای هـر پودمان یك نمره مسـتمر )از 5 نمـره( و یك نمره 
شایسـتگی پودمـان )نمـرات 1، 2 یـا 3( بـا توجـه به اسـتاندارد های عملكرد جـداول ذیل برای هـر هنرجو ثبت 
مـی گـردد. امـكان جبـران پودمـان هـای در طـول سـال تحصیلـی بـرای هنرجویـان و بر اسـاس برنامـه ریزی 

هنرسـتان وجود دارد.

ارزشیابی

“Keep praying for what it is you seek. Impossibility and possibility are merely concepts 
of your mind, to God nothing is impossible.”

Imam Ali (A.S)

تفکر



1- اسـتاندارد شایسـتگی حرفه سـاختمان، سـازمان پژوهش و برنامه ریزی آموزشـی، دفتر برنامه ریزی و تألیف 
کتاب هـای درسـی فنی و حرفـه ای و کاردانش، 1392.

2- اسـتاندارد ارزشـیابی حرفه سـاختمان، سـازمان پژوهـش و برنامه ریزی آموزشـی، دفتر برنامه ریـزی و تألیف 
کتاب های درسـی فنـی و حرفـه ای و کاردانش، 1393. 

3- راهنمـای برنامـۀ درسـی سـاختمان، سـازمان پژوهـش و برنامه ریـزی آموزشـی، دفتـر برنامه ریـزی و تألیف 
کتاب هـای درسـی فنـی و حرفـه ای و کاردانـش، 1394.

4- خلیـل ارجمندی، محمداسـماعیل و همـکار، ایسـتایی سـاختمان، شـرکت چـاپ و نشـر کتاب هـای درسـی 
ایـران، 1395.

5- خاکی، علی، ایستایی ساختمان، شرکت چاپ و نشر کتاب های درسی ایران، 1390.
6- فرشاد، مهدی، مکانیک مهندسی - جلد اول: استاتیک، انتشارات پژوهش

7- مریام، ج - ال، استاتیک، ترجمة حمید لعل خو

8- ENGINEERING MECHANICS STATICS,
 J.L.MERIAM&L.G.KRAIGE, SEVENTH EDITION
9- STATICS AND MECHANICS OF MATERIALS,
 Ferdinand P.Beer&E.Russell Johnston, Jr.&John T.DeWolf&David F.Mazurek
10- MECHANICS OF MATERIALS, Third Edition
 ROY R. CRAIG, JR.

و سایت های اینترنتی معتبر و منابع مختلف دیگر.

منابع و مآخذ



tvoccd@roshd.ir

www.tvoccd.medu.ir




	000-C212395
	001-038-C212395
	039-072-C212395
	073-106-C212395
	107-130-C212395
	131-160-C212395

